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ABSTRACT

In this contribution, we investigate the sensitivity of MC-CDMA
systems to synchronisation errors. We show that the signal-to-
noise ratio (SNR) of the MC-CDMA system at the input of the
decision device in the presence of a carrier frequency offset or a
clock frequency offset is a rapidly decreasing function of the
number of carriers. For a maximal load, carrier phasejitter and
timing jitter giverise to a degradation that isindependent of the
spectral content of the jitter; moreover, the degradation caused
by carrier phasejitter isindependent of the number of carriers.
A constant carrier phase offset and a constant timing offset
cause no degradation of the MC-CDMA system performance.

1. INTRODUCTION

Recantly, different combinations of orthogona frequency
division multiplexing (OFDM) and code division multiple
access(CDMA) have been investigated in the context of high
data rate communication ower dispersive channels [1-8]. One
of these systems is multicarier COMA (MC-CDMA), which
has been proposed for downlink communicaion in mobile
radio. In MC-CDMA the data symbals are multiplied with a
higher rate chip sequence and then modulated on orthogonal
cariers.

The use of a large number of carriers makes a multicarrier
system very sensitive to some types of synchronisation errors
[9-13]. Synchronisation errors can be dassfied in two classes
. cariers phase erors and timing errors. The influence of
carier phase arors between the crrier oscillators at
transmitter and recaver, has been investigated in [9-10].
When uwsing a free-running locd oscill ator, exhibiting a
frequency offset and Wiener phase noise, simulations in [9]
show that MC-CDMA performance rapidly degrades for an
increasing number of carriers. In [10], a phase-locked locd
oscill ator was used to get rid of a carier frequency offset and
of phase noise comporents that fall within the loop bandwidth
of the PLL. For amaximal load, the MC-CDMA performance
degradation caused by the resulting phese jitter was iown to
be independent of the number of cariers and of the spedral
content of the jitter.

The influence of sampling time erors on the performance of
OFDM has been investigated in [11-13]. In [11-17], it was
shown that for a large number of cariers, the OFDM system
severely suffers from a dock frequency offset between the
transmitter clock and the sampling clock of the recever. In
[12-13], it was proposed to use aphase-locked loop for the
timing recvery, to eliminate the dock frequency offset. The
timing jitter resulting from the PLL exhibits a performance
degradation independent of the number of cariers.

In this contribution, we investigate the sensitivity of the MC-
CDMA system to synchronisation errors by incorporating the
carier phase erors and timing errors in the end-to-end
transfer function, obtaining a time-varying equivalent filter.

This unified approach allows us to present a single analysis,
valid for both carrier phase errors and timing errors. In
sedion 2 we present the description of the MC-CDMA
system in the presence of synchronisation errors. In sedion 3,
we consider the sensitivity of MC-CDMA to a constant
carier phase offset, a arrier frequency offset and carrier
phase jitter. In section 4, we focus on the influence of timing
errors on the MC-CDMA performance, more spedficdly a
constant timing dfset, a clock frequency offset and timing
jitter. Conclusions are drawn in sedion 5.

2. SYSTEM DESCRIPTION

The conceptual block diagram of a downlink MC-CDMA
system is down in Fig. 1. The data symbds {an},
transmitted to the user m during the ith symbadl interval, are
multiplied with the corresponding CDMA chip sequences
{cam|n=0,...,N-1}, ¢, denoting the nth chip o the sequence
belonging to the user m, resulting in the samples
{bi n|n=0,...,N-1} :

bi,n = Z \/Eai,mcn,m (1)

where Eg, is the mth user's energy per symbal. Sequences
belonging to dfferent users are assumed to be orthogonal
(e.g. Walsh-Hadamard codes). The sample by, is modulated
on the nth carier of a set of N orthogonal carriers, and all
moduated cariers are summed to obtain the transmitted time-
domain samples sy :
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Figure1: MC-CDMA transcever

As in conventiona OFDM, the intersymbad interference @n
be avoided by cyclicdly extending the transmitted signal with
aguard interval vT. The samples{s yk=-v....,N-1} are gplied
to a transmit filter with transfer function P(f), yielding the
transmitted signal s(t). The transmit filter is a unit energy
square root Nyquist filter.

