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In the generalized frequency division multiplexing (GFDM) technique, non-orthogonal pulse shapes are
used to transmit data symbols on both time and frequency. This procedure causes self-interference among
transmitted symbols. Recently, a modified version of GFDM, coded GFDM (CGFDM), has been introduced
in which the transmitter matrix is unitary, avoiding the noise enhancement during self-interference can-
cellation. In this paper, we generalize the CGFDM for the multiuser uplink transmission scenario, and
develop a zero-forcing (ZF) receiver to detect the data of multiple users. Simulation results show that
the proposed ZF receiver outperforms the conventional ZF based generalized frequency division multiple
access (GFDMA) receiver when the prototype filters are less localized and the number of subsymbols is
high; however, with an increase in computational complexity. Moreover, a receiver with remarkably lower
computational complexity is proposed based on the unitarity of the transmitter matrix in CGFDM and the
assumption of relatively low frequency selectivity of the communication channels. This low-complexity
receiver provides the same bit error rate (BER) performance of the ZF receiver in the low to mid range

SNRs.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Generalized frequency division multiplexing (GFDM) [1] is a
promising transmission scheme candidate to be used in the next
generation of communication networks [2,3]. In GFDM, the data
symbols are transmitted on a time-frequency grid using a well-
localized prototype filter, which results in low out-of-band (OOB)
radiation. However, as GFDM uses non-orthogonal prototype filter
pulses, self-interference is raised among the transmitted symbols.
There are some receivers available for GFDM, such as zero-forcing
(ZF) [1], minimum mean square error (MMSE) [1], and matched
filter with successive interference canceller (MFSIC) [4] receivers.
However, the small singular values of the transmitter matrix re-
sult in noise enhancement and degraded self-interference-removal
capability of these receivers. Recently, a modified version of non-
orthogonal GFDM, CGFDM, was proposed in [5]. The introduced
coding in the CGFDM is similar to the Alamouti coding, and is
implemented in two stages. At the first stage, two different data
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vectors are modulated by two different especially-designed GFDM
transmitter matrices and are added before the transmission. At
the second stage, conjugation of the same data vectors are mod-
ulated by the aforementioned GFDM transmitter matrices and su-
perposed and conjugated again before the transmission. This spe-
cial design makes the overall transmitter matrix of CGFDM uni-
tary, which counteracts the noise enhancement. Therefore, CGFDM
achieves better bit error rate (BER) performance in frequency selec-
tive channels compared to the conventional GFDM with the same
bandwidth efficiency. Moreover, as CGFDM keeps the core signal-
ing structure of GFDM, it inherits the good properties of GFDM in-
cluding OOB radiation, flexible time-frequency structures and low
peak-to-average power ratio (PAPR) of GFDM.

A prerequisite for candidate waveforms for 5G communication
networks is the ease of adaptation to multiple access (MA) envi-
ronments so as to share the physical layer resources among sev-
eral users and devices [2]. The uplink transmission of generalized
frequency division multiple access (GFDMA) has recently gained
attention [6-13]. Some of these works considered the challenges
raised by asynchronous transmission of multiple users [6-12]. The
authors of [6] study a GFDMA setup in the uplink of a wireless
sensor network, and investigate the multiuser interference (MUI)
caused by frequency and time misalignment amongst users. In [7],
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the MUI for a few 5G candidate waveforms, including GFDMA, is
studied in the presence of timing and frequency offsets. Authors in
[8] introduced an analytic technique for examining the OOB emis-
sions and MUI in the uplink of multiuser transmission systems em-
ploying circularly pulse-shaped waveforms, such as GFDMA. Spec-
tral efficiency [9], receiver filter design [10], joint carrier frequency
offset and channel estimation [11], and introduction of a time-
reversal space-time coding for uplink MIMO transmission [12] are
other studied challenges of asynchronous GFDMA transmission.

One of the main issues in uplink transmission is that the data
of different users experience different channels. At the receiver,
this will make the cancellation of the channel effects challeng-
ing, especially for GFDMA, in which the transmitter matrix is
non-orthogonal. With the assumption that the data transmission
of different users is synchronous, in [13], after introducing the
conventional ZF receiver to detect the data of different users, a
low-complexity frequency domain receiver is proposed having a
slightly degraded BER performance but with lower computational
complexity. In this paper, we address the above-mentioned chal-
lenge for the CGFDM, i.e. the receiver design for the coded gen-
eralized frequency division multiple access (CGFDMA) assuming
that the data of different users are synchronized in the receiver.
So, the first contribution of this paper is that we introduce the
CGFDM ability to be used in multiuser uplink transmission. For
this purpose, the required two-stage transmission of the data sym-
bols by the users is elaborated, which is slightly different com-
pared to the original CGFDM scheme [5]. Further, at the receiver,
a ZF based receiver, which cancels the channel effect and the self-
interference of the users is proposed. The BER performance of the
proposed ZF based CGFDMA receiver is studied by simulations, and
we show that the proposed ZF-CGFDMA outperforms conventional
ZF-GFDMA [13] for non-localized prototype filters, which is the
second contribution of this paper. The main drawback of the ZF
based receivers is the high computational complexity. Therefore, as
the third contribution in this paper, we propose a novel multiuser
detector with noticeably lower computational complexity by uti-
lizing the unitarity of the transmitter matrix in CGFDMA and em-
ploying an approximation, which is elaborated in Section 4. This
approximation is more accurate when the channels have relatively
low frequency selectivity, and when the number of subcarriers are
sufficiently high. Thorough simulations are provided to study the
BER performances of the proposed schemes in different transmis-
sion scenarios. Note that the extension of the proposed CGFDMA
receivers to non-synchronous scenarios, like the works of [6-11] on
GFDMA, is the subject of ongoing research.

