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Abstract. In this contribution, we investigate the sensitivity of MC-CDMA systems to synchronisation errors. We
show that the signal-to-noise ratio (SNR) of the MC-CDMA system at the input of the decision device in the presence of
a carrier frequency offset or a clock frequency offset is a rapidly decreasing function of the number of carriers. For a
maximal load, carrier phase jitter and timing jitter give rise to a degradation that is independent of the spectral content of
the jitter; moreover, the degradation caused by carrier phase jitter is independent of the number of carriers. A constant
carrier phase offset and a constant timing offset cause no degradation of the MC-CDMA system performance.

1 INTRODUCTION

Recently, different combinations of orthogonal fre-
quency division multiplexing (OFDM) and code division
multiple access (CDMA) have been investigated in the
context of high data rate communication over dispersive
channels [1-8]. One of these systems is multicarrier
CDMA (MC-CDMA), which has been proposed for
downlink communication in mobile radio. In MC-CDMA
the data symbols are multiplied with a higher rate chip se-
guence and then modulated on orthogonal carriers.

The use of a large number of carriers makes a multi-
carrier system very sensitive to some types of synchroni-
sation errors [9-13]. Synchronisation errors can be classi-
fied in two classes : carrier phase errors and timing errors.
The influence of carrier phase errors between the carrier
oscillators at transmitter and receiver, has been investi-
gated in [9-10]. When using a free-running local oscilla-
tor, exhibiting a frequency offset and Wiener phase noise,
simulations in [9] show that MC-CDMA performance
rapidly degrades for an increasing number of carriers. In
[10], a phase-locked local oscillator was used to get rid of
a carrier frequency offset and of phase noise components
that fall within the loop bandwidth of the PLL. For a
maximal load, the MC-CDMA performance degradation
caused by the resulting phase jitter was shown to be inde-
pendent of the number of carriers and of the spectral con-
tent of the jitter.

The influence of sampling time errors on the perform-
ance of OFDM has been investigated in [11-13]. In [11-
12], it was shown that for a large number of carriers, the
OFDM system severely suffers from a clock frequency
offset between the transmitter clock and the sampling
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clock of the receiver. In [12-13], it was proposed to use a
phase-locked loop for the timing recovery, to eliminate
the clock frequency offset. The timing jitter resulting from
the PLL exhibits a performance degradation independent
of the number of carriers.

In this contribution, we investigate the sensitivity of
the MC-CDMA system to synchronisation errors by in-
corporating the carrier phase errors and timing errors in
the end-to-end transfer function, obtaining a time-varying
equivalent filter. This unified approach allows us to pres-
ent a single analysis, valid for both carrier phase errors
and timing errors. In section 2, we present the description
of the MC-CDMA system in the presence of synchronisa
tion errors. In section 3, we consider the sensitivity of
MC-CDMA to a constant carrier phase offset, a carrier
frequency offset and carrier phase jitter. In section 4, we
focus on the influence of timing errors on the MC-CDMA
performance, more specifically a constant timing offset, a
clock frequency offset and timing jitter. Conclusions are
drawn in section 5.

2 SYSTEM DESCRIPTION

The conceptual block diagram of a downlink MC-
CDMA system is shown in figure 1. The data symbols
{&in}, transmitted to the user m during the ith symbol in-
terval, are multiplied with the corresponding CDMA chip
sequences {c, n|n=0,...,N-1}, ¢, denoting the nth chip of
the sequence belonging to the user m, resulting in the
samples {b; ;|n=0,...,N-1} :

bi,n = Z \/Eai,mcn,m (1)
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Figure 1 : MC-CDMA transceiver

where Eq, is the mth user’s energy per symbol. Sequences
belonging to different users are assumed to be orthogonal
(e.g. Walsh-Hadamard codes). The sample b, is modu-
lated on the nth carrier of a set of N orthogonal carriers,
and al modulated carriers are summed to obtain the
transmitted time-domain samples s :

