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The Effect of Timing Jitter on MC-DS-CDMA
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Abstract—In this paper, we consider the effect of timing jitter
on the performance of a multicarrier direct-sequence code-division
multiple-access system for both uplink and downlink transmission,
assuming orthogonal spreading sequences. Theoretical expressions
are derived for the performance degradation caused by the timing
jitter, in the presence of a multipath channel. Assuming an addi-
tive white Gaussian noise channel, perfect power control, and full
load, it is shown that the performance degradation for the down-
link transmission is independent of the number of subcarriers, of
the spreading factor, and of the spectral contents of the jitter at the
receiving mobile station, but only depends on the jitter variance.
Under the same assumptions, we point out that, if the jitter spectra
of all transmitting mobile stations are the same, the degradation on
the uplink is the same as the degradation on the downlink.

Index Terms—Timing jitter, multicarrier (MC) systems, mul-
tiple-access systems.

1. INTRODUCTION

ULTICARRIER modulations have received con-

siderable attention in the context of high-data-rate
communications, as they combine a high bandwidth efficiency
with an immunity to channel dispersion [1]-[3]. Recently, some
new techniques, based on a combination of the multicarrier
modulation technique and the code-division multiple access
(CDMA) scheme, were proposed in the literature (see [4]
and the references therein). One of these combinations is
the multicarrier direct-sequence CDMA (MC-DS-CDMA)
technique, which has been considered for mobile radio com-
munications [5]-[8]. In the MC-DS-CDMA technique, the
serial-to-parallel converted data stream is multiplied with the
spreading sequence, and then the chips belonging to the same
symbol modulate the same subcarrier: the spreading is done in
the time domain.

The use of a large number of subcarriers makes the multicar-
rier systems very sensitive to clock frequency offsets [9], [10].
To avoid the degradation associated with a clock frequency
offset, it was proposed in [9] and [10] to correct the timing
offset of the transmitter clock (uplink) or of the receiver clock
(downlink) by means of a timing synchronization algorithm. In
this case, clock frequency offsets and constant timing offsets are
eliminated, such that the multicarrier system is affected only by
the timing jitter resulting from the synchronizer. The effect of
timing jitter on different multicarrier systems has been studied
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Fig. 1. MC-DS-CDMA transmitter structure for a single user.

in the literature [9]-[11]. For an additive white Gaussian noise
(AWGN) channel, it has been shown that the performance
degradation for orthogonal frequency-division multiplexing
(OFDM) [9] and multicarrier CDMA (MC-CDMA) [10],
caused by timing jitter, is independent of the number of
subcarriers, of the spreading factor (in MC-CDMA), and of
the spectral contents of the jitter, but only depends on the jitter
variance.

In this paper, we consider the effect of timing jitter on
MC-DS-CDMA for both uplink and downlink transmission.
We determine analytical expressions for the performance
degradations in terms of the system parameters that allow us to
compare the sensitivities of uplink and downlink transmission
to timing jitter.

II. SYSTEM DESCRIPTION
A. Uplink MC-DS-CDMA

The conceptual block diagram of the transmitter of an
MC-DS-CDMA system for a single mobile user is shown in
Fig. 1. In MC-DS-CDMA, the complex data symbols, to be
transmitted at rate R, are first split into V. symbol sequences
at rate R;/N.. Each of these lower rate symbol sequences
modulates a different subcarrier of the orthogonal multicarrier
system. We denote by a;j, the data symbol transmitted
by user ¢ on subcarrier k during the ith symbol interval; k
belongs to a set I. of N, subcarrier indexes. The data symbol
a; ¢ is then multiplied with a higher rate spreading sequence
{Cime|ln =0,..., Ny — 1} with spreading factor N, where
Cin,e denotes the nth chip of the sequence that spreads the
data symbols from user ¢ during the ith symbol interval. Note
that the spreading sequence does not depend on the subcarrier
index k: all data symbols from user ¢ that are transmitted
during the same symbol interval are spread with the same
spreading sequence. It is assumed that |c; ,, ¢| = 1. We denote
by {binke = Cinyetike/VNs|n=0,....,N;, — L;k € I.}
the N, components of the spread data symbol a; , ¢. The com-
ponents b; ,, 1 ¢ are serially transmitted on the kth subcarrier
of an orthogonal multicarrier system, i.e., the spreading is
done in the time domain. To modulate the spread data symbols
on the orthogonal subcarriers, we use an Np-point inverse
fast Fourier transform (IFFT). To avoid the multipath channel
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causing interference between the data symbols at the receiver,
each FFT block at the IFFT output is cyclically extended with
a prefix of IV, samples. This results in the sequence of samples
{Simnme|m=—Np,..., Ny — 1} determined by