The rest of this paper is organized as follows. Section 2 intro-
duces the GFDMA system model and the conventional ZF based re-
ceiver. In Section 3, the proposed two-stage CGFDMA transmission
scheme is introduced. In Section 4, the ZF based receiver and the
low complexity receiver for the multiuser detection of CGFDMA
system are proposed. Simulation results are presented in Section 5,
and conclusions are given in Section 6.

Notation: Vectors and matrices are denoted by lowercase and
uppercase boldface letters (e.g. a and A), and scalar quantities are
presented by normal letters (e.g. A). C**V denotes the set of u x v
complex-valued matrices. |B| represents the cardinality of set B.
The superscripts (.)T, ()f and (.)* indicate transpose, conjugate
transpose and conjugate operators, respectively. blkdiag{A, B} is a
block diagonal matrix with the matrices A and B on its diagonal.

2. System model
2.1. GFDMA For uplink transmission

Consider a GFDM system that has K subcarriers and M subsym-
bols. Let us combine GFDM with a frequency division multiple ac-

cess scheme to serve U users, for uplink transmission. We define
N = KM as the number of all time-frequency modulated data sam-
ples. The assigned subcarriers to the uth user belong to subcarrier
index set Sy={ki,..., kg, }, which contains Ky, = |Su| subcarri-
ers. We have U2 Sy =1{0,1,...,K -1}, and Sy Sy = &, Yu # v,
i.e. the subcarrier index sets of different users have non-common
members. The prototype filter sequence used in the GFDMA tech-
nique is {p[!]|I=0,1,..., KM — 1}. The transmitted symbol of user
u at time slot [ can be written as [6]

M-1
Xll] =Y pemllldugm. 1=0.1,....KM—1, (1)

keS, m=0

where d, ; , is the data symbol of the uth user transmitted on the
kth subcarrier at the mth subsymbol, and py [I] is the shifted ver-
sion of p[l] in time and frequency, which is given as

Prmll] = pL(I — mK) gy ]e/27 KK 2)

where (.)gy is the modulo KM operator. Note that the time and fre-
quency shifting steps are K and 1/K, respectively. In a matrix for-
mulation, the KM x 1 transmitted data vector of user u is

Xy = PB,d,, (3)
where d, = [d£,1~ . ..,d;,(u]Tis the KuM x 1 modulated data vec-
tor with dyn = [dy, 0. - dus,m-1] € CM*1 for n=1,...,Ky. The

transmitter matrix P € CKM*KM js given as

P = [D,G,D,G, ..., DG, (4)
where G = [ Sair): - Eeir(m-1)x) | € CMM,and Dy = diag
(1, es2mk/K  ei2mk(KM-1)/K} represents the upconversion of the

symbols on the kth subcarrier. In the definition of G, we have
g=[plo],..., pIKM — 1]]T, and gk is a circularly shifted ver-
sion of g over mK elements downwards. Further, the K;M x 1
matrix B, is the subcarrier allocation matrix for the user u. For
example, for the contiguous allocation of the subcarriers to the
users, By is defined as

B, = [0 KG <Ny » lNu, 0(N—K,”—1)><Nu]’ (5)

where N, =K,M, and K} and K! are the smallest and largest
elements of the set S,.

A cyclic prefix (CP) with a length greater than or equal to the
largest path delay of the communication channel is appended to
each transmitted data block, and the GFDMA blocks are transmit-
ted consecutively. Suppose that h, € Clex1 js a vector with length
L. containing the channel impulse response (CIR) coefficients be-
tween the uth user and base station. At the receiver, assuming the
received data symbols of different users are synchronized, the sig-
nal vector after CP removal can be expressed as

U

z=>) T,PByd,+V, (6)
u=1

where I'y is the N x N circulant matrix with first column the zero

padded version of hy, and v is the N x 1 additive noise vector con-

sisting of independent and identically distributed (i.i.d.) complex

Gaussian random variables with zero mean and variance 2.

2.2. Conventional ZF receiver

Let us rewrite (6) as [13]
z=Rd+v, (7)

where R=[[;PB;,..., [yPBy] e CKMxKuM s the equivalent ma-

trix with Ky =YY K, and d= [d{d{,]r is obtained by
stacking the data vector of different users column-wise. Consid-
ering the linear form of (7), both MMSE and ZF receivers can be
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utilized to detect the data of different users. The ZF equalizer,
E = (RFR)~'RY, is considered in this subsection to decorrelate the
data of different users as follows

d=Ez=ERd+Ev=d+Ev. (8)

Although the ZF equalizer enhances the noise in low SNR, its ad-
vantage is that it has a linear implementation with a near optimal
performance in high SNR.

