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Abstract—We present an improved estimator of the phase noise
θ(t) in OFDM systems, based on the approximation of the time-
varying phasor exp(jθ(t)) by a discrete-cosine transform (DCT)
basis expansion, containing only a few terms. Using pilot symbols,
an initial least-squares estimate of the phase noise is obtained.
The initial estimate is iteratively improved by also exploiting
the soft decisions from the data symbols, obtained in a previous
iteration. We demonstrate that the resulting (linearized) mean-
square estimation error consists of two contributions: a contri-
bution from the additive channel noise, that equals the modified
Cramer-Rao lower bound when the soft decisions are assumed to
equal the true data symbols, and a contribution that results from
the phase noise modeling error. The modified Cramer-Rao lower
bound is shown to be proportional to the number of estimated
DCT coefficients. Performance can be optimized by a proper
selection of the number of DCT coefficients in the expansion of
the phasor. Iterative soft-decision-directed phase noise estimation
yields a considerable performance improvement as compared to
estimation using only pilot symbols. For an OFDM system with
strong phase noise, the BER performance degradation resulting
from the proposed scheme is limited to about 1 dB only.

I. INTRODUCTION

In recent years OFDM communication systems have received
a considerable amount of interest due to their high spectral
efficiency, obtained by orthogonal subcarriers. The OFDM
scheme has been particularly effective for frequency-selective
channels, where inter-symbol interference (ISI) effects can
cause severe performance degradation [1]. OFDM has been
adopted in several standards and applications such as DVB-T,
IEEE 802.11 wireless local area networks (WLANs), High
Performance Radio LAN (HIPERLAN) and IEEE 802.16
based (WiMAX) among others. However, in the presence of
phase noise, caused by imperfections at both receiver and
transmitter oscillators, the subcarrier orthogonality is lost [2].
The influence of a time-varying phase on OFDM systems
manifests itself by a scaling and rotation that is common to
all subcarriers, called the common phase error (CPE) and an
inter-carrier interference (ICI) term. Several methods trying to
tackle the phase noise problem have been proposed:
• Designing oscillators operating at low phase noise re-

duces the need of accurate phase noise compensation
algorithms. This however leads to expensive oscillators
which are difficult to integrate on chip [3]–[5].

• It is shown in [6], [7] that the common phase error can
be adequately compensated. However, for strong phase

noise levels, the ICI contribution becomes significant so
that compensating the CPE only will no longer guarantee
reliable sytem performance.

• Phase noise can be tracked by means of a feedback
algorithm that operates according to the principle of the
phase-locked loop (PLL). As feedback algorithms give
rise to rather long acquisition transients, they are not well
suited to burst transmission systems [8], [9].

In this paper, we apply the basis expansion model to the time-
varying phasor that is affected by phase noise, choosing the
discrete-cosine transform (DCT) basis functions. A similar
approach has been presented by [10]. However, the energy
contained in the data symbols is not exploited in [10]. Here,
we iteratively improve the phase noise estimate by making use
of the soft decisions of the unknown data symbols obtained
from a previous iteration.
In section II, we describe the system and discuss the basis
expansion model for the phasor. Section III presents our
iterative soft-decision-directed (SDD) phase noise estimation
algorithm, based on the estimation of only a few DCT coeffi-
cients. The performance of the proposed estimation technique
in terms of the mean-square error (MSE) is analyzed in section
IV, which also includes the computation of the modified
Cramer-Rao bound (MCRB) on the MSE. Analysis results
are confirmed by computer simulations in section V, which
considers both the MSE and the associated bit error rate (BER)
degradation. Finally, conclusions are drawn in section VI.

II. SYSTEM DESCRIPTION

We assume an OFDM system for transmission of N normal-
ized 4-QAM symbols a(n) (E[|a(n)|2] = Es = 1), where
n = 0, ..., N − 1 denotes the frequency domain index and
Es is the symbol energy. These symbols are multiplexed onto
N equally spaced subcarriers; the subcarriers with indices
ni (i = 0, ..., NP − 1) are pilot carriers, containing known
pilot symbols. Assuming a flat additive white gaussian noise
(AWGN) channel, the time-domain OFDM symbol samples at
the receiver are given by (after removal of the cyclic prefix):

r(k) = s(k)ejθ(k) + w(k)