km
Sinm,m, L = bz n,k 26 ﬂ'w- (1)
’ V. NF + N, I;
The sequence {S; nm¢|m = —Np,...,Np — 1} isfed to a

square-root raised-cosine filter P(f) with rolloff « and unit-
energy impulse response p(t). The resulting continuous-time
transmitted complex baseband signal s,(t) is given by

400 Np—1 N,—1

= Z Z Z Si,n,m,¢

i=—oom=—N, n=0

p(t - (m + (TL + ZA]\/vs)(ZVF + Np))T - Ti,n,m,() 2
where 1/T = (Np + N,)N;R;/N, is the network reference
clock frequency and 7;, ¢ is a time-varying delay repre-
senting the transmit clock phase of user /. In the following,
it is assumed that subcarriers inside the rolloff area of the
transmit filter are not modulated, i.e., they have zero amplitude.
Hence, of the Ny available subcarriers, only N, subcarriers
are actually used (N, < (1 — a)Np). Assuming N, to
be odd, the set I. of subcarriers actually used is given by
I.={0,...,N./2 -1} U{Np — (N./2—-1),...,Np — 1}.
The corresponding subcarrier spacing Af and system band-
width B are given by

1 N, Np—i—N Ny

A ~ R,
I =NT =N, Np N,
N, Ng + N,
B=NAf= 575 = NBo— 0t = NoRs. ()

The above approximations are valid for NV, < Np.

In a multiuser scenario, each user transmits to the basestation
a similar signal s, (¢). To allow separation of the different user
signals at the receiver, each user is assigned a unique spreading
sequence {¢; ¢}, with £ denoting the user index. In this paper,
we consider orthogonal sequences, consisting of user-depen-
dent Walsh—-Hadamard (WH) sequences of length N, multi-
plied with a complex-valued random scrambling sequence that
is common to all IV,, active users. Hence, the maximum number
of users that can be accommodated equals Vs, i.e., the number
of WH sequences of length N,. Note that the number of car-
riers N, can be chosen independently of the spreading factor Ny,
which, in turn, equals the maximum number of users. Without
loss of generality, we focus on the detection of the data symbols
transmitted by the reference user (¢ = 0).

The signal s,(t) transmitted by user ¢ reaches the basesta-
tion through a multipath channel with transfer function Hy,, «(f)
that depends on the user index £ [see Fig. 2(a)]. The basestation
receives the sum of the resulting user signals and an AWGN
process w(t). The real and imaginary parts of w(t) are uncorre-
lated, and each have a power spectral density of Ny/2. The re-
sulting signal is applied to the receiver filter, which is matched
to the transmit filter. The matched-filter output is sampled at the
instants ¢; p m = (m + (n 4+ iNs)(Nr + Np))T (see Fig. 3).
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Fig. 2. Channel structure. (a) Uplink. (b) Downlink.
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Fig. 3. MC-DS-CDMA receiver structure.