N-1 2K
_iZ}b '2 N 2)

As in conventional OFDM, the intersymbol interfer-
ence can be avoided by cyclically extending the transmit-
ted signal with a guard interval VT : the transmitted sam-
ples during the ith symbol interval are {s \|k=-v....,N-1},
where the first v samples are a duplication of the last v
samples, {sk=-V,...,-1}={s k=N-v,...,.N-1}. The result-
ing symbol rate per carrier is given by R=1/(N+V)T).
The samples 5 are applied to a transmit filter with trans-
fer function P(f), yielding the transmitted signal s(t). The
transmit filter is a unit energy square root Nyquist filter.

The transmitted signal is applied to the dispersive
channel with channel transfer function He(f) and is dis-
turbed by additive white Gaussian noise w(t), with uncor-
related real and imaginary parts, each having a power
spectral density of Ny/2. At the receiver, the signal dis-
turbed by a carrier phase error ¢(t) is applied to the re-
ceiver filter, which is matched to the transmit filter. The
resulting signal r(t) is sampled at the instants
ti = I (N+ V) THKT+ £ T, &« denoting the normalised timing
error of the kth sample in the ith symbol interval
(I <1/2). When the carrier phase error is slowly varying
as compared to T, the samplesr;, can be written as::

:zheq(kT_mT;ti,k)si,m+Wi,k ©)
In (3), wix is the value of the matched filter output
noise at the instant t; ; and heq(t;ti ) is an impulse response

of an equivalent time-varying filter; its Fourier transform
(with respect to the variable t) Heq(f;ti ) is given by :

(f’tlk) Jl/ikH(f) j2rte; T (4)

where H(f) consists of the cascade of the transmit filter,
the channel transfer function and the receiver filter, i.e.
H(H)=|P(f)|*He(f), and @, is the carrier phase error at the
instant t; .. Assuming the duration of hg(t;t; ) does not ex-
ceed the duration of the guard interval, the transients at
the edges of a symbol will affect the signal only during the
guard interval, such that the adjacent symbols will have no
influence on the observed symbol. It can be verified that
the samplesr;  outside the guard interval are given by :
1 N-1 . nk

L Ho (b )e™ ™ +w, k=0..,N-1(5)

LS Bl m;ti,kE (6)

Hn(ti,k):?meHquNT +-|-

The receiver selects the N samples r;x outside the
guard interval for further processing and disregards the
other v samples. The selected samples are demodulated
using a fast Fourier transform (FFT); the nth output of the
FFT is multiplied with the chip ¢, of the considered user
m and applied to a (possibly time-varying) one-tap equal-
iser with coefficient gn;, with the index i referring to the
considered symbol interval. The one-tap equaliser rotates
and scales the corresponding FFT output. The resulting
samples are summed yielding the samples at the input of
the decision device :

_ 1N N-

_WZ Z, @
ST] +

t#m

where W, , is a zero-mean complex-valued Gaussian noise
term and

1 N-1 N-1 k(=)

i,,m_ zgnl anCnm N Hn(ti,k) (8)

For ¢7m, the quantity |; ,, denotes the multi-user interfer-
ence (MUI) at the decision device input of the mth user,
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originating from the ¢th user during the ith symbol inter-
val. The equaliser affects the useful component, the MUI
and the statistics of the Gaussian noise. The equaliser co-
efficients are selected to maximise the signal-to-noise ra-
tio at the input of the decision device.

