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Power Spectral Analysis of UW-OFDM Systems
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Abstract— Unique word- (UW-) orthogonal frequency division
multiplexing (OFDM) is a new multicarrier technique that is
shown to be superior to the cyclic prefix- (CP-) OFDM system in
terms of bit-error-rate performance in fading channels. Further-
more, in the literature, it is shown by simulations that UW-OFDM
has a considerably lower out-of-band (OOB) radiation compared
with CP-OFDM. In this paper, we derive an analytical expression
to investigate the spectral characteristics of UW-OFDM to be
able to determine the effect of the different system parameters
on the OOB radiation. In addition, we include in our analysis the
effects of the interpolation filter and the unique word. We show
that the OOB radiation in UW-OFDM is mainly determined by
the number of non-modulated subcarriers reserved as the guard
band, and the ratio of the UW sequence length to the number
of subcarriers. By increasing either of these two parameters,
we show that we can suppress the OOB radiation to any amount.
This is an important advantage of UW-OFDM over classic
CP-OFDM systems, and shows that UW-OFDM is an excellent
candidate for cognitive radio systems.

Index Terms— Power spectral density, UW-OFDM,
out-of-band radiation.

I. INTRODUCTION

OVER the past decades, multicarrier systems have
attracted significant interest in the research community,

and since they can achieve flexible high data rates while being
robust against frequency selective channels and still have a
simple receiver, they were adopted in many wired and wireless
standards. In multicarrier systems, the data is transmitted
block-wise, where in each block the data symbols are modu-
lated by an inverse discrete Fourier transform (IDFT). To avoid
intersymbol interference, the blocks are separated by a guard
interval. In the most widespread type of multicarrier systems,
i.e. CP-OFDM, the output of the IDFT is extended by adding a
cyclic prefix as a guard interval. Zero padding (ZP) [1], known
symbol padding (KSP) [2] and time domain synchronous
padding (TDS) [3] are other methods to fill the guard interval.
Common to these techniques is that they all extend the symbol
length: the duration of a symbol is the IDFT length plus
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the guard interval length. In a recently proposed multicarrier
technique, i.e. UW-OFDM, the guard interval is part of the
IDFT block. Hence, the duration of a symbol equals the IDFT
length, irrespective of the guard interval length. This guard
interval is filled with a known and deterministic sequence,
which is repeated every IDFT block. As such, similarly as
in the traditional multicarrier techniques (CP-, ZP-, KSP- and
TDS-OFDM), the linear convolution, resulting from the data
sequence passing through the channel, transforms to a circular
convolution, which simplifies channel equalization. Moreover,
in contrast to the cyclic prefix in CP-OFDM, which is a
random sequence as it depends on the random data symbols,
but similarly to KSP- and TDS-OFDM, the content of the
guard interval is prior known to the receiver, implying it can
be designed for particular transmission purposes like synchro-
nization or channel estimation. Because in UW-OFDM, part
of the time-domain block must be fixed, the sequence that is
modulated on the carriers must contain redundancy. Depending
on how the redundancy is added, two types of UW-OFDM can
be distinguished. In systematic UW-OFDM, the redundancy is
located on a selected set of subcarriers, i.e. the data carriers
and redundant carriers belong to disjoint subsets [4], whereas,
in non-systematic UW-OFDM, the redundancy is spread over
all the active subcarriers [5].

Until now, different performance metrics of UW-OFDM
have already been analyzed in the literature. In [6], the
spectrum efficiency of UW-OFDM is studied for different
transmission settings, and it is shown that for similar commu-
nication settings UW-OFDM and CP-OFDM have essentially
the same data throughput: the required addition of redundancy
in the frequency domain in UW-OFDM is compensated by
the reduction of the block length compared to CP-OFDM.
Further, to fully exploit the available redundancy, more sophis-
ticated detectors are required for UW-OFDM. In contrast,
in CP-OFDM, a simple linear data estimator is sufficient.
Multiple (linear and non-linear) data estimators were derived
for UW-OFDM [5], [7]–[11], and the overhead complexity of
the different data detectors was studied in [10]. Although the
complexity of the data estimator is higher than for CP-OFDM,
it is shown that for the same bandwidth efficiency [5] or
the same theoretical achievable data rate [7], UW-OFDM
outperforms CP-OFDM in fading channels, in terms of the
bit error rate performance, which is the result of the diver-
sity gain introduced in the UW-OFDM data structure [12].
Although this diversity gain comes at the cost of an additional
data detection complexity, the difference in complexity will
diminish when additional channel coding such as turbo coding
is used, as the (turbo) decoder has much higher complexity
than the data detector.
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Fig. 1. Block diagram of a typical UW-OFDM transmitter.