The transmitted signal is applied to the dispersive channel
with channel transfer function Hg,(f) and is disturbed hy
additi ve white Gausdan ndse w(t), with uncorrelated red and
imaginary parts, each having a power spedral density of Ny/2.
At the recever, the signa disturbed by a carier phase error



@) is applied to the recever filter, which is matched to the
transmit filter. The resulting signa r(t) is smpled at the
instants tj, =i(N+V)T+KT+& kT, &y denoting the normalised
timing error of the kth sample in the ith symbad interval
(l& k<1/2). When the carrier phase error is dowly varying as
compared to T, the samplesr; , can be written as:

= Y N (KT =Tt )s ©)

where h(t;tii) is the time-varying impulse response; its
Fourier transform (with resped to the variable t) He(f;t4) is
given by :

(f tlk) J‘HkH(f) j2rte; T (4)
where H(f) consists of the cascade of the transmit filter, the
channel transfer function and the receaver filter, i.e
H()=|P(H)|*Hen(f), and @, is the carier phase error at the
instant t; . Assuming the duration of he(t;t ) does not exceel
the duration of the guard interval, the transients at the edges
of a symbd will affed the signa only during the guard
interval, such that the adjacent symbads will have no influence
on the observed symbadl. It can be verified that the samplesr;
outside the guard interval are given by :
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The recaver seleds the N mples rix outside the guard
interval for further procesdng and dsregards the other v
samples. The seleded samples are demoduated using a fast
Fourier transform (FFT); the nth output of the FFT is
multiplied with the chip ¢, of the considered user m and
applied to a one-tap equaliser with coefficient gn;, the filter
coefficient belonging to the nth FFT output during the ith
symbal interval. The resulting samples are summed yielding
the samples at the input of the dedsion device

N-1 N-1 jork?

Zi,m Ii-l gn| nmzrlkei N (7)
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where W, is a zeo-mean complex-valued Gausdan ndse
term and

nk
"Ntw, k=0..N-1 (5

1 N-1 N-1 (opk(n=n)

ngcn/Cnm N Hn(ti,k) (8)
The quantity Ii,f,m denotec the multi-user interference (MUI) at
the arrelator output of the mth user, originating from the /th
user during the ith symbal interval. The equaliser attempts to
compensate the atenuation and phase shift of the useful
comporent, caused by the dispersive nature of the channel
and the presence of synchronisation errors, by scding and
rotating the outputs of the FFT.
In the absence of synchronisation errors, the equivalent filter
Hey(f 1 1) reducesto

He ity )=H(f) €)
and the quantities|; ,, yield

1 N-1
N &
where H, isrelated to H(f) through (6). Assuming the recaver
is able to acarately estimate H,, a zeo-forcing equaliser
multiplies the outputs of the FFT with g,;=1/H,; this reduces
the quantities I ,m to I;, =9, m Signifying that the equaliser
succeeds in compensating for the atenuation and the phase
shift of the useful signal component as well asin eliminating
the multi-user interference. The scaling of the FFT outputs
however influences the additive noise and results in an
incresse of the noise power level, thus a degradation as
compared to the case of anided channel.
In the cae of an ided channel (He,(f)=1) and in the absence
of synchronisation errors, the equivalent filter yields
He(fit)=[P(F)[* (12)
Astheided channel yields H,=1, no scding or rotation of the
FFT outputs by the equaliser are necessry (e.g. gn;=1); the
channel introduces no attenuation of the useful comporent
nor any multi-user interference
When the arrier phase error or the timing error can be
modell ed as random processs, the quantities I; , , are random
variables. The useful component can be decomposed as

llmm_ E[Ilmm] Ilm,m E[Ilmm] (12)
where the first contribution denotes the average useful
comporent and the second term the fluctuation o the useful
comporent. Defining the signal-to-noise ratio (SNR) at the
input of the dedsion device as the ratio o the power of the
average useful comporent to the power of the remaining
comporents, the SNR at the correlator output of the mth user

isgiven by
SNR, = By Efl o FE W

I Cn,ﬁ gn,i H ncn,m (lO)

i4m

4 (13)
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In the cae of an ided channel and in the absence of
synchronisation errors, (13) yields SNR,=Eq/No. Hence, the
degradation caused by a non-ided channel and/or in the
presence of synchronisation erors is defined as
D= 10l0g((Es/No)/SNRy,) (dB).

3. CARRIER PHASE ERRORS

In this ®dion, we investigate the sensitivity of the MC-
CDMA system to carrier phase errors in the absenceof timing
errors. In dovnstrean communicaion, al transmitted cariers
exhibit the same carier phase error, as they are up-converted
by the same oscill ator. In this case (6) yields

H, ()= H, (14)

In the following, we separately consider a constant carrier
phase offset, a carrier frequency offset and carrier phasejitter.

3.1 Constant Carrier Phase Offset

In the cae of a onstant carier phase offset ¢t)=¢ (14)
reduces to



H. (6, )=eH, (15)
It can be verified that the outputs of the FFT are rotated over
an angle @ as compared to the cae of a zero carrier phase
offset. As arotation o the FFT outputs has no influence on
the noise power, a mnstant phase offset can be compensated
without lossof performance, by simply rotating the outputs of
the FFT over (an estimate of) -¢, i.e. g,;=€'?.