In order for the ZF receiver to exist, the matrix (RFR), must
be invertible. In other words, the matrix R must have a full col-
umn rank. Considering (7), R is formed by putting U matrices
I'yPB,, each with the size KM x KyM together column-wise, for
u=1,...,U. Therefore, if the matrices I',PB, are full column rank,
the matrix (RMR) is invertible. From the definition of By, it is ev-
ident that B, is full column rank. Besides, the circulant channel
matrix of the user u, i.e. Ty, is full rank if the channel impulse
response, i.e. hy, does not have zeros at the discrete Fourier trans-
form (DFT) frequencies 2xI/N for [ =0, 1,...,N. The singularity of
the GFDM transmitter matrix P depends on the GFDM system con-
figuration. When both M and K are even numbers, P becomes sin-
gular [14]. To solve this issue, some methods [15,16] are introduced
to design prototype filters so that even values of K and M do not
result in a singular matrix P. All in all, the ZF receiver exists if the
channel of each of the users does not have nulls in the frequency
domain, and the GFDM transmitter matrix is non-singular.

In the next section, we extend the recently proposed CGFDM
scheme [5] in a multiuser uplink scenario (called CGFDMA), and
then in Section 4, develop our multiuser ZF based receiver scheme
for CGFDMA.

3. The proposed two-stage CGFDMA transmission scheme

The CGFDM scheme uses a time reversal coding [5], so that the
symbols are organized in an specific manner to be transmitted in
two consecutive blocks. It means that the data of two consecutive
blocks are related to each other, and the detection is performed
after analyzing the received data of two blocks. In this section, we
generalize the CGFDM idea so that it can be used as a transmission
scheme in the uplink of a multiuser scenario. For this aim, each
user transmits its data in two stages as elaborated below.

I) Transmission at the First Stage: Considering (3), at the first
stage, the transmitter of user u sends two different K,;M x 1 modu-
lated data vectors, i.e. d, and d). These data vectors are placed on
the subcarriers assigned to the uth user deploying B, and then,
are modulated by two different modulation matrices, i.e. P (given
in (4)) and Q, which is defined as

Q= [D1G/, D,G/, ---,DKG/} (9)
where G’ = [gcjr(l(/z), ey gcir((M71/2)1<)] S (CKMXM. The KM x 1 data
vector at the output of CGFDMA in the first stage becomes

Xu1 = = (PBud, + QB,d) = —=[PB, QB,]s.. (10)

V2 V2
where s, = [d] d{,T]T € C2KuM~1_The factor 1/+/2 normalizes the
output signal power after summation. Similar to conventional
GFDM, x,; is appended with a CP and transmitted on the chan-
nel. At the receiver, after removing the CP, the data vector of all
users becomes

1]
yi= Z ruxu‘l + 1y, (11)

u=1

where Ty, is a circulant matrix similar to the one in (6).

II) Transmission at the Second Stage: In this stage, two K,;M x 1
conjugated data vectors of —dj and d;, are fed into the CGFDMA
transmitter instead of d, and dj, respectively. These data vectors

Fig. 1. The structure of matrix J for K = 4 and M = 3. The white and black squares
denote 0 and 1, respectively.

are placed on the subcarriers assigned to the uth user by B,. How-
ever, before applying the transmitter matrix, a unitary N x N per-
mutation matrix J, is applied to the resulting data vectors. Then,
the modulation matrices, P and Q are applied to the data vectors.
In the final stage, the transmitted data vectors are conjugated’. So,
the KM x 1 data vector at the output of CGFDMA in the second
stage is given as follows

l * £3 /
Xu2 = ﬁ(QJBudu - PJB,d,)
1
= ﬁ[Q*jBu —P*JB, |su. (12)

As the transmitter matrix, P, in this paper is defined in a different
way as in [5,17], we also need to change the utilized permutation
matrix J as follows:

1 0 0 0] [0 0 - 0 1
0 0 0 1 0 0 1 0
B 0 0 1 O0|el: 0 1 0 | (13)
S s v 0 0o », 0 : 0
01 0 0 0 1 0 0 0
Y X

where X is the M x M exchange matrix, Y is the exchange matrix
of size K x K, in which the columns are circularly shifted to the
right by one column, and ® is the Kronecker product operator. To
illustrate, we show in Fig. 1 the structure of matrix J for K = 4 and
M=3.

Finally, similar to stage one, X, is appended with a CP and
transmitted over the channel. At the receiver, after removing the
CP, the data vector of all users at the second stage becomes

U
V=) TuXyp+my. (14)

u=1

Note that in (14) we assumed that the channel remains invariant
over two stages of CGFDMA.

T Note that this differs from the signal design from [5], in which the data vectors
are not conjugated before transmission.
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Combining the received data vectors of the two stages, we can
write

U
y=ZFu¢Busu+n, (15)
u=1

where  y 2 [y] yg]T, n 2 [nf ng]T, B, 2 blkdiag{B.,

B}, Ty 2 blkdiag{Ty, Ty} and

A 1| P Q
°: 5oy (6)
is the newly emerged transmitter matrix of size 2KM x 2KM.

While the transmitter matrix P in (6) is not unitary, we show
in Appendix A that the new transmitter matrix ¢ of the proposed
transmission matrix is unitary. However, although @® is unitary, the
problem is that we cannot use its unitarity at the receiver for mul-
tiuser detection directly, because the data of the different users are
received through different frequency selective channels. To solve
this problem, we develop two multiuser detectors in the next
section.