In communication systems that have to meet spectral regula-
tory masks, such as cognitive radio, the spectral behavior is an
important performance metric. In such a case, it is important
to be able to control the in-band and out-of-band (OOB)
radiation of the system. To our best knowledge, the spectral
behavior of UW-OFDM is only considered in [5], where the
authors claim that UW-OFDM has lower OOB radiation than
CP-OFDM. These results are based on simulations only, which
does not offer deep insight in how to control the spectrum,
and do not consider the effect of the interpolation filter and
the presence of the unique word. Therefore, considering the
fact that UW-OFDM has shown promising results in terms
of BER, throughput efficiency and OOB radiation, in this
paper, we address the power spectrum characterization of
UW-OFDM to obtain a more in-depth understanding of the
good spectral behavior of UW-OFDM. The effects of different
UW-OFDM parameters on the power spectral density (PSD)
and OOB radiation are studied both analytically and through
simulations. We derive analytical expressions for the PSD of
both UW-OFDM system types - systematic and non-systematic
coded UW-OFDM. These expressions will pave the road to
easily control the OOB radiation of the UW-OFDM system.
In this paper, we show that we can reduce the OOB radiation
as well as the roll-off factor of the UW-OFDM spectrum by
increasing either the number of guard band subcarriers, or the
ratio of the UW length to the number of subcarriers. It turns
out that we can suppress the OOB radiation to a level that
is 160 dB lower than the level of the in-band containing the
useful signal. Taking into account the numerical precision of
the computations, this implies that we can reduce the OOB
radiation to essentially zero, even if no interpolation filter is
used. Further, we investigate the effect of the interpolation
filter. This paper is an extension to our previous work on the
spectral behavior of UW-OFDM [13], which only considered
the case of systematic UW-OFDM. Not only this paper gener-
alizes the results to non-systematic UW-OFDM systems, but
also it studies the effect of different UW-OFDM parameters
on the OOB radiation of UW-OFDM system, and considers
the effect of the addition of the unique word on the spectrum.
It turns out that when the UW contains a standard sequence,
as e.g. a constant amplitude, zero autocorrelation (CAZAC)
sequence which is employed for channel estimation and

synchronization, the good OOB radiation property of
UW-OFDM is destroyed. To solve this problem, we propose
a novel construction method for the unique word, resulting in
good OOB radiation properties. It is noteworthy that filterbank
multicarrier and OFDM/OQAM schemes are other types of
multicarrier techniques which provide good OOB radiation
properties [14], [15]. However, considering the implementation
issues, they belong to another family of MC techniques that
need more complex transmitters/receivers. On the other hand,
UW-OFDM provides the good OOB radiation property with
the same transceiver structure as CP-OFDM, which is based
on the IFFT/FFT.

Taking into account the excellent OOB radiation and spec-
tral shaping properties of UW-OFDM, it can be used in
systems complying with strict spectrum regulatory masks.
Specifically, UW-OFDM is an excellent candidate for cogni-
tive radio systems that are designed to use the spectrum holes
in the spectrum without imposing considerable interference on
adjacent bands used by the primary system.

The paper structure is as follows. After the introduction,
in Section II, the system models of systematic and non-
systematic coded UW-OFDM are described. Also, we intro-
duce a novel approach to build the code generator matrix
for non-systematic coded UW-OFDM, which provides a
more structured framework for analyzing and developing
non-systematic coded UW-OFDM compared to the itera-
tive method proposed in [5]. In Section III, the analytical
expressions for the PSD of both types of UW-OFDM sys-
tems are derived, and the effects of the interpolation filter
and the unique word sequence are highlighted. Section IV
describes the simulation results, analyzes different aspects
of the UW-OFDM spectrum and compares the PSD of
UW-OFDM with that of conventional CP-OFDM.

II. SYSTEM MODEL

The block diagram of a typical UW-OFDM transmit-
ter is shown in Fig. 1. Let d̃ ∈ CNd ×1 be the vec-
tor of Nd modulated data symbols that are independently
and identically distributed (E{d̃d̃H } = σ 2INd ) with zero
mean (E{d̃} = 0Nd×1). Without loss of generality, we assume
σ 2 = 1. The UW-OFDM signal is constructed by first generat-
ing Nu zeros at the output of the N-point IDFT block. This is
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Fig. 2. The time-frequency structure of UW-OFDM with Nz zero carriers at the band edges and a unique word with length Nu Ts , where Ts is the sample
duration.

done by adding redundancy in the frequency domain by using
a precoder matrix, G ∈ CNdr ×Nd , where Ndr = Nd + Nr ,
i.e. Nr is the amount of redundancy that is introduced, with
Nr ≥ Nu . As this construction resembles a Reed-Solomon
code (in the complex field), the precoding matrix is also
called the code generator matrix. Like in standard multicarrier
systems, Nz = (N − Ndr ) zero subcarriers are placed,
e.g. at band edge and DC subcarriers.1 The data vector at
the frequency domain is given by

x̃ = BGd̃, (1)

where B ∈ RN×Ndr adds the zero subcarriers, i.e. the columns
of B are unit vectors. The precoder is selected to generate a
block of Nu zeros at the end of the output of the IDFT block.
Hence, before adding the unique word, the N ×1 time-domain
data vector is given as

x′ = FH
N BGd̃ =

[
xd

0Nu×1

]
, (2)

where FH
N is the N × N IDFT matrix, and xd is the

(N − Nu ) × 1 time-domain vector that depends on the trans-
mitted data symbols, d̃. After replacing the zeros by the desired
unique word, xu ∈ CNu×1, the time-domain data vector is
obtained as

x = x′ +
[

0(N−Nu)×1
xu

]
=

[
xd

xu

]
. (3)

The time-frequency structure of the UW-OFDM data block
is shown in Fig. 2, for which a guard band containing Nz

zero subcarriers is considered at the band edges. Depending on
how the redundancy is added, we can distinguish two types of
UW-OFDM: systematic coded UW-OFDM and non-systematic
coded UW-OFDM [5].