3.2 Carrier Frequency Offset

A frequency offset AF between the carrier oscill ators at the
transmitter and the receéver yields a crrier phase error
@t)=2mAFt. Assuming a slowly varying phese earor as
compared toT i.e. AFT<<1, the quantities; ,, are given by

Ii,/ :_ Z Cn/H Gm-‘-AFT%JZMFTI N+V gnl n',m

(16)
where

G(X): 1 N-1

j 2rkx
N2
In the following, we @nsider the cae of an ided channel, so
the degradation only originates from the carier frequency
offset. Assuming the recéver can estimate the carier
frequency offset AF, the equaliser attempts to eliminate the
attenuation and rotation o the useful comporent by
multiplying the  FFT  outputs  with g, =exp(-
j2IAFTI(N+ v))/G(AFT). Asuuming all users have the same
energy per symba Es and the number of usersis M, it foll ows
from (13) that all users exhibit the same SNR and degradation

(17)
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In Fig. 2, the degradation (18) is sown for the maximum
load, i.e. M=N. The degradation shown in Fig. 2 vields an
upper bound for the degradation for M<N users. We observe
a high sensitivity of the MC-CDMA system to the arier
frequency offset. In order to oktain small degradations, only
small frequency off sets are dlowed, i.e. AF<<1/NT.

100
10
14

0.1 1

E/N,=30dB

Degradation (dB)

0.01 1 E4/Ny,=20dB

Es/N,=10dB
0.001 <

0.0001 + + d
0.001 0.01 0.1 1

NAFT

Figure 2 : Carrier frequency off set, M=N

3.3 Carrier Phase Jitter

In order to get rid of the frequency offset, a phase-locked
locd oscill ator can be used for IF to baseband conversion.
The phase-locked loop (PLL) also eliminates the phase noise
comporents that fall within the bandwidth of the PLL. The
residual phase jitter can be modelled as a zro-mean
statlonary process with jitter spedrum Sff) andjitter variance
J(,, Assuming slowly varying phesejitter, the bandwidth B of
the jitter spedrum Syf) neals to be BT<<1. The quantities
li,m are stationary processs and, assuming small jitter
variances, i.e. a¢2<<1, they can be approxi mated by

— = . n n')
1 s % +iNZ: (p(kT N %n',ic:ﬂm

Z c,,H
(19)

For small jitter variances, the equali ser is esentialy the same
as in the absence of phase jitter, so that the FFT outputs are
multiplied with gni=1/H,.

In the cae of an ided channel (H,=1), it was shown in [10]
that the fluctuation o the useful component and the muilti-
user component mainly consists of the low frequency
comporents (<I/NT) and the high frequency comporents
(>LNT) of the jitter spedrum, respedively. For the highest
load (M=N) and all users exhibiting the same energy per
symbal Eg, the sum of the fluctuation of the useful comporent
and the multi-user component is independent of the spedral
content of the jitter spedrum and o the number of OFDM
tones, and only depends on the jitter variance, given by

ol :fS(p(f)df

For N adive users, the degradation D,=10log(1+
(Es/No)a,’), shown in Fig. 3, yields an upper bound for M<N
users.

(20)
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Figure 3 : Carrier phasejitter, M=N
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4. TIMING ERRORS
In this ®dion, we investigate the sensitivity of the MC-
CDMA system to timing errors. The deviation from the

corred sampling instant by an amourt &,T influences the
quantiti es Hn(t; ) as follows
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In downstrean communication, al cariers exhibit the same
timing error as the signals are synchronised at the base
station. In the following, we consider a constant timing dfset,
a dock frequency offset and timing jitter in the case of an
ided channel (Hg(f)=1); the transmit and recaver filters are

square root raised cosine filters with roll off a.

(21)

4.1 Constant Timing Offset

In the cae of a mnstant timing offset g ,=¢, the quantities
li,mYyi€ld
N-1
| =

i,/,m ; / Cn,ZHn(ti.k)gn,iC;,m (22)

The equivalent filter is bandwidth limited : He(f;0)=0,
[f|>(1+ a)/2T, O<a<1. For frequencies n/T outside the roll off
areg the sum (21) reduces to one contribution

mod(n;N)

— n -a 1 +a E

H G, )=He ™ © g

n \Mik n T 0 T

where mod(x;N) denotes the moduo-N reductlon o X,

yielding a result in (-N/2,N/2). For frequencies n/T inside the

rolloff areg the sum (21) consists of two contributions for
which it can be verified that

(23)

o)<l Rofreiar
T g2r 2T

In Fig. 4, we observe that for frequenues n/T outside the
rolloff areg the nth ouput of the FFT exhibits a constant
amplitude |H,=1 and is rotated over an ange
2remod(n; N)/N. For frequencies n/T inside the rolloff area,
the outputs of the FFT are rotated over some aagle and the
amplitudes are reduced as compared to |H,|.