4. The proposed multiuser detection methods for CGFDMA

4.1. ZF Receiver for CGFDMA

As a first method, we follow a similar approach as in ZF-GFDMA
to develop the ZF based multiuser detection for CGFDMA (ZF-
CGFDMA). The received data vector in (15) can be rewritten as

y=Rs+n, (17)
where R= [f‘1d>§1, o lN"U<I>§U] € C2KMx2KyM s the equivalent
system matrix, and §=[s],..., s{]]T e C2KaiMx1 is obtained by

stacking the data vector of different users column-wise. To decor-
relate the different data contributions, we premultiply the received
signal vector with the matrix F:

§=Fy=FRS+Fn=5+Fn, (18)

where F is selected as the Moore-Penrose pseudoinverse of the
equivalent system matrix R, i.e. F= (RHR)~'RH, similarly as in
ZF based equalization. Let us have a look at the existence of the
ZF-CGFDMA receiver. Following a discussion similar to the one in
Section 2.2, if the matrix R is full column rank, the matrix (RR)
is invertible. As the new transmitter matrix ®, defined in (16), is
unitary in CGFDM, ZF-CGFDMA receiver, in (18), exists, if and only
if the channel impulse response of each user does not have any
nulls in the frequency domain. Thus, in contrast to ZF-GFDMA, the
existence of ZF-CGFDMA does not depend on the system configu-
ration.

In Section 5, we will show through simulations that the BER
performance of the proposed ZF-CGFDMA is better than or equal to
the conventional ZF-GFDMA depending on the degree of the proto-
type filter time-frequency localization. One of the shortcomings of
the ZF based receivers (i.e. both ZF-GFDMA and ZF-CGFDMA) is the
required high computational complexity because of the involved
matrix inversion. This computational complexity will be further
discussed in Section 4.3. In the following, we will propose a novel
method to reduce the computational complexity of ZF-CGFDMA.

4.2. A low complexity receiver for CGFDMA

To develop our low complexity receiver for CGFDMA (called LC-
CGFDMA), we use an approximation presented in the following
lemma.

Lemma 1. If the number of subcarriers, K, is sufficiently large so that
the channel frequency response can be assumed flat over the band-
width of the prototype filter, p[l], then the following approximation is

valid:
lN“u<I> ~®A,, foru=1,.,U, (19)

where A, is a 2N x 2N diagonal matrix, defined as A, =
blkdiag{H, ® Iy;, Hy ® Iy;}. The matrix Hy is a K x K diagonal ma-
trix whose k-th diagonal element is the kth component of the K-point
DFT of hy,.

Proof. See Appendix B. O

By using the approximation given in (19), we can rewrite the
received data vector of CGFDMA in (15) as follows

U U
y= ZQAuBusu +n= QZAHBHSU +n. (20)

u=1 u=1

Now, we can discard the effect of the CGFDMA transmitter matrix
@ by using the property that it is unitary. So, we have

0]
f=®"=> ABus,+A, (21)

u=1

where fi = ®n is the new noise vector, which, due to the unitary
character of @, does not result in noise enhancement. Taking into
account the definition of B, and B, in (5) and (15), the data of
different users is transmitted on a few distinct subcarriers, deter-
mined by the subcarrier selection matrix B,. Hence, we can easily
detect the data of the different users as follows

$u=A;l BlE, (22)
where A, g :EEAuﬁu is a 2KukM x 2KyM submatrix extracted
from A, by selecting the diagonal components of A, correspond-
ing to the subcarriers used by user u.

It is important to note that for practical applications, both
the proposed ZF-CGFDMA and LC-CGFDMA receivers face two
limitations. Firstly, these systems can afford a latency as high as
the duration of two transmit blocks. Secondly, they require that
the communication channel of the users is time-invariant during
transmission over this period.

4.3. Complexity analysis

The computational complexity of the two-stage transmitter
and the two proposed CGFDMA receivers is compared to that of
GFDMA combined with a ZF-based receiver by determining the
number of complex multiplications (CM).

Considering the transmitted data vectors of the two-stage trans-
mission in (10) and (12) compared to the data vector of the
GFDMA in (3), it is seen that at the transmitter of each of the
CGFDMA users, 2KM2K, complex multiplications are performed?,
while at the transmitter of each of the GFDMA users, KM2K, com-
plex multiplications are needed. So, the complexity of the CGFDMA
transmitter is doubled compared to the GFDMA transmitter. This
price is paid for the obtained time reversal diversity gain and the
resulting unitarity property of the transmitter matrix. The com-
putational complexity of ZF receiver for detection of two received
GFDMA frames in (8) is given as [13]

c}Z‘é_GFDM A= KM? (Le + 2)Kg; + 3KM?K2, /2 + MPK3, (23)

out of which 2KM2K,; CM should be performed for every GFDMA
symbol transmission. The remaining CM are performed only once
when the channel changes.

For the proposed ZF-CGFDMA receiver, the calculation of
R involves 8KM? (L. + 1)Ky CM. Calculation and inversion of

2 We neglected the effect of the normalizing factor, as it can be dispensed with
other power-modifying blocks.
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K =128 256 and 512

Number of complex multiplications (CM)

10 —— ZF-GFDMA 1
—o— ZF-CGFDMA
—#— LC-CGFDMA

1 04 I I I I I I
0 5 10 15 20 25 30
M

Fig. 2. The comparison of the CM of the proposed ZF-CGFDMA and LC-CGFDMA
schemes and the conventional ZF-GFDMA for different values of M and for K =
128, 256 and 512.