When the carrier phase error or the timing error can be
modelled as random processes, the quantities I; , , are ran-
dom variables. The useful component can be decomposed
as

Liwm= Ell )+ (1 = E[limm]) 9)

where the first contribution denotes the average useful
component and the second term the fluctuation of the use-
ful component. Defining the signal-to-noise ratio (S\R) at
the input of the decision device as the ratio of the power
of the average useful component to the power of the re-
maining components, the SNR of the mth user is given by

SR, = ExlEfl | E W[ 2
Efl | o ;@Ea lom|

In the absence of synchronisation errors, the equivalent
filter Heg(f; i) reduces to

2 (10)
+ EsmEa i =

He(fit)=H(f) (12)
and the quantities|; , , yield
N-1

Ii,ﬂ,m = N £ nﬂgan C (12)

where H,, is related to H(f) through (6). The equaliser that
maximises the resulting SNR at the input of the decision
deviceis determined by

=C 1 H”E (13)
£4 2
1+E—N _1;1 N, %HJ
where Cis an arbitrary constant. If we select
-1
:
D N H
G Z .| 0
DN = 20
i

the useful signal component is normalised to one. Limit-
ing values are g,;=H, (for Ng— ) and g,;=1/H, (for
No —0). Inthe former case, the power of the additive noise
(which is the main disturbance) is minimised; in the latter
case, the power of the MUI (which is the main distur-
bance) is made equal to zero. Hence, the coefficients (13)
are a compromise between minimising the noise power
and MUI power.

Submission

In the case of an ideal channel (H(f)=1) and in the
absence of synchronisation errors, the equivalent filter be-
comes

He (F5t,)=|P(F)]? (15)
Astheideal channd yields H,=1, no scaling or rotation of
the FFT outputs by the equaliser are necessary (e.g.
On;=1); the channel introduces no attenuation of the useful
component nor any multi-user interference. In the case of
an ideal channel and in the absence of synchronisation er-
rors, (10) yields SNR,=Es/N,. Hence, the degradation
caused by a non-ideal channel and/or in the presence of
synchronisation errors is defined as
D= 10log((Es/Ng)/SNR) (dB).

3 CARRIER PHASE ERRORS

In this section, we investigate the sensitivity of the
MC-CDMA system to carrier phase errors in the absence
of timing errors. In downstream communication, all
transmitted carriers exhibit the same carrier phase error,
as they are up-converted by the same oscillator. In this
case, (6) and (4) yield

Holti)=e

In the following, we separately consider a constant carrier
phase offset, a carrier frequency offset and carrier phase
jitter.

KH, (16)

3.1 CONSTANT CARRIER PHASE OFFSET

In the case of a constant carrier phase offset ¢t)=¢
(16) reducesto

Hn(ti,k):ean 1
It can be verified that the outputs of the FFT are rotated
over an angle g as compared to the case of a zero carrier
phase offset. As a rotation of the FFT outputs has no in-
fluence on the noise power, a constant phase offset can be
compensated without loss of performance, by an addi-
tional rotation of the outputs of the FFT over (an estimate

of) -@ i.€. gni(@)=0ni(¢=0)€"".

3.2 CARRIER FREQUENCY OFFSET

A frequency offset AF between the carrier oscillators
at the transmitter and the receiver yields a carrier phase
error ¢t)=27A4Ft. For a constant carrier frequency offset,
the quantities |, are deterministic, so there is no fluc-
tuation of the useful component. Assuming a slowly
varying phase error as compared to T, i.e. AFT<<1, the
quantities |; , , are given by



H. Steendam, M. Moeneclaey

n,n'=0 |:| (18)
e]ZTAFTI(N+V) i Cov
where
G(x)= 15 giom (19)
N

In the following, we consider the case of an ided
channel, so the degradation originates only from the car-
rier frequency offset. Assuming the receiver can estimate
the carrier frequency offset AF, the equaliser that maxi-
mises the SNR (10) is determined by g,;=exp(-
j2IAFTi(N+ V))/G(AFT) : the equaliser eliminates the at-
tenuation and rotation of the useful component at the FFT
outputs. Under these assumptions, the useful power, the
multi-user interference power and the noise power are
given by

Ean| Efl ]| = E

ZESﬂEBIIMJ O- _12 SﬂH : E(zo)

PO No
SRl |G(aFT)[?

