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Low-SNR Limit of the Cramer—Rao Bound for
Estimating the Carrier Phase and Frequency
of a PAM, PSK, or QAM Waveform

Heidi Steendam and Marc Moenecla8genior Member, IEEE

Abstract—in this letter we consider the Cramer—Rao bound presented the low-SNR limit of the CRB related to timing
(CRB) for the estimation of the carrier phase and frequency of a recovery. In this contribution we derive a simple expression for

noisy linearly modulated signal with random data symbols. The ob- the low-SNR limit of the CRB for carrier phase and frequency
servation vector consists of the matched filter output samples taken . . . L

at the symbol rate, assuming known symbol timing. Because of the estlmf';ltlon. As 'n_ [2]_’ tlm_lng IS as_sumed to be known. The
presence of the random data, the evaluation of this CRB is quite 'esulting expression is valid for arbitrary PAM, PSK, and QAM
tedious. Instead, here we derive a simple closed-form expressionconstellations.
for the limit of the CRB at low signal-to-noise ratio (SNR), which

holds for arbitrary PAM, PSK, and QAM constellations.

Index Terms—Carrier synchronization, Cramer—Rao bound,
frequency and phase estimation.

Il. PROBLEM FORMULATION

Consider a linearly modulated signal, obtained by applying
a data symbol sequence to a square-root Nyquist transmit
filter, that is transmitted over an additive white Gaussian noise
. INTRODUCTION (AWGN) channel. The resulting noisy signal is applied to a
HE CRAMER-RAO bound (CRB) is a lower bound orfeceiver filter, matched to the transmit filter. The receiver filter

serves as a useful benchmark for practical estimators [1]. i observation vectar= (r_r, ..., rx), with

many cases, the statistics of the observation depend not only

on the vector parameter to be estimated, but also on a nuisance

vector parameter we do not want to estimate. The presence qf o
. . : ork =

this nuisance parameter makes the computation of the CRB v

ha;\d.t ical le wh : ¢ i taken uniformly from a PAM, PSK or QAM constellation
ypical example Wnere a nuisance Vector parameter Qfg,, El|lax’)] = 1. The sequencgn;} consists of i.i.d.

curs is the observation of a noisy linearly modulated waveform, o ean complex Gaussian noise variables, with independent
that_ls a function of a time delay, a carrier frequency offset, %al and imaginary parts each having a variance of 1/2. The
carrer pha_se and a data symbol sequence. In_[2], the CR%e?terministic unknown parametétaindy represent the carrier

for estimating the frequency offset and the carrier F’_he?se h fase corresponding fo= 0, and the carrier frequency offset
been computed for BPSK and QPSK, assuming the timing to & malized to the symbol rate. Finally,— (E, /No)*/2, with

known; different constellations yield different expressions f% and N, denoting the symbol energy and the noise power

thelzse CdREi s id th tational lexit db ts&;ectral density. It has been tacitly assumed fhat« 1, so
horderto avold the computationa’ Complexity caused by 2 at the intersymbol interference i is negligible.

nuisance parameters, a modified CRB (MCRB) has been dex

. . : . Suppose that one is able to produce from an observation
rived in [3]. The MCRB is much simpler to evaluate than the : : R o

A . ectorr anunbiasecdestimatai of a deterministic vector param-
CRB, butis in general looser than the CRB. In [4] the high-SN P

limit of the CRB has been evaluated analytically, and has be%rirgéa-msp_g]aeoesgs:ﬁIfggé;c}%a[r(lghiiIj2|]0 iveégg(rlged by

shown to coincide with the MCRB when estimati_ng the dela}/’\’/hereCRBi(u) is theith diagonal element of the inverse of
the frequency offset or the carrier phase of the linearly modj- "roo et = matrixJ(u). The (4, j)th element of

lated waveform. She
; - . J s given b
In the presence of coding, synchronization algorithms mus{u) 'S gV y

operate at low SNR, so that the high-SNR limit of the CRB 92
might no longer be a relevant benchmark. In [5], we have J(u) = E; " G In(p(rlu))| . 2

ry, = eap exp(j(2rkyv + 0)) + ng 1)

—K,...,K.In (1), {ax} is a sequence of inde-
BBhdent identically distributed (i.i.d.) data symbols that are
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v, the likelihood function ofu is obtained by averaging 'OE** T N—T—— T T -

the joint likelihood function p(r|v; u) of the vector ¢, u)
over the a priori distribution of the nuisance parameter:
p(rlu) = Ey[p(r|v; w)].