A. Systematic Coded UW-OFDM

In this approach, Nr subcarriers are dedicated to sending
the redundant data. This is done by defining the matrix G as

G = P
[

INd

T

]
, (4)

1Note that the set of Nz zero subcarriers can also include guard bands
required to avoid interference to primary users in a cognitive radio system.

where P ∈ RNdr ×Ndr is a permutation matrix determining the
places of the data and redundant subcarriers, and T ∈ CNr ×Nd

is a transform matrix creating the redundant symbols,
r̃ = Td̃ ∈ CNr ×1, based on the data vector d̃. The data vector
at time domain can be expressed as

x′ = FH
N BP

[
I
T

]
d̃ = FH

N BP
[

d̃
r̃

]
. (5)

Let us define a new matrix as follows:

M = QP = [
M1 M2

]
, (6)

where Q is the Nu × Ndr matrix built by the Nu lowermost
rows of FH

N B, M1 ∈ CNu×Nd and M2 ∈ CNu×Nr . To obtain
the block of Nu zeros in the time-domain, we have to impose
the following restriction: M1d̃ + M2r̃ = 0. This is fulfilled
by choosing T = M†

2M1, where M†
2 = MH

2 (M2MH
2 )−1 is

the Moore-Penrose pseudo-inverse. The problem in systematic
coded UW-OFDM is the rather high energy that has to be spent
on the redundant symbols [16], [17].

B. Non-Systematic Coded UW-OFDM

The problem of the high energy requirement of systematic
coded UW-OFDM is solved in [5] by spreading the redun-
dancy on all subcarriers. This is done by designing an appro-
priate non-systematic code generator matrix, G ∈ CNdr ×Nd .
So, on top of creating the required zeros at the output of
the IDFT, the code generator matrix is designed to distribute
the redundant energy on all subcarriers. Compared to the
systematic coded UW-OFDM implementation, the original
data symbols, d̃, do not appear directly on the subcarriers
after being multiplied with G. Therefore, this implementa-
tion of UW-OFDM systems is called non-systematic coded
UW-OFDM, which is comparable to a non-systematic code
defined over the field of complex numbers. Typically, it is
assumed that the transmitted power per data symbol is normal-
ized; this requires trace

{
GH G

} = Nd . Huemer et al. [5] sug-
gest to select the code generator matrix G to minimize the error
covariance of a best linear unbiased estimator (BLUE) and a
linear minimum mean square error (LMMSE) data estimator
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at the receiver. They show that the optimum G should satisfy
GH G = I. However, the proposed iterative method to calculate
the optimum G is not suitable for analyzing the different
performance aspects of the UW-OFDM system. Therefore,
we consider the decomposition of the generator matrix, G,
proposed in [12] and [18] as

G = NQC, (7)

where NQ = Null(Q) ∈ CNdr ×(Ndr −Nu ) is the matrix contain-
ing the Ndr − Nu orthonormal null space vectors of Q (defined
in (6)), and the (Ndr − Nu ) × Nd matrix C can be selected
freely. Optimization of the generator matrix in many situations
only involves the optimization of C, as the matrix NQ is fixed
and determined by the system parameters, i.e. the number and
positions of the zero subcarriers, the UW length, amount of
added redundancy and the DFT size. In the following, we
restrict our attention to the case where CH C = I, as this
corresponds to the minimization of the BLUE or LMMSE
data estimators [5].

III. POWER SPECTRAL DENSITY OF

THE UW-OFDM SYSTEM

In conventional CP-OFDM, several theoretical methods
to derive the PSD are available. The method that is most
commonly used, is based on the analog implementation of
the multicarrier system, and is employed, e.g. for spec-
trum modeling [19], blind carrier tracking [20], in-band and
OOB radiation reduction and sidelobe suppression [21]–[23].
However, although this analytical model is easy to use,
the model is not precise for practical systems, where the
multicarrier transmitter is implemented by an IDFT followed
by a digital-to-analog converter (DAC) [24].

To find a more precise model for the PSD of a multicarrier
system, we revert to the definition of the PSD. Let us consider
a sequence of symbols a[i ], which is passed through a DAC.
The analog signal at the output is given as

s(t) =
+∞∑

i=−∞
a [i ] gI (t − i Ts), (8)

where Ts is the sample duration, and gI (t) is the impulse
response of the interpolation filter. In the case the discrete-
time sequence a[i ] is stationary with autocorrelation func-
tion (ACF) R(i ; m) = R(m) � E {a∗[i ]a[i + m]}, the PSD
of the digital-to-analog converted signal is given as

P( f ) = |GI ( f )|2
Ts

Px ( f ), (9)

where GI ( f ) is the Fourier transform of gI (t), and Px ( f ) =
F [R(m)] is the Fourier transform of the autocorrelation
function R(m).

In multicarrier systems, the above expression for the PSD
cannot be used straightforward, as the discrete-time sequence
a[i ] is not stationary. However, when the transmitted data bits
are i.i.d.. and the same transmitter structure is used for every
multicarrier block (e.g. same number of modulated carriers
with fixed guard bands), the sequence at the output of the
DAC is cyclostationary. Taking into account that the data

symbols in the different multicarrier blocks are statistically
independent, it was proposed in [1] and [25] to obtain the
average Px ( f ) by time-averaging the ACF upon one cyclic
period and replace it in (9). van Waterschoot et al. [1] have
found an approximate analytical expression for the PSD of
CP-OFDM and ZP-OFDM, by further presuming that the
frequency-domain symbols modulated on the subcarriers are
i.i.d. However, because of the redundancy added in the fre-
quency domain, the frequency-domain symbols modulated on
the different subcarriers are not uncorrelated in UW-OFDM.
Hence, the method of [1] and [25] cannot be used to find
closed-form expressions for the PSD of UW-OFDM.

