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Precoding for PAPR Reduction in UW-OFDM
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Abstract— Unique Word Orthogonal Frequency Division
multiplexing (UW-OFDM) is a variant of the multicarrier tech-
nique that has shown better bit error performance compared
to cyclic prefixed (CP-)OFDM. Like other multicarrier tech-
niques, UW-OFDM suffers from the high peak-to-average-power
ratio (PAPR) problem, which is an obstacle ahead of practical
implementation of UW-OFDM. In this letter, the generator
matrix, which is inherent to UW-OFDM, is not only used to
create the specific UW-OFDM system, but also to reduce the
PAPR. To do so, a suitable optimization problem is developed,
and solved using the Procrustes method. The main advantage
of the proposed method is that the built-in generator matrix
should be calculated only once for each system setting, and the
PAPR reduction (PAPR-R) is achieved without any overhead
redundancy. Simulation results are provided for evaluating the
PAPR-R performance of the proposed method.

Index Terms— Multicarrier systems, UW-OFDM, peak to
average power ratio, optimization, precoding.

I. INTRODUCTION

THE Unique Word (UW)-OFDM signaling scheme [1] is a
multicarrier (MC) technique, for which the time-domain

(TD) guard intervals are filled with an arbitrary known
sequence -the unique word (UW)- instead of the random cyclic
prefix (CP). The UW provides the same advantages as a CP:
it makes the diagonalization of the channel matrix possible by
the discrete Fourier transform (DFT) and circumvents inter-
symbol interference. On the other hand, as the UW is known,
it can be used to estimate the channel or synchronize the signal
[2]–[4]. Furthermore, in distinction to CP-OFDM, the UW is
already part of the DFT interval. To make the insertion of
the UW possible, a TD data block is generated that contains
zeros at the positions of the UW by adding redundancy in the
frequency domain using a generator matrix. This redundancy
results in several advantageous properties such as inherent
diversity gain resulting in outstanding bit error rate (BER)
performance [5], and lower out-of-band radiation (OOBR)
than for CP-OFDM [6]. Yet, these advantageous properties
come at some cost: to fully exploit the introduced diversity
gain, UW-OFDM needs more sophisticated data detectors
compared to conventional CP-OFDM [1], [7]. Considering
practical implementation, all MC variants are to a greater or
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lesser extent susceptible to non-linear distortion [8] because
of the high peak-to-average-power ratio (PAPR). In contrast
to CP-OFDM, where PAPR reduction (PAPR-R) has received
a lot of attention, limited work is done for UW-OFDM.
To the authors’ best knowledge, the only study investigating
the PAPR-R for UW-OFDM is [9], where the authors adopted
the Selective Mapping (SLM) technique to reduce the PAPR of
UW-OFDM. In [10], the UW-OFDM system parameters that
affect its PAPR are studied without introducing any method to
reduce the PAPR. In this letter, we propose a novel technique
to reduce the PAPR in UW-OFDM. We employ the degrees
of freedom that are available in the design of the generator
matrix to make it operate as a PAPR-reducing precoder (PRP).
By optimizing this precoder, we are able to lower the PAPR.
We show by simulations that the PAPR-R of PRP is mod-
erate compared to two conventional PAPR-R techniques, i.e.
Partial Transmission Sequence (PTS) and SLM, however, it is
achieved without reducing the data throughput, or increasing
the required transmit energy or computational complexity.

II. SYSTEM MODEL

A. The UW-OFDM Signal

Consider a UW-OFDM system [1] having N subcarriers
and a UW with length Nu samples. To construct a data
block with Nu zeros in the TD, we need to add redundancy
that is equivalent to Nr ≥ Nu symbols in the frequency
domain. Further, similar to conventional OFDM systems, Nz

zero subcarriers are inserted at the DC carrier and at band
edge carriers to serve as guard bands. This implies Nd =
N − Nr − Nz data symbols can be transmitted during a data
block. We define Ndr = Nd + Nr = N − Nz as the number
of modulated subcarriers. The vector d ∈ C

Nd×1 is the vector
of Nd zero-mean i.i.d. data symbols with E{ddH} = σ2INd

,
where IM is the M ×M identity matrix. The transmitter adds
redundancy by applying this data vector d to the generator
matrix G ∈ CNdr×Nd , and the resulting sequence is mapped
on the subcarriers using the mapping matrix B ∈ RN×Ndr ,
which is a reduced version of the identity matrix in which the
columns corresponding to the zero subcarriers are removed.
Thus, the N × 1 frequency domain data vector is given as
x̃ = BGd. The vector x̃ is converted to the TD with the
N × N inverse DFT (IDFT) matrix FH