Now we apply (2) to the observatianconsisting of the sam-
plesr from (1), withu = (6, v) andv = (a—_k, ..., ax).
From (1) it follows that, within a constant term not depending
on (v, u),

PHASE OR FREQUENCY
ESTIMATION

1.0E+03

K

lnp(rju) = Z In(E,, [exp(QERe[azZ] —eYax?)]) ()
k=—K

=~true CRB (QPSK)

—o—low-SNR CRB (QPSK)

with 7, = rrexp(—j(2rkr + 6)). As the evaluation @

of the expectations involved id(u) and p(rlu) is quite €, 4,00
tedious for arbitrary PAM, PSK and QAM constellations.@ -- ] —©-low-SNRCRB (BPSK) [
no general closed-form expressions for GRBnd CRB ~ © - NN
are available (e.g., evaluation of the CRB's for BPSk oot Ao e
and QPSK (see [2]) requires numerical integration). T ~  [rmreroprrssmeres o\ o pre s frr oo
avoid these complications, a simpler lower bound, calle A Y. WO S S R
the modified CRB (MCRB), has been derived in [3], i.e.. W

Er[(az — uZ)Q] > CRBZ(U) > MCRBZ(U) The MCRB's for 1.0E+01 A
carrier phase and frequency estimation, correspondiq@;tp
from (1), are given by [3]

—t—true CRB (BPSK)

Ny 1
MCRBy = 5 E L (4)
No 3
MCRB, =—— ——~—-+—— 5
2B, m2L(L? —1) © 1.0E+00
with L = 2K + 1. In [4] it has been shown that for high SNR -15 -10 -5 0 5 10 15

(i.e., E, /Ny — ) the CRB's for carrier phase and frequency Es/NO (dB)

estimation converge to the corresponding MCRB's (4) and (&'?_.}g_ 1. Comparison of low-SNR CRB and true CRB.
In the following, we derive a closed form expression for the

low-SNR limit (i.e.,£; /Ny — 0) of the CRB’s for carrier phase % +g—p¢ {0, £N, £2N, ...}. Hence, the relevant terms in

and frequency estimation. These low-SNR asymptotic CRBfﬁe tri ; N
: ! ple summation of (6) correspond(ia ¢, ») = (N, 0, 0)
will be denoted ACRB(u) and ACRB,(u), respectively. and(p, ¢, ) = (IV, 0, N'), and contain a factor™ . All other

nonzero terms in the triple summation are either independent
lll. Low-SNR LimiT oF CRBS of (8, v) [for smalle these terms can be neglected as compared
For smallF; /Ny (or equivalently, smakt), we obtain an ap- to the term 1 in (6)], or dependent of,(») but containing a
proximation ofln(p(rju)) by expanding the exponential func-power ofe that is larger thadV. Hence,
tions in (3) into a Taylor series, averaging each resulting term X )
with respect to the data symbols, and keeping only the relevant ~ N N
terms that correspond to the smallest powers.dxpanding I p(rfu) = Z n <1 taie Re [7 k AND

and averaging yields R K

K

2 N
o > __—¢ Re |7, AN 8
E,, [exp (25Re [ak T k} - 52|ak|2)} N! k:z;K [ K A} ®
0o P p—q
—14 Z Z ZF(p’ g, 7, T )eP T whereAy = El[ay]. Straightforward application of (2) to (8)
p=1 g=0 r—=0 yields (the dominant part of), which turns out to be diagonal.
CE[(al)r T at] ©6) InvertingJ then gives rise to the following low-SNR limit of the
F K CRBs
with ) ACRB A NN 1
(_1)(1\7?2_(1_7’ (7 :) b= 2N2|AN 2\ E, L

Fp, g7, 7x)= - @) N

( s RS ackn, - N (MY s g
. . . . 2N2|AN 2 ES 7T2L(L2 - 1)

When the symbol constellation is rotationally symmetric

over 2r /N (N = 2 for M-PAM, N = 4 for M-QAM, Duetothe factthal is diagonal, the result (9) is also valid in the
N = M for M-PSK), we obtainE[(a})? "alt"] = 0 for case where the value 6br 1 is known by the receiver, and only
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the other parameter is to be estimated. Note that the ACREB<3.6] equals ACRB from (9), which indicates that this phase

are inversely proportional to th¥th powerof E,/Ny. Thisis estimator is optimum at very smdll; /Ny, for PAM, PSK and

in contrast with the MCRB'’s, which are inversely proportionaQAM constellations. At low SNR the nondata-aided frequency

to /Ny [see (4) and (5)]. estimators from [6, Sec. 8.4], resulting from joint phase and
Let us verify the validity of the above derivation by comfrequency estimation, turn out to be worse than AGRBo

paring the asymptotic analytical result (4) and (5) to some trtteat these frequency estimators are not optimum at very small

CRB'’s available from the literature. Fay, = 1 (i.e., the case FE,/No.

of no modulation, otV = 1) the true CRB’s equal the MCRB'’s

(4) and (5), and substitutiny = 1 into (9) also yields these

MCRB's. For BPSK and QPSK modulation, Fig. 1 shows the REFERENCES
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