2KyM x 2KyuM matrix R¥R require 4KM3K?, and 8MP]> CM, re-
spectively. Multiplying (RR)~! with R includes 8KM3K,;; CM. The
final detection in (18) needs 4KM2Ky;, which should be performed
for every CGFDMA symbol transmission. The other aforementioned
calculations are performed only once when the channel changes.
It is important to note that the calculated CM of ZF-CGFDMA is
required for the detection of 2K,;M data symbols, while the cal-
culated CM of ZF-GFDMA is required for detecting K ;M data sym-
bols. Therefore, for comparing the computational complexity of the
proposed ZF-CGFDMA to that of ZF-GFDMA, the total CM of ZF-
CGFDMA must be considered with a factor % which can be writ-
ten as

1
CZRI):(—CGFDM A = 4KM? (Le + K + 6KM3K2, +4MPKD,.  (24)

By comparing (24) with (23), it is observed that the computa-
tional complexity of ZF-CGFDMA is approximately 4-times higher
than that of ZF-GFDMA, and this increase does not depend on the
system parameters.

Now let us compute the required CM for the proposed LC-
CGFDMA method. The relation (21) involves 4K2M2? CM. In this
method, it is needed to compute the KM-point DFT of the CIR of
U users. If the Radix-2 FFT algorithm is used for this operation, the
required CM is U(KM/2)log,(KM). For each user, the calculation of
the inverses of K;M channel tap coefficients for making the diag-
onal matrix A;;e,, and multiplying it with ﬁgf, in (22), requires
4KyM CM. Therefore, after considering the factor % as discussed
for (24), the total CM of LC-CGFDMA can be written as

R crpma = U KM/2)loga (KM) + 4K?M? + 4Ky M. (25)

The computational complexity of the proposed methods is de-
picted in Fig. 2 for different values of M and K. The CIR length
is L = 26. It is observed that the CM of the ZF-CGFMDA is ap-
proximately four-times higher than the CM of the conventional ZF-
GFDMA. However, the CM of the proposed low-complexity receiver,
LC-CGFDMA, is remarkably lower than the CM of both ZF based
schemes. For example, for K =128 and M =7, the LC-CGFDMA
method needs only 3.232 x 106 CM, while the ZF-GFDMA and ZF-
CGFDMA require 1.818 x 10° and 7.265 x 10° CM, respectively.

10 I I
—— ZF-OFDMA
- -6 - ZF-GFDMA, M=3, 0:=0.1
—e— ZF-GFDMA, M=3, 0:=0.9
3 - & - ZF-GFDMA, M=7, 0:=0.1
. «=0.9 —*— ZF-GFDMA, M=7, ¢=0.9
10 ¢ - % - ZF-GFDMA, M=15, 0:=0.1[1
—v— ZF-GFDMA, M=15, 0:=0.9
w107
10°H
1
5
10_4 L L L L L
0 5 10 15 20 25 30
SNR (dB)

Fig. 3. The BER of the ZF-GFDMA receiver for different values of « and M.

5. Simulation results

In this section, we evaluate the BER performances of the pro-
posed CGFDMA receivers and compare them with that of the con-
ventional ZF receiver for GFDMA (ZF-GFDMA) [13] in an uplink
multiuser scenario. The number of subcarriers is K =128. It is
assumed that 32 contiguous subcarriers®> are allocated to U = 4
users. The root raised cosine (RRC) filter with different roll-off fac-
tors (a) is considered as prototype filter to see the effect of the
state of the filter localization on the BER performance. The trans-
mitted symbols are modulated with QPSK modulation. The other
simulation parameters are as follows: sampling time t; = 100 ns,
carrier frequency f.= 2 GHz. Unless otherwise stated, the com-
munication channel model between different users and the base
station is considered to be International Telecommunication Union
(ITU) Vehicular-A model with the following power delay profile
(PDP) [18]:

Delay = [0 300 700 1100 1700 2500] ns,
Power =[0 —1 -9 —10 —15 —20] dB.

First of all, the performance of uncoded ZF-GFDMA for differ-
ent filter roll-off factors and different number of subsymbols is de-
picted in Fig. 3. For the comparison purpose, the BER curve of ZF
based orthogonal frequency division multiple access (ZF-OFDMA)
is also depicted, which has N’ = MK subcarriers, uses a rectangu-
lar pulse shape for data transmission, and has only one subsymbol
in each block. Assuming an identical bandwidth for both systems,
the subcarrier spacing of OFDMA becomes M times narrower com-
pared to the GFDMA one. It is observed that for the localized RRC
filter (¢ =0.1), the performance of ZF-GFDMA does not change
much for different number of subsymbols. However, by increasing
o to 0.9, when the filter becomes non-localized, the BER perfor-
mance of ZF-GFDMA is deteriorated and becomes a function of the
number of subsymbols: the more M increases, the worse the BER
becomes. This is because in GFDMA, the transmitter matrix is not
orthogonal, and when the prototype filter becomes wider (when
o increases), the self-interference increases [19]. Moreover, the ZF-
GFDMA BER performance with the localized pulse shape (o =0.1)
is just slightly worse compared to the ZF-OFDMA BER performance.

3 Non-contiguity of the assigned subcarriers to the user does not affect the re-

sults, so the simulation results for this case are not mentioned in the paper.
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Fig. 4. The BER of the proposed ZF-CGFDMA and LC-CGFDMA schemes for o = 0.1
and different M values compared to the BER of ZF-GFDMA and ZF-OFDMA.
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Fig. 5. The BER of the proposed ZF-CGFDMA and LC-CGFDMA schemes for o = 0.9
and different M values compared to the BER of ZF-GFDMA and ZF-OFDMA.