We observe in (20) that the equaliser is not able to
eliminate the MUI (|l;,m#Z0). As |G(4FT)|<1 for AFZ0,
the equaliser yields an increase of the noise power. As-
suming all users have the same energy per symbol Eg and
the number of users is M, it follows from (15) and (20)
that all users exhibit the same SNR and degradation

. 2
Dm:—10|ogS|n_7Ni
N sin/AFT
(21)
. E. M-1 | sinzNarT |°
+10log - -
H NO N-1H [NsinmFT| [

In figure 2, the degradation (21) is shown for the maxi-
mum load, i.e. M=N. The degradation shown in figure 2
yields an upper bound for the degradation for M<N users.
We observe a high sensitivity of the MC-CDMA system
to the carrier frequency offset. In order to obtain small
degradations, only small frequency offsets are allowed,
i.e. AF<<1/NT.

3.3 CARRIER PHASE JITTER

In order to get rid of the frequency offset, a phase-
locked local oscillator can be used for IF to baseband
conversion. The phase-locked loop (PLL) also eliminates
the phase noise components that fall within the bandwidth
fa of the PLL. The residual phasejitter can be modelled as

a zero-mean stationary process with jitter spectrum S(f)
(which is typicaly of the shape shown in figure 3) and
jitter variance 04,,2. Assuming dowly varying phase jitter,
the bandwidth fg of the jitter spectrum Syf) needs to be
faT<<1. The quantities |; ., are stationary processes and,
assuming small jitter variances, i.e. g,/<<1, they can be
approximated by

-
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Figure 2 : Carrier frequency offset, M=N

) (22)
%5 +—Zoj¢(kT E

For small jitter variances, the equaliser coefficients are
essentially the same as in the absence of synchronisation
errors (see (13)). Restricting our attention to an ideal
channel (H=1), we obtain g,;=1. The resulting powers of
the average useful component, the fluctuation of the useful
component, the multi-user interference and the noise are
given by

Ear| [l = Ear

EsmEé Ii,m,m - E[Ii,m,m”zgz ES‘“:I.:S“’(]C )|G( fT)|2df

3 eed L T fslh-le(m e

Ea W
(23)

From (23) and figure 4 it follows that the fluctuation
of the useful component and the multi-user component
mainly consists of the low frequency components (< 1/NT)
and the high frequency components (>1/NT) of the jitter
spectrum, respectively. For the highest load (M=N) and
al users exhibiting the same energy per symbol Eg, the
sum of the fluctuation of the useful component and the
multi-user component is independent of the spectral con-
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tent of the jitter spectrum and of the number of OFDM
tones, and only depends on the jitter variance, given by

+00

o= IS¢,(f )df (24)

For N active users, the degradation is given by
D= 10log(1+ (Es/No)g,)), shown in figure 5, yields an
upper bound for M<N users.

S{(H

'fB 'fA 0 fA fB s

Figure 3 : Typical jitter spectrum

Figure 4 : The weight functions |G(fT)? and 1-|G(fT), N=16

4 TIMING ERRORS

In this section, we investigate the sensitivity of the
MC-CDMA system to timing errors. The deviation from
the correct sampling instant by an amount & T influences
the quantities Hy(t; ) as follows

1 = j2m: H»+m
Holu)=F 3 HE+ T @

In downstream communication, al carriers exhibit the
same timing error as the signals are synchronised at the
base station. In the following, we consider a constant
timing offset, a clock frequency offset and timing jitter in
the case of an ideal channel (He(f)=1); the transmit and
receiver filters are square root raised cosine filters with
rolloff a.
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Figure5: Carrier phasejitter, M=N

4.1 CONSTANT TIMING OFFSET

In the case of a constant timing offset & = ¢, the quan-
tities|; ,m are given by