N , resulting in the TD
data vector x� as

x� = FH
NBGd =

[
xd

0Nu×1

]
, (1)

where xd ∈ C(N−Nu)×1 is the non-zero part of the TD
UW-OFDM data block. Then, the Nu × 1 UW vector xu is
added to the zero part of x� to form the TD data block to be
transmitted over the channel:

x = x� +
[
0(N−Nu)×1

xu

]
=

[
xd

xu

]
. (2)
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B. Design of the Generator Matrix

To design the generator matrix [1] [11], we consider the null
space based approach [11]: the matrix FH

NB is partitioned
in two matrices, i.e. the matrices A ∈ C(N−Nu)×Ndr and
Q ∈ C

Nu×Ndr that contain the N − Nu upper and Nu lower
rows of FH

NB, respectively:

FH
NB =

[
A
Q

]
. (3)

In order to obtain the Nu zeros at the output of IDFT,
the generator matrix G must be selected in the null space
of the matrix Q. This is fulfilled by decomposing the matrix
G as

G = YC, (4)

where Y = Null(Q) ∈ CNdr×(Ndr−Nu) is the matrix
formed of Ndr − Nu orthonormal null space basis vectors
of Q. This matrix is determined by the parameters from the
UW-OFDM system, i.e., the number and positions of the zero
subcarriers, Nu, Nr and N , and is fixed, while the matrix
C ∈ C(Ndr−Nu)×(Ndr−Nr) can be selected freely.

Besides the constraint that the matrix G has to be in the null
space of the matrix Q, the matrix G must satisfy some other
conditions. In practical systems, often the transmitted energy
per data symbol is normalized, leading to trace

[
GHG

]
=

Nd. Further, in [1], [5], it is shown that the condition

GHG = INd
, (5)

minimizes the mean-squared error of the linear minimum mean
square error and the best linear unbiased estimator (BLUE)
data detectors. Moreover, the condition (5) also turns out to
be a sufficient condition to optimize the diversity gain [5].
Substituting the decomposition (4) into the condition (5), and
taking into account that YHY = I(Ndr−Nu), we find that the
matrix C must satisfy CHC = INd

. In the next section,
we will propose a method to select the matrix C, in order
to minimize the PAPR.

III. PAPR REDUCTION BY PRECODING

Let us rewrite the TD vector x� in (1) as follows:

x� = FH
NBGd = FH

NBY
Nd−1∑
n=0

cndn =
[
A
Q

]
Y

Nd−1∑
n=0

cndn,

(6)

where cn is the nth column of C. Hence, the TD data
vector is obtained by the superposition of the precoded data
symbols cndn for 0 ≤ n ≤ Nd − 1. The idea behind
the proposed PRP scheme is to select C so that after the
above-mentioned superposition, the Nd data symbols occur
at different time samples of the TD data vector x�. In this
way, the data are not constructively superposed, resulting
in a reduction of the PAPR. As in the TD vector x� the
last Nu samples are zero, we will confine our attention to
the N − Nu first rows of FH

NBY, and define the matrix
Z = AY ∈ C(N−Nu)×(Ndr−Nu).

In order to obtain a TD sequence where the data symbols
appear at different time instants, we need to select C so that

ZC = D, (7)

where D is a (N − Nu) × Nd matrix with elements Dk,k′ ∈
{0, 1} and each column contains only one ’1’ to make sure that
each TD sample contains the contribution of one data symbol.
In this letter, we select the first column of D as {D}c=1 =
[1, 0, . . . , 0]T , and the ith column of D is obtained by shifting
{D}c=1downward i times. As (N − Nu) ≥ Nd (since Nd =
N −Nr −Nz and Nr ≥ Nu), i.e. the number of TD samples
is larger than the number of data symbols, in practice, some
data symbols will occur at more than one TD sample. In other
words, since Z is not a square matrix, to solve (7), we need
to resort to the following least squares problem:

min
C

�ZC − D�2
F , (8)

where �.�F is the Frobenius norm operator. The solution of
this unconstrained problem is: C = (ZHZ)−1ZHD. However,
to ensure that the obtained generator matrix shows good BER
performance, we impose that CHC = INd

, resulting in the
following constrained optimization problem:

min
C

�ZC − D�2
F , s.t. CHC = INd

. (9)

This problem is a variant of the Procrustes problem [12].
In general, the matrix C with size (Ndr −Nu)× (Ndr −Nr)
is non-square. Although we considered the general case of
Nr ≥ Nu, in fact, Nr = Nu redundancy is sufficient for
the UW-OFDM system to work properly. In the following,
we derive the solutions for two cases, i.e. Nr = Nu and
Nr > Nu.