The uncoded BER performances of the proposed CGFDMA re-
ceivers are depicted for different values of M in Figs. 4 and 5,
employing the localized RRC filter (o« = 0.1) and the non-localized
RRC filter (o = 0.9), respectively. The ZF-GFDMA and ZF-OFDMA
BER curves are considered as the benchmark. It can be seen that
the BER performance of both ZF-CGFDMA and LC-CGFDMA is al-
most independent of the number of subsymbols for both o =
0.1and 0.9. For the localized filter, the performance of the pro-
posed ZF-CGFDMA is the same as that of the conventional ZF-
GFDMA for all values of M. However, when the prototype filter
becomes non-localized (o =0.9), the performance of the ZF-
GFDMA is deteriorated as the transmitter matrix in this method
becomes more non-orthogonal, while the ZF-CGFDMA performance
does not change because of the unitarity of its transmitter matrix.
Besides, the performance of the ZF-CGFDMA is close to that of ZF-

OFDMA in both figures.

10°

3 107

N
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e}
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c 1
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= 1

el 1

< 1]

Q 1

O, h

£ 107 :

a P —*— ZF-GFDMA, 0:=0.1
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H - <+ - ZF_CGFDMA, 0:=0.1
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A

Fig. 6. The CDF of the condition number for ZF-GFDMA and ZF-CGFDMA for M = 15
and different values of «.

The BER performance of the ZF receivers can be explained
further by looking at the condition number of RFR (used in
the ZF-GFDMA receiver matrix E in (8)) and RFR (used in the
ZF-CGFDMA receiver matrix F in (18)). The condition number
of a matrix is defined as the ratio of its largest singular value
to the smallest one. When the condition number of a matrix is
large, it is ill-conditioned. For the ZF receivers, this means that
a matrix with larger condition number causes larger noise. The
cumulative distribution functions (CDF) of the condition number
of RMR and RFR are depicted in Fig. 6 for M =15, and roll-off
factors a = 0.1 and 0.9. It is observed that ZF-GFDMA with a non-
localized filter (o = 0.9) has a larger condition number than with
a localized filter (o = 0.1). This is in agreement with the worse
BER results for a = 0.9. For the ZF-CGFDMA system, the condition
number is essentially independent of «, and close to the condition
number of ZF-GFDMA with « = 0.1. This explains the BER results
from Figs. 4 and 5, and shows that the proposed scheme is more
robust to the degree of the locality of the prototype filter.

Comparing the BER performance of the LC-CGFDMA receiver
with the other two receivers, we observe in Figs. 4 and 5 that
in the low-SNR region, the BER of the LC-CGFDMA system closely
matches the BER performance of ZF-CGFDMA. However, for SNRs
larger than 20 dB, an error floor arises in the BER curve due to
the approximation introduced in (19). In fact, the accuracy of LC-
CGFDMA receiver depends on the frequency selectivity of the chan-
nel, i.e. the more the channel is frequency selective, the larger the
deviation between the BER of LC-CGFDMA and ZF-CGFDMA be-
comes. To observe this behavior, let us consider the ITU Pedestrian-
B channel model, which is more frequency selective than the ITU
vehicular-A channel model. The PDP of the Pedestrian-B channel is

given as [18]:

Delay = [0 200 800 1200 2300 3700] ns,

Power =[0 —09 —-49 -8 —-7.8 —23.9]dB.

In Fig. 7, the BER performances of the ZF-CGFDMA and LC-CGFDMA

schemes are plotted for M =7 subsymbols and a roll-off factor
o = 0.1, when two above-mentioned channel models are consid-

4 Note that the performance of these schemes does not depend on values of M
and «.
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Fig. 7. The BER of the proposed ZF-CGFDMA and LC-CGFDMA schemes for o = 0.1
and M = 7 in different frequency selective channel models.
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Fig. 8. The coded BER of the ZF-GFDMA receiver for different values of o and M.

ered. It is seen that the performance of the ZF-CGFDMA does not
change for different degrees of frequency selectivity. Besides, for
the LC-CGFDMA scheme, the error floor in the case of Vehicular-A
channel is lower, because Vehicular-A channel is less frequency se-
lective compared to the Pedestrian-B channel. As the LC-CGFDMA
system assumes the channel is flat over the bandwidth of the pro-
totype filter (Lemma 1), this implies that the approximation (19) is
less accurate in the case of the Pedestrian-B channel.