Only the Np samples withm = 0, ..., Np —1 are kept for fur-
ther processing. We assume that the length of the cyclic prefix
is sufficiently longer than the maximum duration 7}, of the im-
pulse responses of the composite channels with transfer func-
tions Ho(f) = |P(f)|?Hene(f),£ = 0,..., N, — 1. This al-
lows the transmitter of each user to adapt its transmit clock phase
Ti,n,m,¢ t0 synchronize the different user signals at the basesta-
tion within a cyclic prefix, such that the samples used for fur-
ther processing at the basestation are not affected by interference
from other FFT blocks, since the time dispersion is absorbed by
the cyclic prefix. This situation is depicted in Fig. 4(a). Whereas
static timing misalignments between the received user signals
are absorbed by the cyclic prefix, the adaptation of the transmit
clock phase, however, introduces timing jitter €; , m ¢1". This
timing jitter can be modeled as a zero-mean stationary random
process with jitter spectral density S, o(f) and jitter variance
o2 ,. The contribution from each user is affected by a different
tirﬁing jitter process €; nm ¢, as each user signal is generated
with a different transmit clock.

The Nr samples selected by the basestation are applied to an
Np-point FFT, followed by one-tap equalizers g; 1 that scale
and rotate the FFT outputs. We denote by g; ».i the coefficient
of the equalizer, operating on the kth FFT output during the nth
FFT block of the ¢th symbol interval. Each equalizer output is
multiplied with the corresponding chip of the reference user’s
spreading sequence, and summed over N, consecutive values to
yield the samples z; . at the input of the decision device.

The detection of the symbol a; j o is based upon the decision
variable z; 1, which can be decomposed as

Nu-1
Np

Zik =\ NN N, E E ai koL ki o+ Wik, k € I
F =0 k'el.

“
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In (4), W; j, is the additive noise contribution, with

E[WLkI/V;’k,] = Ngéi_if(Sk_k/ N.

;] Nt ,
> ginil” D
n=0
In (6), Hk,/ = H/(Hlod(k';NF)/(NFT))/T, Hk’/ =
(mod(k; Np)/Np)Hy ¢,mod(z; Np) is the modulo-Np re-
duction of z, yielding a result in the interval [~ Np/2, Ng/2].
The second line in (6) results from the linearization of the
exponential function around €; » ¢ = 0, which is accurate
when the timing jitter variances are small.

The quantity 7; 1, 1+ ¢ in (4) denotes the contribution from the
data symbol a; ;- ¢ to the sample z; j, at the input of the decision
device. The sample z; j, contains a useful component with coef-
ficient I; 1 1,0. This component can be decomposed into an av-
erage useful component E[I; x o] and a zero-mean fluctuation
L k.k0 — E[I 1.x,0] about its average, i.e., the self-interference
(SI). The quantities I; & 0, (k" # k) correspond to intercarrier
interference (ICI), i.e., the contribution from data symbols trans-
mitted by the reference user on other subcarriers. For £ # 0, the
quantities I; j ¢ correspond to multiuser interference (MUI),
i.e., the contribution from data symbols transmitted by other

users. The equalizer coefficients are selected such that the coef-
ficients E[I; 1 10] of the average useful component equal one,
for k € I.. This yields

1

—. 8
e @®)

9i,kn =

It is instructive to consider the case where all timing jitter is
zero, i.e., €, nmye = 0 for £ = 0,..., N, — 1. In this case, the
quantities (6) reduce to

Ai k0 = Hy gbp—p. )

Hence, the contribution from user £ to the kth FFT output y; ,, &
is proportional to b; ,, 1,.¢H ¢, which means that SI and ICI are
absent. Further, as the factor H}, , does not depend on the chip
index n, the orthogonality between the contributions from dif-
ferent users to the same FFT output is not affected. We obtain
Ligw e = 0for £ # 0, hence, MUI is absent as well. This
indicates that, in the absence of timing jitter, the only effect of
the multipath channel on the uplink MC-DS-CDMA signal with
cyclic prefix is to multiply the symbols from each user with a
factor Hj, ¢ that depends on the user index £ and the subcarrier
index k. The presence of this factor affects the signal-to-noise
ratio (SNR) at the input of the decision device, but does not give
rise to interference.