I) Square C (Nr = Nu): The problem (9) is a unitary
Procrustes problem [13], where a unitary matrix must be found
that most accurately transforms one matrix to another. The
summary of the solution is given in the following lemma.

Lemma 1: Let the matrices U and V be the left-hand
and right-hand side unitary matrices of the singular value
decomposition (SVD) of DHZ, i.e. DHZ = UΣVH . The
cost function (9) is minimized if Copt = VUH .

Proof: Let us rewrite the cost function of (9) as follows:

�ZC − D�2
F = Trace[ZCCHZH + DHD]

− 2 Real{Trace[DHZC]}. (10)

By assuming CCH = INd
, as the first term in (10) is inde-

pendent from C, minimization of �ZC− D�2
F is equivalent

to maximization of Real{Trace[DHZC]}. Decomposing the
square DHZ using the SVD, i.e. DHZ = UΣVH , we obtain

Trace[DHZC] = Trace
[
UΣVHC

]
= Trace [ΣK] , (11)

where K = VHCU is a unitary matrix. As Real
{Trace [ΣK]} is maximized when K = I [13, 7.4.5],
the solution is: Copt = VUH . Finally, the assumption
CCH = I is valid, because C,V and U are square.

II) Non-Square C (Nr > Nu): In this less-common case,
the first right hand side term of (10) is a function of C,
and we cannot use Lemma 1. For the non-square C, the
problem (9) is known as an unbalanced Procrustes problem,
which unfortunately, does not have a closed-form solution.
Some iterative algorithms are introduced for solving this
problem, however, they have high complexities with different
criteria for the convergence (for a recent study, please refer
to [14]). In this letter, we use the approximation CCH = I
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for the non-square C. Hence, we can use the solution of
Lemma 1. We will study the applicability of the approximation
by simulations.

The optimized C is multiplied with Y to build the generator
matrix G as in (4). Note that the optimized G is independent
of the data symbols, because neither Z nor D depends on the
transmitted data, but G only depends on the parameters N ,
Nu, Nr and Nd of the UW-OFDM. So, we can precompute G
for given system parameters, and use it while the UW-OFDM
parameters are not changed. This is one of the advantages of
the PRP method over some of the classic PAPR-R techniques,
especially PTS and SLM, in which the selection of the best
phase rotations should be repeated for each UW-OFDM sym-
bol, separately. If we seek higher levels of PAPR-R capability,
PRP is flexible to be combined with PTS or SLM, because the
intrinsic structure of the UW-OFDM system is not changed in
PRP. We call these combinations PRP-PTS and PRP-SLM.

IV. SIMULATION RESULTS

In this section, the PAPR, BER and OOBR performances
of the PRP are evaluated by computer simulations. The
UW-OFDM system with no PAPR-R, and the UW-OFDM
system with classic PTS and SLM techniques are considered
as benchmarks. Similar to most of the works on UW-OFDM,
e.g. [1], [6] and [7], we consider the system parameters
N = 64, Nd = 36, Nz = 12 and Nr = Nu = 16, unless
stated otherwise. The complete set of system parameters can
be found in [6, Table I].

PAPR-R Performance: To evaluate the PAPR, we use the
complementary cumulative distribution function (CCDF) of
the PAPR. The oversampling factor for having accurate PAPR
results is L = 4 [15]. In Fig. 1, we show the PAPR for the
PRP method for different values of Nr (and so Nd) for a fixed
Ndr = Nd + Nr = 52. It is seen that the PRP method is able
to decrease the PAPR of UW-OFDM compared to the case
where no PAPR-R scheme is deployed. By decreasing Nd,
the PAPR of UW-OFDM without PAPR-R does not change.
Because although the number of transmitted data symbols
(Nd) reduces, the number of modulated subcarriers Ndr does
not change. As the level of the PAPR is mainly determined
by the number of subcarriers that is modulated, the PAPR will
therefore not alter drastically. However, for UW-OFDM with
PRP, decreasing Nd results in lower PAPR values. This can be
explained by having a closer look at the optimization problem
in (9): when Nd decreases, a lower number of transmitted data
symbols (Nd) should be put on a fixed number of (N − Nu)
TD samples. Hence, the PRP is more successful to decrease
the superposition effect of these data symbols leading to lower
PAPR values. Moreover, the results of this figure confirm that
the approximation utilized in Section III for optimizing the
non-square matrix C does not deteriorate the PRP scheme
performance for the case Nr > Nu = 16.

The PAPR performance of PRP, SLM, PTS and the com-
binations PRP-SLM and PRP-PTS are shown in Fig. 2. For
PTS, the number of sub-blocks is considered V = 4, and for
SLM, the number of implemented IDFT blocks is U = 4.
For both PTS and SLM, the phase rotations of each block
are selected out of a set containing W = 4 angles, i.e. the
set {±1,±j}. Simulations not mentioned here for brevity

Fig. 1. The CCDF of PAPR of UW-OFDM without PAPR-R and with the
PRP method for different Nr values, Nd = 52 − Nr , and fixed Nu = 16.