Finally, we study the effect of channel coding on the BER per-
formance of the described schemes. We consider that all systems
are using 5/6 WiMAX LDPC coding with code word length 576
bits [20]. In Fig. 8, the BER performance for the coded transmis-
sion with ZF-GFDMA receiver is depicted. Similar to Fig. 3 for the
uncoded transmission, it is seen that with increasing of o to 0.9,
the performance of ZF-GFDMA is deteriorated. Another observation
is that unlike Fig. 3, for the localized pulse shape with « = 0.1,
increasing M results in a degraded performance of ZF-GFDMA. In
fact, this effect also occurs for the uncoded case, however, slightly.

o=0.1

—}— ZF-OFDMA
-X-ZF-GFDMA, M=3

- - ZF-CGFDMA, M=3
107k —&— LC-CGFDMA, M=3
-<- ZF-GFDMA, M=7

- < - ZF-CGFDMA, M=7
—~A— LC-CGFDMA, M=7
-V - ZF-GFDMA, M=15
M=15 - -0 - ZF-CGFDMA, M=15
—#*— LC-CGFDMA, M=15

1 07 I I I
10 15 20 25 30 35

SNR (dB)

Fig. 9. The BER of the proposed ZF-CGFDMA and LC-CGFDMA schemes for o = 0.1
and different M values compared to the BER of ZF-GFDMA and ZF-OFDMA for coded
transmission.
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10 h — -v- ZF-GFDMA, M=15
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§ RS '
w 107° -
v
107k
D
10°E
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Fig. 10. The BER of the proposed ZF-CGFDMA and LC-CGFDMA schemes for o = 0.9
and different M values compared to the BER of ZF-GFDMA and ZF-OFDMA for coded
transmission.

Here, by deploying channel coding, the effect of an increase of M
on the performance degradation of ZF-GFDMA becomes more ob-
servable. The best BER performance belongs to the system config-
uration of M=3 and « = 0.1, which is close to the ZF-OFDMA BER
performance.

The coded BER performances of the proposed CGFDMA re-
ceivers are illustrated for different values of M in Figs. 9 and 10,
employing the localized RRC filter (o« = 0.1) and the non-localized
RRC filter (o = 0.9), respectively. These figures also confirm that
the BER performance of low-complexity LC-CGFDMA follows that
of the ZF-CGFDMA receiver in the low to mid range SNRs. Follow-
ing the same trend in Fig. 4, for the localized pulse shape (o =
0.1), the ZF-GFDMA performance is close to the ZF-CGFDMA per-
formance. Moreover, similar to Fig. 5, for the non-localized pulse
shape (a =0.9), the proposed ZF-CGFDMA outperforms the con-
ventional ZF-GFDMA for different values of M. In addition, it is
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seen from both Figs. 9 and 10 that the performance of both the
proposed ZF-CGFDMA and LC-CGFDMA receivers is degraded by in-
creasing the number of subsymbols (M). This effect also occurs in
the uncoded transmission, as depicted in Figs. 4 and 5, although it
is less visible than in the coded case.

6. Conclusion

In this paper, we extended the idea of CGFDM for usage in the
uplink of GFDMA, by introducing the CGFDMA transceiver. To this
end, we described the two-stage transmitter of the multiple users,
and proposed a ZF based receiver (ZF-CGFDMA). Due to the high
computational complexity required for the ZF-based multiuser de-
tectors, we also developed a low complexity multiuser detector
(LC-CGFDMA) by using the unitarity of the transmitter matrix in
CGFDMA, and an approximation proposed in the paper. Compared
to the conventional ZF-GFDMA multiuser detector, simulation re-
sults showed that when the prototype filters are less localized, ZF-
CGFDMA has a superior BER performance for both the coded and
uncoded transmissions. In the other cases, the performance of ZF-
CGFDMA is more or less the same as the conventional ZF based
GFDMA. Further, the proposed technique only marginally increases
the computational complexity, irrespectively of the number of sub-
carriers and subsymbols. Moreover, the simulations showed that
the BER performance of LC-CGFDMA is exactly the same as that
of ZF-CGFDMA in the low to mid SNR range. However, in the high
SNR range, the BER curve of LC-CGFDMA showed an error floor,
because of the used approximation, which becomes less impor-
tant when the frequency-selectivity of the communication channel
is less severe. Hence, one can enumerate the main advantages of
LC-CGFDMA as: 1) it has a much lower computational complexity
compared to the ZF-based receivers, and 2) it provides the same
BER performance as the ZF-CGFDMA when working in low to mid
SNR ranges.
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Appendix A. The proof of unitarity of ¢

In this appendix, we will show that the new transmitter matrix,

given in (16), is unitary. Having in mind that J¥ =JT =], it can be
written that
1[A+]O] W—JuT]
Hp — — -

where A =P"P, ® = Q"Q and ¥ = P"Q, Let us first address the
off-diagonal entries. Following the definition of P and Q in (4) and
(9), the matrix W e CKMxKM can be considered as a composition
of K? submatrices Wk1-k2) ¢ CMxM for [y ky =0,...,K — 1, where
Wkika) — GHD’,j1 Dy, G’ = G"D,_, G/, in which the (my, my)th en-
try of Wki-k2) for my, my =0,...,M—1 depends on A, =k, — k;
and Ap = my —my only, and is obtained as

mK_ K) ]ejZHAkl/K.
2°N

Yo = Z plllpl(l - (A-2)

Let us now have a look at ¥ = JWT] e CKMxKM_ Following the same
derivation, the matrix W! = QTP* can also be considered as a com-
position of K2 submatrices W*1-k2) ¢ CMxM_So, we have Wkik2) =
G/TDEID_,(ZG* =G"D_;;,G*, in which the (m;, my)th entry of
W(kik2) depends on Ay and Ay, only, and is obtained as

N-1

ZP[”P[(I + ApK — 7) le Jjam Ak
1=0

7 (Ak)
Viam = (A-3)
Note that for J being a simple MK x MK exchange matrix, ¥ = J¥T]
is the 180°-rotated version of W7, Again, let us consider the matrix
Vasa composition of K* submatrices Yk k) ¢ MM S, the (my,
my)th entry of Wki-k2) s given as