B. Downlink MC-DS-CDMA

In downlink MC-DS-CDMA, the basestation synchronizes
the signals to be transmitted to the /V,, mobile users (7; » m.¢ =
7for{ = 0,...,N, — 1), and broadcasts the sum of the N,
user signals s¢(t) from (2). As shown in Fig. 2(b), this broad-
cast signal reaches the receiver of the reference user through
a multipath channel with transfer function Hcy(f). The output
of the channel is disturbed by AWGN w(t) with uncorrelated
real and imaginary parts, each having a power spectral density
of No/2. Similarly as in uplink MC-DS-CDMA, the resulting
signal is applied to the receiver filter of Fig. 3 in order to detect
the data symbols transmitted to the reference user (£ = 0). As-
suming that the length of the cyclic prefix is longer than the
duration Ty, of the composite channel with transfer function
H(f) = |P(f)|?Hen(f), the receiver adjusts its sampling clock
phase such that the Np samples to be processed are free from
interference from other blocks [see Fig. 4(b)]. The sampling in-
stants at the mobile receiver are denoted ¢; y, y, +€;.n,m 1, Where
timm = (m+ (n 4+ iNs)(Nrp + N,))T and the timing jitter
€ n,mT 1S a zero-mean stationary random process with jitter
spectral density S.(f) and jitter variance o2; 1/T is the net-
work reference clock frequency. Only the samples with indexes
m =0,..., Np — 1 are kept for further processing by the user.
As in uplink MC-DS-CDMA, the sample z; ;, at the input of the
decision device can be represented by (4). The quantities I; ;, k¢
are given by (5), with S. ¢(f) and H,(f) substituted by S.(f)
and H(f), respectively. The samples z; j are decomposed into
a useful component, ICI, MUI, and noise. The equalizer coeffi-
cients g; .k, that are selected such that the coefficients I; 1. 10
of the useful component equal one, are given by (8), with H,( f)
substituted by H(f).
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III. PERFORMANCE ANALYSIS
A. Uplink MC-DS-CDMA

The performance of the MC-DS-CDMA system is measured
by the SNR, which is defined as the ratio of the power of the
average useful component () to the sum of the powers of the
total interference (=SI+ ICI+ MUI)(F;), and the noise (Py)
at the input of the decision device. Note that these quantities
depend on the index & of the considered subcarrier. This yields

Np
Nr+N, PU,k

SNRy (e) = (10)

Ng
PN’k + NFJer PIvk

In (10), the powers of the useful component, the total interfer-
ence, and the noise are given by

Py =FEso
. 2
Hi.
Pry = Z Es o ﬁ (2m)2 Xk 1 0
kel .
N, —1 I:I 2
ke
S D SR L
=1 k'el. k'£k .
22 (Yo — Xear o)
1
Py =N 11
0|Hk0|2 (11)
where
“+oo k’l _ k 2
Xk :/ See(f) ‘DNF < N +fT)
—00 F
|Dn. (fT(NF + N,))|* df
+oo k — k 2
Yiws = / See(f) | D, ( — + fT) i (12)
— 0o F
| M1
_ j2tmT
DA[(JZ) = M 7;:0 e’
— im(M -1z sin(r M) (13)

M sin(rwz).

For the derivation of (11) and (12), the reader is referred to
[12] and [13], where similar equations have been obtained
for the case of MC-CDMA. In (11), Es 1, = E[|ai7u|2]
denotes the symbol energy transmitted on subcarrier k
by user £. In the absence of timing jitter (€ n,me = 0
for ¥ = 0,...,N, — 1), the SNR (10) reduces to
SNRi(0) = (Np/(Nr + Np)|Hio2(E.1.0/No). The
degradation (in decibels) caused by the timing jitter is defined
as Deg, = 10log(SNR,(0)/SNRg(e)). This degradation
corresponds to the increase of E;/Ng (or Ej/Ng) required
to maintain the SNR in the presence of timing jitter the same
as in the absence of timing jitter. Note that the same increase
of Es/Ny (or Ey/Ny) keeps the bit-error rate (BER) in the
presence of timing jitter the same as the BER in the case of
perfect timing (provided that the sum of the interference and
noise is approximately Gaussian).