1 N-1

N;C H ('k)gn,ic;,m

The equivalent filter is bandwidth-limited : He(f;0)=0,
[f|>(1+a)/2T, Os<a<1. For frequencies n/T outside the
rolloff area, the sum (26) reduces to one contribution

j2me

& iy alaH(ﬂ)
T gor o

| (26)

i,6,m

mod(n;N)

H,(t,)=H

where mod(x;N) denotes the modulo-N reduction of X,
yielding a result in (-N/2,N/2). For frequencies n/T inside
the rolloff area, the sum (26) consists of two contributions
for which it can be verified that

IH, ()] <[Ho| NpE-a, 1+aH (28)

T g2r 2T
In figure 6, we observe that for frequencies n/T outside the
rolloff area, the nth output of the FFT exhibits a constant
amplitude |H|=1 and is rotated over an angle
2remod(n;N)/N. For frequencies n/T inside the rolloff
area, the outputs of the FFT are rotated over some angle
and the amplitudes are less than 1.

The equaliser multiplies the outputs of the FFT with

Holt )

g, =C 1 =
st 2
1+%N_1;1N0 %Hn(t,k)

where the normalisation constant is given by

(29)
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This equalisation performs a rotation over an (estimate of
the) angle -27zmod(n;N)/N and a carrier-independent
scaling for FFT outputs corresponding to carriers outside
the rolloff area, and a carrier-dependent scaling and rota
tion for FFT outputs corresponding to carriers inside the
rolloff area. The equaliser compensates for the attenuation
and rotation of the FFT outputs, yielding the degradation
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Figure 6 : Dependence of |H,(€)| and Arg(H,(€)) on the carrier
index n, =0.15
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SEETE PR,

N-14 N,
Considering (27) and (28), (31) yields a non-zero degra-
dation as compared to the case of a zero timing offset. For
a=0, a constant timing offset introduces no degradation.
For a=0, the sensitivity of the MC-CDMA system to con-
stant timing offsets can be eliminated by not using the car-
riersin therolloff area. When using N.=(1-a)N carriers, N
FFT-blocks are needed for the transmission of the NN
chips corresponding to N, successive symbols. In the fol-
lowing, performance degradations will be investigated for
N used carriersin the case a=0, so that al these N carriers
are outside the rolloff area.

|2

|2

i
O
O
ﬁ 31
i
O
O
]

4.2 CLOCK FREQUENCY OFFSET

When sampling is performed by means of a free-
running clock with a relative clock frequency offset of
AT/T, the normalised timing error is given by
& k= (k+i(N+)AT/IT. Assuming AT/T<<1 the quantities
l;,m are given by

N-1 +00
Iiﬂm:i nﬂl ZH n EH
v N 4= T « ONT T[Q

B_+kBA_%12nB»+kH N+v AT gn o

where G(X) is defined in (19). The deterministic character
of the clock frequency offset causes no fluctuation of the
useful power but only yields an attenuation of the useful
power and gives rise to multi-user interference.

For a=0, the quantities |; , , reduce to

(32)

1 Nzl Bn n mod(n N) ATH
N nﬂ
N T QO (33)
jor mod’gn N). (N+ )AT
e gn i n,m

Assuming each user exhibits the same energy per symbol
E,, the degradation of the SNR at the input of the decision
device is user independent and is shown in figure 7. It
follows that the MC-CDMA system performance strongly
depends on the clock frequency offset. In order to obtain
small degradations, we need a small relative frequency
offset AT/T<<1/N. We can avoid the degradation of the
MC-CDMA system caused by a static clock frequency
offset by using a PLL-like timing correction mechanismin
front of the FFT.
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EJ/N,=10dB

Degradation (dB)

Figure 7 : Clock frequency offset, M=N

ETT



The Sensitivity of MC-CDMA to Synchronisation Errors

4.3 TIMINGJITTER

In order to get rid of a constant timing offset and a
clock frequency offset, we can perform synchronised
sampling, e.g. by means of a PLL. The normalised timing
error &y resulting from the PLL can be modelled as zero-
mean stationary Gaussian noise with spectrum S(f) and
jitter variance g,2. Assuming slowly varying timing jitter,
the bandwidth fg of the jitter spectrum is limited, i.e.
fsT<<1. For small variances g,<<1, we obtain the quan-
tities