In order to derive precise closed-form expressions for the
PSD in UW-OFDM, we employ the principle of the Peri-
odogram method, which is used to estimate the PSD of an
observed data sequence. In this method, the PSD is calculated
as the squared magnitude of the Fourier transform of the
available samples. As in practice the estimation variance of the
Periodogram method is high, a variant to reduce this variance
is proposed by Bartlett [26]. In Bartlett’s method, the available
samples are split into shorter data segments, and the PSD
is estimated as the time-averaged Fourier transform of the
data in the segments. We now translate Bartlett’s method to
estimate the PSD from a sequence of observed samples into
a theoretical method to derive an approximate closed-form
expression for the PSD for UW-OFDM. Taking into account
that the UW-OFDM signal is random and cyclostationary,
we replace the time average in Bartlett’s method by a statistical
average. In Appendix A, we show that we can select the length
of the data segments to a UW-OFDM block length because
(i) the data symbols in the different UW-OFDM blocks are
statistically independent, and (ii) the data correlation pattern
in the successive UW-OFDM blocks is repeated. This can be
understood by considering the block-based representation of
the analog signal in (8):

s(t) =
+∞∑

l=−∞

N−1∑
n=0

x (l)
n gI (t − (l N + n)Ts), (10)

where x (l)
n = a[l N + n]. As a consequence, the PSD of the

discrete-time sequence, a[i ], in (8) is approximated as

Px ( f ) = E

[∣∣∣X (l)( f )
∣∣∣2

]
, (11)

where X (l)( f ) is the discrete-time Fourier trans-
form (DTFT) [27] of the lth UW-OFDM block

(x(l) =
[
x (l)

0 , x (l)
1 , . . . , x (l)

N−1

]T
), and is given as

X (l)( f ) = 1√
N

N−1∑
n=0

x (l)
n e− j n2π f Ts . (12)

The PSD of the analog baseband signal, s(t) in (10), is finally
obtained by substituting (11) in (9).

In this paper, two terms are used to point to the entire
frequency band: in-band and out-of-band (OOB). Assuming
the time-domain symbol rate is Ts , the spectrum, Px ( f ), is
periodic with period 1/Ts . Throughout the paper, we will
consider the equivalent baseband frequency band, so that the
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spectra will be shown at two sides of the zero frequency, i.e.
we will consider the interval [−1/Ts, 1/Ts]. In this regard,
we define the in-band as the part of the mentioned frequency
interval, [−1/Ts, 1/Ts], where the subcarriers are not nulled.
The out-of-band (OOB) is defined to be the part of the
interval [−1/Ts, 1/Ts] corresponding to the nulled (guard)
subcarriers at both sides of the in-band, and also covers all
other frequencies outside the mentioned frequency interval.
Considering the above definition, equation (9) comprises of
two parts. The first part, |GI ( f )|2, is the interpolation filter
frequency response with cut-off frequency 1/2Ts . This should
be designed to be flat in spectrum in-band, and to have a sharp
spectral roll-off such that OOB radiation of the system to be
rapidly suppressed. The second part, Px ( f ), solely relates to
the characteristics of the transmitted data and unique word, and
determines both the in-band and the OOB spectral behavior of
the UW-OFDM system. Based on (11)-(12), one can observe
that Px ( f ) is periodic with a period 1/Ts . So, the interpolation
filter should reject the excessive OOB parts of the UW-OFDM
spectrum resulting from the signal periodicity.

Let us look closer at the PSD (11) of the discrete-time
sequence x(l) . Using vector notation, the DTFT values
in (12) can be written as X (l)( f ) = e( f )x(l), where e( f )
is a 1 × N row vector with nth entry as e− j n2π f Ts /

√
N .

From (3), it follows that the time-domain data vector contains
the contributions of the data and the unique word. In practice,
the unique word is a deterministic and known sequence, which
is repeated in each UW-OFDM block. Further, the transmitted
data symbols are statistically independent of the unique word
contribution, and have zero mean. Therefore, the PSD (11)
can be decomposed into a contribution from the data and the
unique word:

Px( f ) = Px,d( f ) + Px,u( f ), (13)

where the contribution from the deterministic unique word xu

is given by

Px,u( f ) = e( f )

[
0 0
0 xuxH

u

]
eH ( f ), (14)

and the contribution from the random data symbols Px,d( f )
depends on the statistical properties of the transmitted data
only, and is given as

Px,d( f ) = E
{

e( f )x′(l)x′(l)H
eH ( f )

}
= e( f )FH

N BGGH BH FN eH ( f )

= trace
{

GH BH FN eH ( f )e( f )FH
N BG

}
(15)

where we have used (2). Let us look closer at the expres-
sion (15). The product e( f )FH

N is given by

{
e( f )FH

N

}
k

= 1

N

1 − e− j2π N(k/N− f Ts )

1 − e− j2π(k/N− f Ts )
.

Note that when f = m/NTs , the above expression
reduces to

{
e(m/NTs)FH

N

}
k = δk,m , implying the product

FN eH ( f )e( f )FH
N is a diagonal matrix where the mth diagonal

element is a one, and all other diagonal elements are zero.
Further, B is a column-reduced identity matrix determin-
ing which carriers are modulated. Hence, at frequency

f = m/NTs , Px,d( f ) reduces to the energy of the symbol
transmitted on carrier m, i.e.

{
BGGH BH

}
m,m , which equals

zero for a non-modulated carrier.