The equaliser multiplies the outputs of the FFT with
Oni=1/H(t;,), reducing the quantities |; ,;, t0 |; ;= m This
equalisation signifies a rotation over an (estimate of the)
angle -2remod(n;N)/N for FFT outputs outside the roll off
area and a scding and rotation for FFT outputs inside the
rolloff area The equaliser compensates for the atenuation
and rotation of the FFT outputs and avoids the MUI; the noise
power isgiven by

1 N-1

EE\Na,krE Nr;|H No

which yields an increase of the n0|se power level as compared
to the @ase of a zeo constant timing offset caused by the
cariers inside the rolloff area For a=0, a constant timing
offset introduces no degradation. For aZ0, the sensitivity of
the MC-CDMA system to constant timing dfsets can be
eliminated by not using the cariersin the roll off area.

(24)

(25)

4.2 Clock Frequency Offset

When sampling is performed by means of a free-running
clock with a relative clock frequency offset of AT/T, the
normalised timing error is given by & ,=(k+i(N+V))AT/T.
Assuming AT/T<<1 the quantities|; ,, yield
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Figure 4 : Dependency of [Hn(€)| and Arg(Hn(s)) onthe carier index n,
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where G(x) is defined in (17). The deterministic charader of
the dock frequency offset causes no fluctuation d the useful
power but only yield an attenuation of the useful power and
multi-user interference

For a=0, the quantiti esl; ,m reduceto

:_ z Cn/GEh—n'+m0d(n;N)£E
N N T QO
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The equaliser multiplies the outputs of the FFT with
Oni = exp(-j2r(mod(n; N)/N) i(N+V)AT/T / G((mod(n;N)/N) AT/T)).
Assuming ead user exhibits the same energy per symbal Es,
the degradation of the SNR at the input of the dedsion device
is user independent and is shown in Fig. 5. It follows that the
MC-CDMA system strongly depends on the dock frequency
offset and in order to dbtain small degradations, we neal a
small relative frequency offset AT/T<<1/N. For a#0 and no
cariersin the roll off area, the resultsin Fig. 5 yield an upper
bound for the degradation. We ca avoid the degradation of
the MC-CDMA system caused by a dock frequency offset by
using atiming corredion medanism in front of the FFT.

(27)

4.3 Timing jitter

In order to get rid of a constant timing offset and a clock
frequency offset, we @an perform synchronised sampling, e.g.
by means of aPLL. The normalised timing error & x resulting
from the PLL can be modelled as zero-mean stationary
Gaussian noise with spedrum S(f) and jitter variance o;°.
Assuming slowly varying timing jitter, the bandwidth B of the
jitter spectrum is limited, i.e. BT<<1. For smal variances
0,°<<1, we obtain the quantiti es

1 Nt ]27‘[ (n n) .
D_ Z Cn/%5 +JZTIH g i k€ %n'cn',m

(28)
where
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Figure 5 : Clock frequency offset, M=N
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from WhICh it follows that for /=m the useful comporent
consists of an average useful component and a fluctuation
about its average; for ¢#m, (28) indicaes the presence of
MUI. For small jitter variances, the equaliser is esentially the
same & in the absence of timing jitter, which implies that the
equaliser coefficients can be gproximated by gn=1.
Assuming al users have the same jitter spedrum S(f) and
energy per symba E it can be verified in the cae of the
maximum load M=N that the sum of the useful power and the
MUI power isindependent of the spedral contents of the jitter
but only depends on thejitter variance o,

= ]O’OSS(f)df

For a=0, the maximal load (M=N) and for large N (N - o),
the degradation is given by

E 2
D, =10logd+—2 " g2
N, 3

which signifies that for large N the degradation becomes
essentially independent of the number of cariers and arigins
from the MUI only. The degradation of the SNR (31) is
shown in Fig. 6.
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Figure 6 : Timingjitter, M=N

5. CONCLUSIONS

In this contribution, we have investigated the effed of
synchronisation errors on the performance of a MC-CDMA
system. A constant phase offset and a constant timing off set
can be compensated without loss of performance while the
MC-CDMA performance degrades for time-varying timing
and carier phase errors. In the @se of a carier frequency
offset or a clock frequency offset, the MC-CDMA
performance rapidly degrades and strongly depends on the
number of cariers. The sensitivity of the MC-CDMA system
to a arrier frequency offset or a clock frequency offset can be
avoided by using phase-locked loops for carrier and timing
recovery, exhibiting a residual carrier phase jitter and timing
jitter. For the maximum load, the degradation caused by this
carier phase jitter and timing jitter is independent of the
spedra content of the jitter, and is independent of (carrier
phase jitter) or only slightly depends on (timing jitter) the
number of cariers. Comparing these results with the results
of an OFDM system [12], we find that MC-CDMA and
OFDM have the same performance for carrier phase erors
and essentially the same performancefor timing errors.
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