Fig. 2. The CCDF of PAPR of the proposed PRP schemes for UW-OFDM
compared to the performance of SLM and PTS with U = V = 4.

show that increasing U and V results in a lower PAPR for
both PTS and SLM as more combinations can be examined.
However, when U = V , PTS is able to better reduce the PAPR
than SLM, although this comes at the expense of a higher
computational complexity to search for the optimal phase
rotations. Indeed, PTS will select the transmitted sequence
out of WV phase-rotated OFDM symbols, while in SLM,
only U phase-rotated symbols are compared to obtain the
lowest PAPR. It is also observed that the PAPR-R of the
PRP is smaller than PTS or SLM. Further, combining the PRP
technique with PTS or SLM will reinforce the action of the
PTS and SLM technique, and result in a considerably lower
PAPR than achievable with PTS or SLM alone.

BER Performance: To study the BER performance, the sig-
nal data of the studied schemes are transmitted through a
Rayleigh fading frequency selective channel with Lc = 16
resolvable paths and an exponential power delay profile with
exponential decay factor 0.1. We assume the receiver has full
channel state information, and use the BLUE data detector [1].
In the transmitter, we consider the Rapp’s SSPA model [16] to
add the effect of the high power amplifier (HPA) nonlinearity
to the simulations. Fig. 3 shows the BER performance of
the schemes when the waveforms pass through the HPA
nonlinearity with the knee factor p = 2, and a clipping
power level of P o

s = 5 dB above the mean power, which
is a high clipping level. The results without HPA effect are
also shown. For P o

s = 5 dB, because of high degree of
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Fig. 3. BER performance of the PAPR-R schemes without HPA nonlinearity
(the dashed lines) and with HPA nonlinearity (the solid lines).

Fig. 4. The OOBR of the PAPR-R schemes before passing through HPA
nonlinearity (the dashed lines) and after HPA (the solid lines).

clipping level, all the plots show an error floor at high signal-
to-noise ratios (SNRs). In addition, the BER results confirm
the results of Fig. 2: the lowest error floor belongs to the
PRP-PTS, which has the best PAPR performance. When no
HPA effect is considered, the high PAPR does not affect the
BER performance. It is seen that SLM and PTS do not alter
the BER performance because neither the SLM nor the PTS
method changes the basis structure of the UW-OFDM signal,
as they only change the phases of the transmitted symbols,
which are compensated at the receiver. On the other hand,
in the PRP based methods, the BER performance slightly
improves, e.g. the improvement is about 2 dB at BER = 10−7.
Because although the constraint (5) guarantees to have full
diversity at very high SNRs, the true diversity gain at moderate
SNR levels will depend on the eigenvalues of the matrix
GHBHHHHBG, where H is the diagonal matrix with as
diagonal elements the frequency response of the channel [5].
If one or more of these eigenvalues are much smaller than the
other eigenvalues, this will cause a reduction of the diversity
gain if the SNR is not sufficiently high. We observed in
the proposed PRP technique that this difference between the
eigenvalues reduces, causing the slight improvement in the
BER performance for PRP based methods.

OOBR Performance: The band edge of the power spectral
density (PSD) of the studied schemes is illustrated in Fig. 4.
Before the HPA, the OOBR of all schemes is the same with
the same extent as extensively studied in [6]. However, after
the HPA non-linearity, the OOBR of all the schemes increases

in accordance with the results of Fig. 2: with decreasing the
PAPR-R performance, the OOBR also increases. The scheme
with the least PAPR, i.e. PRP-PTS, shows the lowest OOBR
increase. The OOBR of the PRP is almost the same as that of
the UW-OFDM with no PAPR-R.

V. CONCLUSION

In this letter, a novel technique was proposed to reduce
the PAPR of UW-OFDM signals by optimizing the generator
matrix G. Proposed technique supports blind PAPR reduction
alongside its main functionality, i.e. making zeros at the output
of the IDFT in the UW-OFDM transmitter. Although it pro-
vides only about 1 dB PAPR improvement at CCDF = 10−3,
the computational complexity can be ignored by using a
look-up table before transmission. In fact, its sharing between
the transmitter and the receiver is not considered as overhead
redundancy of the PRP, because it needs to be shared for data
detection purposes anyway. Further, PRP can be combined
with several popular PAPR reduction schemes such as SLM
and PTS for further improvement compared to either PTS,
SLM or PRP itself.
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