N-1

> o plllpld—A 1(_,) et 2T ALK,
1=0

w((AArI;)) (A-4)
However, considering the definition of J from (13), the product of
JWT] is equivalent to firstly 180°-rotating W7, and then circularly-
shifting the result M rows down and M columns to the right. This
circular shift does not change tﬁ((ﬁr’;)) in (A-4), because it is just a
function of the differences A, and Ap,. Therefore, considering (A-

2) and (A-4), the entries of ¥ and W are equal, which results in
the conclusion that

W —JUT] = 0y. (A-5)
As conjugation does not change the results, we also have

WH _ JW* ] = 0y. (A-6)

Let us now address the matrices in the diagonal entries of ®1®
in (A-1), i.e, A € CN*N and J©*] € CN*N, Similar to W, the matri-
ces A and J©*] consist of K submatrices A *1-%2) = G"Dy,_, G and
O ki k) :G’HDkz,k]G’ with size M x M for ki, k; =0,...,K—1,
respectively. The (my, my)th entries of the (kq, kp)th submatrices
in A and J®*] are functions of A, and A, and are respectively
given as

Aamy = Z pUTPL(L — AmEO] P27 A,
=0

N-1
GA0 = (~1)2 3" plI] pl(l — AmK)y] e AK, (A-7)
1=0
Thus, it is concluded that
gkl _ (_I)Akk(Ak) (A-8)

(Am) (Am)*

This can be further simplified by taking the following results from

[21] into account: 1) )»28; =1 (because of the power normalization

of the prototype filter), and 2) 22:2) =0 when A, is even. Hence,
we can conclude that

A +]O*] = 2ly. (A-9)
Similarly, it can be shown that

JA ]+ O =2l (A-10)



M. Rajabzadeh, M. Towliat and S.M.J. Asgari Tabatabaee et al./Signal Processing 178 (2021) 107757 9

Finally, substituting (A-5), (A-6), (A-9) and (A-10) in (A-1), we ob-
tain

®HP =Ly, (A-11)
which confirms that the transmitter matrix @ is unitary.
Appendix B. The proof of the approximation
Considering the definition of I’y and @ in (15), we have

= r,p r.Q
r,= Y . . B-1

u [FuQ*J ruP*J] (&1
Let us first elaborate I'yP. Considering (2), we can write I',P =
[TuD4G, ..., TyDkG]. Let us denote the (I, m)th entry of matrix

Ir',D,G (for ke {0,...,K—-1},1€{0,...,.N—1}andm e {0,...,M —
1}) as af,"'m)[l]. Following the definitions, it is concluded
that

N B
al™[1] = hy[[]© (p[(I - mK)y] e/ Ik/K), (B-2)
where % denotes the circular convolution with period N. Let us
take the N-point DFT of a*™[l]:

A*M™n] = Hy[n]P[n — kM]e=27mKnN ' —0.1,...,N—1 (B-3)

in which Hy[n] = ¥[;" hu[l]lexp(—j27 In/N) and P[n] are the nth
components of the N-point DFT of hy[l] and p[l], respectively. As-
suming that the number of subcarriers (K) is sufficiently large so
that Hy[n] can be considered flat over the bandwidth of prototype
filter (P[l]) at each subchannel, we can use the interpolated chan-
nel frequency response py|k]2Hy[kM] (by taking the K-point DFT
of hy[l]) instead of Hy[n] in (B-3), and write the following approx-
imation [22]

AJ™[n] & py[kIP[n — kM]e~2mkn (B-4)

Converting Af,"'m)[n] in (B-4) to the time domain using the N-point
IDFT, (B-2) can therefore be approximated as

af,""")[l] ~ (p[(l — mK)y] ejzﬂlk/K)pu[k]‘ (B-5)

Hence, in matrix form, we have I';D,G ~ D,Gpy[k]. Therefore,
based on (4), it can be concluded that

Ir',P~PH,xIy), (B-6)
where Hy is a K x K diagonal matrix whose kth diagonal element
is pulk].
In the same way, it can be obtained that
r.Q~QH, ®1In). (B-7)
Now, let us have a closer look at T, P*=

[[uD;G*, TyD3G*, ..., TyDyG*]. The (I, m)th entry of the ma-
trix FuD;G* is given as

bE™[1] = hy[1]S (p[(1 — mK)y] e 2TIkK), (B-8)
and the N—point DFT of b%™[1] is
B{“™[n] = Hy[n]P[n — N + kM]e~727mkn/N, (B-9)

Comparing (B-9) with (B-4), we see that the elements of the filter
frequency response, P[l], are flipped except p[0]. Similar to the ap-
proximation in (B-4), we can use the approximation Hy[n]P[n — N +
kM] ~ Hy[N — kM]P[n — N + kM] in (B-9). Then, after following the
same calculations provided in (B-4) to (B-5), we have the follow-

ing approximation: I'yDfG* ~ D;G* o[K — k]. This can be written in
matrix form as I'yP* = P*J(H, ® Iy;)J. As JJ = Iy, we have

TP =PJ(H, ® Iy). (B-10)
In a similar manner, it can be shown that
r,QJ=QJH,1Iy). (B-11)

Combining (B-1), (B-6), (B-7), (B-10) and (B-11), it is deduced that
Iy®~®A,.
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