In order to clearly isolate the effect of the timing jitter,
we assume that the channels are ideal, the jitter spectrum is
equal for all users, the load is maximum (Ng = N,), and all
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users have the same energy per symbol on each subcarrier
(i.e., |Hk7g| = I,Seyg(f) = Se(f) and ESJC’g = ES for
kel ,l=0,...,N;, —1). In this case, the quantities X}, s ¢
and Y}, ;- ¢ are independent of the user index £. In the following,
we drop the user index. The total interference power in this
case is given by

Pry = E,(27)? Z Bret Yo i

k'el.

(14)

where 3¢ = (mod(k; Nr)/NF)? and the degradation is given
by

Deg, = 10log (1 + SNR(0)(27)? Z B Vi k) . (15)
k'el.

InFig. 5, the degradation (15) is shown as function of the subcar-
rier index, for Np = 64, N. = 57, SNR(0) = 10 dB, and 02 =
1072, and a jitter spectrum S.(f) = 02/(2f2.x) (fmax — |f])
with frax = 2/(NsNpT) = 2Af/Ns. We observe that sub-
carriers with indexes k& and Np — k, that are located symmet-
rically with respect to & = Np/2, exhibit the same degrada-
tion. For k < N /2, the degradation first increases with k, but
then decreases with &k when k approaches the vicinity of the
edge of the rolloff area. For given k, the degradation depends
on the number N, of modulated subcarriers, because in (15),
the summation over &’ ranges over the set I. of N, modulated
subcarriers. An upper bound on this degradation is obtained by
extending in (15) this summation interval over all N available
subcarriers, i.e., ¥’ = 0, ..., Np — 1. This yields

N, -1

Z B Yk, k’) . (16)

Deg;. < 10log (1 + SNR(0
k=0

This bound is also shown in Fig. 5, for k = 0,..., Np — 1. For
given k, the upper bound (16) on the degradation is independent
of the number N, of modulated subcarriers, and becomes max-
imum for the subcarrier k = N /2. The upper bound is reached
when all subcarriers are modulated (N. = Npg;a = 0). When
a > 0, the upper bound (16) yields an accurate approximation
for the actual degradation on subcarriers that are not too close
to the edge of the rolloff area.

Under the same assumptions that gave rise to (14), we define
define an average SNR, which is obtained by replacing the in-
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terference power Pr j, from (14) by its arithmetical average over
all N subcarriers. Note that the average interference power de-
pends on the number N, of modulated subcarriers. Extending in
(14) the summation over £’ to all Ny available subcarriers, and
then performing the arithmetical average over the index k, we
obtain an upper bound on the average interference power that
does not depend on N.. The corresponding upper bound on the
degradation of this average SNR turns out to be independent of
the jitter spectrum, of the spreading factor Vg, and for Np > 1
becomes independent of the number of available (Np) subcar-
riers (see [13])
72

Deg,, < 10log <1 + SNR(O)?JE> (17)
where SNR(0) = (Nr/(Nr + N,))Es /Ny is the SNR in the
absence of timing jitter, and the jitter variance is given by

= s

J —oco

(18)

The bound on the average degradation (17) is shown in Fig. 6
as function of the jitter variance, along with the actual degrada-
tion from (15) for k£ € 1., the maximum (over k) of the actual
degradation (15), and the upper bound (16) at the edge of the
rolloff area (i.e., for k = (N, — 1)/2), for Np = 64,N,. =
57,SNR(0) = 10 dB. As we observe, for a substantial number
of modulated carriers, the actual degradation is between the av-
erage degradation (17) and the maximum degradation; the latter
is close to the upper bound (16); this illustrates the importance
of average degradation (17) and of the bound (16). For small
jitter variance, the degradation (in decibels) is proportional to

2

o;.