Ii,ﬂ,m D% 5 n,ﬂgn'cr:',m
n,n'=0
o) (39
Eﬁ +j2rf, ;0 e E
where
Ho== S B—+m%—+m5 (35)
T &, ONT T[N

from which it follows that for ¢=m the useful component
consists of an average useful component and a fluctuation
about its average; for ¢2zm, (34) indicates the presence of
MUI. For g,’<<1, the equaliser is essentially the same as
for zero timing jitter, i.e. g,;=1. When all users have the
same jitter spectrum S{(f) and the same energy per symbol
E,, the powers of the average useful component, the fluc-
tuation of the useful component and the multi-user inter-
ference become

Ean| Ell | =

EmEFlim —E[I,mm”ZD:
(em)*E }os (f)G(fT)"of
ﬂz EsﬂEBh ¢,m ZD: M j]:(27T) E (36)
%\‘; 2+oo )df
N-1 1 2 4o H
S, (f)6(fT)|"df O
|3 A Jsne(myar

EB\N”JZE:N

From (36) it follows that the sum of the powers of the
fluctuation of the useful component and the multi-user in-
terference linearly increases with the number of users M.
For the maximal load M=N, the sum of the powers is in-
dependent of the spectral contents of the jitter but only
depends on thejitter variance ;2
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2= s (f)df (37)
For the maximal load M=N, for large N (N - ) and

for a=0, the powers of the fluctuation of the useful com-
ponent and the MUI (36) reduce to

EWEEM
2

;ﬂEsﬂEgli,ﬂ,mrE: Es %052

which indicates that for large N the degradation becomes
essentially independent of the number of carriers and
originates from the MUI only. The degradation of the
SNR, resulting from (38), is shown in figure 8.

= E[limn] | B=0

i,mm

(39)
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Figure 8 : Timing jitter, M=N

5 CONCLUSIONS

In this contribution, we have investigated the effect of
synchronisation errors on the performance of a MC-
CDMA system. A constant phase offset and a constant
timing offset can be compensated without loss of per-
formance. The MC-CDMA performance degrades for
time-varying timing and carrier phase errors. In the case
of a carrier frequency offset or a clock frequency offset,
the MC-CDMA performance rapidly degrades when the
number of carriers increases. The sengitivity of the MC-
CDMA system to a carrier frequency offset or a clock fre-
guency offset can be avoided by using phase-locked loops
for carrier and timing recovery, yielding aresidua carrier
phase jitter and timing jitter. For the maximum load, the
degradations caused by this carrier phase jitter and timing
jitter are independent of the spectral content of the jitter,
and essentially independent of the number of carriers. Ta-
ble I summarises the effect of the various synchronisation
errors on the MC-CDMA performance for the maximal
load, i.e. M=N. In order to avoid the performance degra-
dation caused by a fixed timing offset, we have proposed
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not to use the carriersin the rolloff area. In this case, each
of the FFT outputs experiences less interference than
when &l carriers are used. Consequently, the resulting de-
gradations caused by carrier frequency offset, carrier
phase jitter, clock frequency offset and timing jitter are
expected to be dightly less than the degradations pre-
sented in Figures 2,5,7 and 8, respectively.

Table | :Effect of synchronisation errors

constant carrier phase offset -no degradation

constant timing offset -no degradation

carrier frequency offset -strong degradation, increasing
with N
-degradation avoided by cor-

rection in front of FFT

clock frequency offset

-strong degradation, increasing
with N

-degradation avoided by cor-
rection in front of FFT

carrier phase jitter

-degradation independent of N
and spectral contentsjitter

timing jitter -degradation independent of
spectral contents jitter
-degradation independent of N
for large N
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