A. PSD of Systematic Coded UW-OFDM

To obtain the PSD for the special case of a systematic coded
UW-OFDM transmission, it is sufficient to substitute the code
generator matrix given in (4) into the above relations. Hence,
before the D/A conversion, the PSD is given by:

Px ( f ) = e( f )FH
N BP

[
I TH

T TTH

]
PH BH FN eH ( f ) + Px,u( f ).

(16)

In [17], it is shown that the average energy for the redun-
dant symbols is given by σ 2trace(TTH ) = σ 2trace(TH T)
(in this paper, we assume σ 2 = 1). Further, assuming that
the number of redundant carriers equals the unique word
length (which is the minimum possible number of redundant
carriers), i.e., Nr = Nu , [17] shows that the optimal redun-
dant carrier placement that minimizes the required redundant
energy results in the requirement that the matrix product TTH

is a scaled identity matrix TTH = (Nd/Nr )σ
2INr , and the

resulting total energy of the redundant carriers equals the total
energy of the data symbols, i.e., σ 2 Nd . Hence, the optimal
redundant carrier placement evenly spreads the redundant
energy over the different redundant carriers, with as a result
an energy per redundant carrier equal to (Nd/Nr )σ

2. Taking
into account that P is a permuted identity matrix to select
the data carriers and redundant carriers, the level of Px,d( f )
at carrier frequencies m/NTs will be σ 2 for a data carrier
and (Nd/Nr )σ

2 for a redundant carrier. In practice, to have a
high throughput efficiency, the number of redundant carriers
should be small as compared to the number of data symbols,
so that Nr /Nd << 1. Taking into account that the energy
per redundant carrier equals (Nd/Nr )σ

2, this energy will be
much higher than the energy transmitted on a data carrier, σ 2.
Hence, the in-band of Px,d ( f ) will show a strong ripple, with
peaks at the redundant carrier positions.

B. Spectral Analysis of the Non-Systematic
Coded UW-OFDM

For the case of the non-systematic coded UW-OFDM, we
use the proposed simple code generator matrix design (7).
To evaluate the behavior of Px,d( f ) in the in-band, we take
a closer look at the diagonal elements of BGGH BH =
BNQCCH NH

Q BH . In the case where Nr = Nu , C is a square
matrix that can be selected freely. However, to minimize the
MSE of the BLUE and LMMSE equalizers, C must satisfy
CH C = I. As C is a square matrix, this also implies CCH = I,
so that the in-band behavior becomes independent of the
selected matrix C, but only depends on the diagonal elements
of the matrix BNQNH

Q BH . In Fig. 3, the diagonal elements
are illustrated assuming the non-modulated carriers are located
at the DC carrier and at the edges of the frequency band.
As can be observed, on the modulated carrier positions, i.e.
in the in-band, the diagonal elements are relatively constant:
they only show a small ripple around the level Nd/Ndr .
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Fig. 3. Diagonal elements of BNQNH
Q BH for Nr = Nu = 16, N = 64 and

Nz = 12 (DC carrier and 11 band edge carriers).

TABLE I

MAIN PHY PARAMETERS OF THE INVESTIGATED SYSTEMS

Only the diagonal elements corresponding to the modulated
carriers next to the non-modulated carriers show a sharp
drop. Hence, in contrast to systematic coded UW-OFDM,
in non-systematic UW-OFDM, the PSD corresponding to the
data part will be relatively flat. Taking into account that
NH

Q BH BNQ = INd , and therefore trace{NH
Q BH BNQ =

INd } = Nd = trace{BNQNH
Q BH }, it follows that the energy

in non-systematic UW-OFDM is more or less evenly spread
over the Ndr modulated carriers.

IV. SIMULATION RESULTS AND SPECTRUM ANALYSIS

In this section, simulation results are provided to examine
the accuracy of the proposed analytical expressions for the
PSD of the UW-OFDM system, and the UW-OFDM PSD
is compared with the PSD of the conventional CP-OFDM
system.2 Also, the effect of the different parameters of the
UW-OFDM transmitter on the PSD and especially on the
OOB is investigated. In the literature (as e.g. [4], [5]),
the UW-OFDM system performance is compared to that
of the CP-OFDM system based on the IEEE 802.11a
WLAN standard, therefore, we consider the system para-
meters as in Table I [28]. The indices of the Nz = 12
zero subcarriers for both CP-OFDM and UW-OFDM sys-
tems are {0, 27, 28, . . . , 37}. Without loss of generality, it is

2To gain more insight in the results, the analytical expression for the PSD
of CP-OFDM is presented in Appendix B.

Fig. 4. PSD of non-systematic coded UW-OFDM compared to the PSD of
CP-OFDM.

assumed that Nr = Nu . For plotting the simulated PSDs,
5000 independent OFDM symbols are randomly generated,
and Welch’s periodogram algorithm is used to calculate the
PSD of the transmitted signals. To allow a fair comparison,
the energy per bit is considered to be the same for all simulated
multicarrier systems.

A. Accuracy of the Derived Analytical Expressions

In Fig. 4, the analytical expression for the PSD of the non-
systematic coded (NS-) UW-OFDM signal, before adding the
UW and without low-pass filtering, i.e. Px,d( f ), is compared
to the estimated PSD obtained from the simulations, and also
to the estimated PSD of the IEEE 802.11a WLAN CP-OFDM
signal before the interpolation filter. The analytically derived
PSD curve fully matches the estimated curve. As mentioned
in section III-B, the non-systematic UW-OFDM PSD is essen-
tially flat in the in-band, which is occupied by the coded data,
whereas the CP-OFDM PSD shows ripples that are introduced
by the cyclic prefix. In the out-of-band, e.g. at frequency
1/Ts = 10 MHz, the OOB radiation of the UW-OFDM is
about −50 dB, which is drastically lower than the −20 dB
OOB radiation of the CP-OFDM system.