B. Downlink MC-DS-CDMA

As in uplink MC-DS-CDMA, the performance is measured
by the SNR, defined in (10). The powers of the average useful
component, the total interference, and the noise are given by
(11), with S, ¢(f) and Hy(f) substituted by S¢(f) and H(f),
respectively, for = 0, ..., N, — 1. In this case, it follows from
(12) that the quantities X}, jv ¢ and Y} js ¢ are independent of
the user index /.

To clearly isolate the effect of the timing jitter, we consider
the case where the channel is ideal (|Hy| = 1,k € I..), the load

is maximum (N, = N,,), and the energy per symbol is the same
for all subcarriers and all users (Es ¢ = Es fork € I.,0 =
0,...,Ns; — 1). In this case, the degradation is given by (15).
As in uplink transmission, an upper bound on the degradation
is obtained by extending the summation over &’ in (15) over all
N available subcarriers, yielding (16). Further, similar to the
uplink, we can define the average SNR by replacing in (10) the
powers of the average useful component, the total interference,
and the noise by their arithmetical average over all subcarriers.
The degradation of this average SNR, for Np > 1, is given by
7).

Hence, the degradation in the downlink is the same as in the
uplink, assuming that the jitter spectra in the uplink are the same
for all users. This degradation is independent of the number of
subcarriers, of the spreading factor, and of the spectral contents
of the jitter, but only depends on the jitter variance.

IV. CONCLUSIONS AND REMARKS

In this paper, we have determined the effect of timing jitter on
the performance of MC-DS-CDMA, for both uplink and down-
link transmission, assuming orthogonal spreading sequences.
We have determined analytical expressions for the SNR at the
input of the decision device, and the degradation of the SNR
caused by timing jitter. We have compared the resulting degra-
dation for both uplink and downlink transmission, under the as-
sumption of the full load (V,, = N.). When the jitter spectra of
the different users are the same, the degradation turns out to be
the same for the uplink and the downlink. Furthermore, we have
shown that the degradation of the MC-DS-CDMA system is in-
dependent of the number of subcarriers, the spreading factor,
and the spectral contents of the jitter, but only depends on the
jitter variance.

In order to check the validity of the linearization exp(jz) =
1 4 jz in (6), we have simulated the MC-DS-CDMA decision
variables z; ;, from (4) in the absence of noise but in the pres-
ence of timing jitter, without using the linearization. We have
verified that the interference power computed from this simu-
lation is close to the theoretical value o272 /3 resulting from
the linearization, provided that the jitter variance o2 is less than
10~2, or, equivalently, the root mean square timing jitter is less
than 10% of the sampling interval T'. For jitter variances ex-
ceeding 1072, the linearization is no longer accurate, but this is
not a suitable operating condition, as the resulting degradation
becomes unacceptably large.

Although the derivation of the performance degradation
caused by the timing jitter has been carried out under the
assumption of a static channel, (10)—(12) are also valid for
slowly varying multipath fading channels that are essentially
constant over Ng FFT blocks (which corresponds to a duration
N./Rs). In this case, the SNR (10) denotes the instantaneous
SNR, related to a particular realization of the channel. The
relevant performance measure for the slowly varying multipath
fading channel is the (degradation of) the average SNR, which
is obtained by replacing in (11) the quantities |Hj o|*> and
|Hy|? by E[|Hpol?] and E[|Hy (|?], respectively. The
degradation of this average SNR (in decibels) corresponds to
the increase in F5/Ny (or E}/Np) that is required to keep the
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BER in the presence of timing errors essentially the same as
the BER for perfect timing. When E[|Hjo|?] = 1 for k € I,
and/ =0,1,..., N, — 1, the degradation of the average SNR
for the slowly fading channel is the same as the degradation
(15) of the SNR for an AWGN channel.

It can be verified from [10] and [11] that the average
degradation (17) for MC-DS-CDMA is exactly the same as
the corresponding degradations for OFDM and MC-CDMA,
assuming that the three multicarrier systems have the same
subcarrier spacing.
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