In Fig. 5, the results are shown for systematic-coded
UW-OFDM (S-UW-OFDM). Again, the analytical results are
very close to the estimated PSD curve for both the in-band and
out-of-band. The figure clearly shows the ripple in the in-band
caused by the high redundant energy (see Section III-A).
Comparing Figs. 4 and 5, the out-of-band radiation of
NS-UW-OFDM and S-UW-OFDM are the same. So, (both
types of) UW-OFDM systems exhibit the same interestingly
low sidelobes. This makes them very useful for dynamic
spectrum access (cognitive radio) applications where the trans-
mitter uses vacant parts of the spectrum while not interfering
with adjacent bands used by other legacy users.3

3For all investigated cases, simulations show that the theoretical results are
in complete agreement with the simulated PSDs. Hence, for the sake of clarity
of the figures, in the remainder of paper, we will show the analytical results
only. Further, as the effect of the system parameters on both UW-OFDM types
turns out to be the same, we restrict our attention to the NS-UW-OFDM case.
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Fig. 5. PSD of systematic coded UW-OFDM for different redundant carrier
placement approaches.

B. Effect of System Parameters on OOB Radiation

We have found through numerical evaluation that the OOB
radiation of UW-OFDM is a function of two parameters: the
ratio Nu/N of the UW length to the number of subcarriers
and the guard band length γ where Nz = 2γ (this includes the
zero DC subcarrier). To compare the results, we characterize
the OOB radiation by two parameters: the first parameter is
the roll-off factor (β), which is measured as the level of the
first strongest peak in the OOB, and is an indication of the
steepness of the PSD in the OOB. The second parameter is
the OOB radiation level at the edge subcarriers (α). In the
following figures, the effect of the system parameters on the
OOB radiation characteristics is discussed.

First, we consider the effect of Nu/N on the OOB radiation.
In Fig. 6, the PSD of the UW-OFDM is shown for different
values of Nu (and thus for different Nu/N), assuming γ = 6
carriers at the edge of the frequency band are not used. For
CP-OFDM, the counterpart of UW is the cyclic prefix ν;
therefore, in the figure, we also show the PSD of CP-OFDM
with the same cyclic prefix lengths as the UW: ν = Nu . Note
that the PSD of UW-OFDM with Nu = 0 coincides with that
of CP-OFDM with zero cyclic prefix length: these two systems
are identical. In the figure, we observe that when the CP length
increases, it will only have a marginal effect on the level of the
OOB radiation (α) and the roll-off (β), whereas in the in-band,
it causes an increase of the ripples. This can be explained as
follows. Typically, discrete-time implemented OFDM symbols
in the time-domain are generated by a rectangular window.
Therefore, the PSD of CP-OFDM can be modeled as the sum
of periodic sinc-functions [1]. The power of sidelobes of the
sinc-functions decays slowly as f −2, where f is the distance
in frequency to the main lobe [23]. By increasing the CP
length, the sinc-functions will become narrower as the time-
domain window length increases. However, as the sampling
frequency does not change, the carrier frequency positions do
not change fundamentally. Hence, the only noticeable effect
will be a larger ripple due to the narrower main lobe. On the

Fig. 6. Effect of Nu/N on OOB radiation of non-systematic coded
UW-OFDM (dotted lines with different markers) compared to the the effect
of ν/N on OOB radiation of CP-OFDM (solid lines).

TABLE II

THE EFFECT OF Nu ON THE ROLL-OFF FACTOR (β) AND THE

OOB RADIATION (α) AT THE EDGE CARRIERS

other hand, for UW-OFDM, Fig. 6 shows that increasing
Nu results in an increase of the roll-off factor as well as a
reduction of the OOB radiation level at the edge carriers. Both
the roll-off factor and the level of the OOB radiation, expressed
in dB, are shifted down in a linear way when Nu increases.
To have more insight in the effect of increasing Nu on α and β,
the values of these parameters are enumerated in Table II
based on Fig. 6 together with the average transmission power
in the in-band. It is seen that by increasing Nu by four,
the roll-off factor (β) increases by about 6 dB and the OOB
radiation at the edge carriers (α) increases by about 10 dB,
while the average transmitted power in the in-band only
slightly reduces with 0.3 dB. However, because of the complex
analytical relationship between the system parameters and the
matrices T and G, no analytical explanation for the behavior
at the OOB radiation as function of Nu could be found.

The second parameter that influences the OOB radiation of
the UW-OFDM system is the width of the guard band, γ .
In Fig. 7, this is illustrated for Nu/N = 0.25. Increasing the
guard band length in UW-OFDM will strongly reduce both the
roll-off (β) and the level of the OOB radiation (α), whereas
in CP-OFDM, the effect of increasing γ is marginal. Again
this can be explained by the fact that in UW-OFDM, changing
γ will result in a change in the matrix G or T, whereas in
CP-OFDM, the only effect of increasing γ is that more sinc-
functions are deactivated, which in fact will not dramatically
change the spectral behavior of the sum of the remaining active
sinc-functions. In Fig. 7, we observe that for UW-OFDM,
both the roll-off factor and the level of the OOB radiation
at the edge carriers (expressed in dB) will decrease linearly
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Fig. 7. Effect of γ on OOB radiation of non-systematic coded
UW-OFDM (dotted lines) and CP-OFDM (solid lines) for γ = 6, 12, 18.

Fig. 8. Comparing the effect of guard band width γ and the unique word
length Nu on the OOB radiation of non-systematic coded UW-OFDM.

with increasing γ , and reaches a lower limit of −160 dB
for γ = 18, which is essentially zero. Again, the complex
expressions for T and G obstructed the derivation of simple
analytical expressions to explain the effect of γ .

In the previous results, we showed that increasing both the
UW length Nu and the guard band width γ have a beneficial
effect on the OOB radiation. We compare the effect of Nu

and γ in Fig. 8. Consider the curve (γ = 6, Nu = 8) as
the reference curve. Comparing the curves (γ = 6, Nu = 16)
and (γ = 12, Nu = 8), where the number of guard subcarriers
and the unique word length are doubled respectively, it is seen
that for the first case (γ = 6, Nu = 16), the roll-off factor (β)
is larger, whereas for the second case (γ = 12, Nu = 8),
the level of the OOB radiation at the edge carriers (α) is
lower. Hence, the UW length can be used to improve the
roll-off factor, and the guard band width, γ, to lower the
OOB radiation level at the edge carriers. Moreover, increasing
both parameters (the case (γ = 12, Nu = 16)) improves the
OOB radiation tremendously, but at the expense of reduced
bandwidth efficiency.

Note that the functionality of the two parameters is different.
The guard band carriers are introduced in the frequency
domain, and are solely intended to suppress the OOB radiation.
On the other hand, the UW sequence is inserted in the time
domain, and its main functionality is that of the cyclic prefix in
CP-OFDM: to control the frequency selectivity of the channel.
This implies that its length Nu is mainly determined by the
channel. This will set a lower bound on Nu , but in theory,
we could increase the UW length. Of course, increasing Nu

will reduce the data throughput, but this remark also holds
for an increase of γ : the number of data symbols that can be
transmitted (assuming Nr = Nu ) equals Nd = N − Nu − 2γ .
Hence, increasing γ will decrease the data throughput twice
as fast as increasing Nu with the same amount. In practice,
a compromise between the data throughput and the reduction
of the OOB radiation by increasing Nu and γ must be found.

C. Effect of Unique Word and Low
Pass Filter on the Spectrum

Until now, we have analyzed the OOB radiation of
UW-OFDM in case of a zero unique word and before D/A
conversion. However, these aspects will also play an important
role in the overall spectrum. Hence, in this section, we look at
how these two aspects will influence the good OOB radiation
properties of UW-OFDM.

Let us first look at the effect of the unique word. To have
a fair comparison to the CP-OFDM system used in the
IEEE 802.11a standard, the energy of the unique word
sequence related to the total mean energy of the UW-OFDM
block is considered to be 4/52. A sequence that is often
used for channel estimation and synchronization4 is the
CAZAC (constant amplitude, zero autocorrelation)
sequence [29]. In Fig. 9, the effect of the CAZAC sequence
on the spectrum of UW-OFDM (before D/A conversion)
is shown. The power spectrum, Px,u( f ), of the CAZAC
sequence is spread over all frequencies, and adding this
CAZAC sequence to the data part results in the overall
spectrum, Px ( f ). It can be observed that the CAZAC
sequence will not considerably alter the in-band part of the
spectrum, because the power of the unique word is low
as compared to the energy assigned to the data symbols.
However, the OOB radiation is dominated by the CAZAC
UW energy, as at these frequencies, the contribution of the
data part, i.e. Px,d( f ), is very low (see Figs. 4 and 5). Hence,
the presence of the CAZAC unique word degrades the good
OOB performance of UW-OFDM. This motivated us to look
for unique word sequences that preserve the good OOB
performance of UW-OFDM.

A good UW sequence (in the context of the OOB radiation)
should have a small amplitude at the higher out-of-band
frequencies. Here, we propose a simple approach to design
such a UW, based on the null space approach proposed in
Section II-B for the data part. Similar to the data contribution,
the unique word contribution can be written as a N × 1 time
domain vector. However, in contrast to the data part, which

4As the unique word is a known sequence, it can be used for channel
estimation and synchronization.
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Fig. 9. Effect of the different unique words on the PSD of UW-OFDM.

must contain zeros at the last Nu positions, the unique word
must have zeros at the first N − Nu positions. Let us consider
the frequency domain equivalent of this unique word, using
the same structure as the data contribution:

x′
u =

[
0(N−Nu)×1

xu

]
= FH

N BJx̃u,

where J is a matrix similar to the code generator matrix, G,
which should be selected to generate the zeros in the first
(N − Nu) rows at the output of the IDFT. By using the same
null space approach proposed in Section II-B, J is selected
to be in the null space of the first (N − Nu ) rows of FH

N B.
Assuming N − Nu < N − Nz , Nu − Nz linearly independent
null space vectors exist, which are stacked to construct the
(N−Nz )×(Nu−Nz) matrix J. The (Nu −Nz)×1 vector x̃u can
be selected freely. This choice of the unique word guarantees
that the first (N − Nu) samples of the unique word vector x′

u
are zero. Note that the proposed approach for designing the
unique word is applicable for the cases where Nu ≥ Nz .

The power spectra of of Px,u( f ) and Px ( f ) for this opti-
mized unique word are also depicted in Fig. 9. Similarly as
the data part, the optimized unique word has very small values
in the OOB. Hence, it is possible to keep the good OOB
radiation properties of UW-OFDM, even when the unique
word is added.

Next, we look at the effect of the D/A conversion on the
spectrum. As stated in Section III, since the UW-OFDM is
generated in the discrete-time domain, its spectrum is periodic
with period 1/Ts . The interpolation filter at the output of the
D/A has as main responsibility the suppression of the OOB
radiation of the multicarrier system, including the periodic
contribution. The analytical PSD, P( f ), for UW-OFDM is
obtained from (9) by multiplying the frequency response of
the interpolation filter with Px ( f ). A zoomed plot of the
OOB radiation is shown in Fig. 10 for CP-OFDM, and
the NS-UW-OFDM system with a zero, a CAZAC and an
OOB-optimized unique word. The interpolation filter used in
this figure is a 22nd-order equiripple, finite impulse response
filter with 60 dB stopband attenuation and a passband ripple
of 1 dB. It can be seen that for the zero UW and the

Fig. 10. Effect of interpolation low pass filter on the PSD of UW-OFDM.

optimized UW, the high roll-off factor of the UW-OFDM
spectrum combined with the OOB reduction ability of the
lowpass filter results in a very sharp drop in the OOB. For
conventional CP-OFDM, the OOB roll-off factor is much
lower. The roll-off factor of UW-OFDM with a non-optimized
CAZAC UW is at the same level of CP-OFDM.

V. CONCLUSION

In this paper, the characterization of the PSD of UW-OFDM
is addressed. In this system, the insertion of redundancy in
the frequency domain creates correlation in the UW-OFDM
block. So, the conventional spectral modeling approaches for
CP-OFDM that assume the independency of the frequency
domain data vectors are not applicable to UW-OFDM systems.
However, the correlation pattern is repeated each UW-OFDM
block making the time domain data sequence to be cyclosta-
tionary. The PSD is derived by calculating the Fourier trans-
form of an OFDM block and statistically averaging squared
magnitude of the resulting frequency domain samples over all
UW-OFDM blocks. The simulation results have shown the
accuracy of the derived expression. A first conclusion is that
the OOB radiation is much lower than for CP-OFDM. Further,
we show that two system parameters have a large influence on
the OOB radiation of UW-OFDM, i.e. the unique word length
Nu , and the guard band width γ . The first parameter, Nu ,
is well suited to increase the roll-off of the OOB radiation,
whereas the second parameter γ has a large influence on the
level of the radiation at the edge carriers. Further, we show
in this paper that if the unique word is not properly designed,
the good OOB radiation properties of UW-OFDM are lost.
In this paper, we propose a construction method for the unique
word to keep the excellent OOB radiation properties.

APPENDIX

A. The length of the Data Segments

Consider the block based representation of the UW-OFDM
signal in (10). Without loss of generality, let us consider each
segment contains L UW-OFDM blocks. The DTFT of one of
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the segments covering the UW-OFDM blocks with the indices
{l1, l1 + 1, . . . , l1 + L − 1} can be written as

X (l1,L)( f ) = 1√
L N

l1+L−1∑
l=l1

N−1∑
n=0

x (l)
n e− j2πα f Ts , (17)

where α = n + (l − l1)N . To estimate the PSD in Bartlett’s
method, the squared magnitude of the DTFT of the differ-
ent data segments are time-averaged. The modulated data
symbols in the frequency domain are assumed to be i.i.d..
So, after being modulated by the UW-OFDM transmitter,
the data sequence in the time domain data sequence becomes
cyclostationary [1], [25]. As the statistical properties of the
UW-OFDM signal are known, we replace the time-averaging
with the statistical expectation. Therefore, we have

Px ( f ) = E

[∣∣∣X (l1,L)( f )
∣∣∣2

]

= 1

L N
E

[⎛
⎝l1+L−1∑

l=l1

N−1∑
n=0

x (l)
n e− j2πα f Ts

⎞
⎠

·
⎛
⎝l1+L−1∑

l′=l1

N−1∑
n′=0

x (l′)
n′

∗
e+ j2πβ f Ts

⎞
⎠]

(18)

where β = n′+(l ′ −l1)N . As data symbols in different blocks
are independent, we have

Px ( f ) = 1

L N

l1+L−1∑
l=l1

E

[(
N−1∑
n=0

N−1∑
n′=0

x (l)
n x (l)∗

n′ e− j2π(n−n′) f Ts

)]

= E

[∣∣∣X (l)( f )
∣∣∣2

]
. (19)

B. The PSD Expression for CP-OFDM

Suppose d = [d1, d2, . . . , dÑd
] is the Ñd × 1 data vector

to be transmitted by CP-OFDM. The frequency domain data
vector is given as x = Bd, where B ∈ R

N×(N−Ñd ) inserts the
zero carriers. This frequency domain data is converted to time-
domain and preceded by the cyclic prefix with the length ν.
The time-domain data vector is given by

s = WH DBd. (20)

where W ∈ CM×N is a Fourier matrix with the (m, n)th
entry [W]m,n = 1√

N
e− j2πmn/N , M = N + ν, and D =

diag([1, e− j2πν/N, . . . , e− j2πν(N−1)/N ] is a N × N diago-
nal matrix, modeling the CP addition. Following the same
procedure as in Sec. III, the PSD of the discrete-time
CP-OFDM data sequence before the interpolation filter can
be expressed as

PC P
s ( f ) = ẽ( f )WH DBBH DH WẽH ( f ) (21)

where ẽ( f ) is a 1 × M row vector with as mth entry
e− j2πm f Ts /

√
N .
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