=
1√
N

N−1∑

n=0

a(n)ej2π
kn
N ejθ(k) + w(k) (1)
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for k = 0, ..., N − 1 and where we have omitted the OFDM
symbol index for notational convenience. Here, the time-
index k refers to the k-th sample of the observed OFDM
symbol, the additive noise {w(k)} is a sequence of i.i.d. zero-
mean circularly symmetric complex-valued Gaussian random
variables with E[|w(k)|2] = N0, and θ(k) is a time-varying
phase noise process with N ×N correlation matrix Rθ.
We can now represent the phasor ek = exp(jθ(k)) as a
weighed sum of N basis functions over the interval [0, N−1].
As exp(jθ(k)) is essentially a lowpass process [11], it can be
well approximated by the weighed sum of a limited number
M (<< N) of suitable basis functions ψ0(k), ..., ψM−1(k):

exp(jθ(k)) ≈
M−1∑

m=0

xmψm(k), k = 0, ..., N − 1

or written in matrix form:

e ≈ Ψx (2)

where (e)k = ek, (Ψ)k,m = ψm(k) and (x)m = xm are the
corresponding basis expansion coefficients, for k = 0, ..., N −
1 and m = 0, ...,M−1. In this contribution we make use of the
orthonormal discrete-cosine transform (DCT) basis functions,
that are defined as

ψm(k) =





√
1
N m = 0√
2
N cos

(
πm
N

(
k + 1

2

))
m > 0

Hence, xm is the m-th DCT coefficient of ek. From the obser-
vation (1) we will produce an estimate {x̂m,m = 0, ...,M−1}
of the M coefficients {xm,m = 0, ...,M − 1}, using the
phasor model (2) with equality. The corresponding estimate
ê will be obtained by computing the inverse DCT of x̂:

ê = Ψx̂

The corresponding phase estimate θ̂(k) satisfies θ̂(k) =
arg(êk), with êk = (ê)k. The observations (1) contain N−NP
data symbols, which are unknown nuisance parameters w.r.t.
the estimation of e. To deal with the presence of these nuisance
parameters, we propose to estimate e iteratively. Each iteration
provides not only an estimate of e, but also the corresponding
soft decisions on the data symbols, which are used for the
phase estimation in the next iteration. These iterations are
initialized with an estimate of e that exploits only the pilot
symbols. We note that, as (2) is not an exact model of the
true phasor e, the phase estimate will be affected not only by
the additive noise contained in the observation, but also by
a phase noise modeling error. The resulting estimate will be
used for the phase compensation of the received time-domain
signal before FFT and data detection. The detector is designed
under the assumption of perfect carrier synchronization, i.e.,
θ̂(k) = θ(k).

III. PHASE ESTIMATION ALGORITHM

The proposed iterative phase noise estimation algorithm first
derives an estimate that only exploits the presence of the
pilot symbols. To this aim, we use in the iteration with index

l = 0 the algorithm from [10], which provides an estimate
ê(0) = Ψx̂(0) of the phasor e that minimizes the squared
error between the pilot symbols and the FFT (at the Np pilot
carrier positions) of the phase-compensated received time-
domain samples. From the N − Np remaining FFT outputs,
soft decisions of the data symbols are computed, to be used
in the next iteration. The initial pilot-aided (PA) least-squares
(LS) estimate is given by

x̂(0) = argmin
x̃
|VPx̃∗ − aP|2

=
(
VH

PVP

)−1
VH

PaP (3)

with VP = SPFDrΨ, where Dr is a diagonal matrix,
(Dr)k,k = r(k) and F is the Fourier transformation matrix,
(F)k,n = 1/

√
N exp (−j2πkn/N) for k = 0, ..., N − 1 and

n = 0, ..., N − 1. The NP × N matrix SP selects the FFT
outputs that correspond to the pilot carriers: its i-th row has a
1 at the ni-th column and zeroes elsewhere and (aP)i = a(ni)
for i = 0, ..., NP − 1.
During the iterations with index l > 0, the phase noise estimate
is refined. We look for the phasor estimate ê(l) = Ψx̂(l)

that minimizes the squared error between the received time-
domain samples and the phase-rotated IFFT of the vector
containing the pilot symbols and the soft decisions from the
previous iteration. This corresponds to maximum-likelihood
(ML) estimation by means of the expectation-maximization
(EM) algorithm. The iterative soft-decision-directed estimate
of x is given by:

x̂(l) = argmin
x̃
|r−V(l−1)x̃|2

=
(

(V(l−1))HV(l−1)
)−1

(V(l−1))Hr (4)

where (r)k = r(k), V(l) = D
(l)
s Ψ and D

(l)
s is a diagonal

matrix, the diagonal elements of which are given by the IFFT
of the pilot symbols and the soft decisions resulting from the
l−th iteration. It turns out that only a few iterations are needed
to achieve convergence of the iterative algorithm, after which
the hard symbol-by-symbol decisions are computed. In the
remainder of this paper we will drop the iteration index l
for notational convenience. Note from (3) and (4) that the
estimation algorithm does not require any prior statistics of
the phase noise process.

IV. PERFORMANCE ANALYSIS

The performance of the phase noise estimation algorithm is
assessed in terms of the mean-square error (MSE) of the phase,
defined as

MSE =
1

N
E

[
N−1∑

k=0

(
θ̂(k)− θ(k)

)2
]

(5)

=
1

N
E
[
trace((θ̂ − θ)(θ̂ − θ)T )

]

From (1), we note that the observations are a nonlinear func-
tion of the phase θ(k). Hence, an exact analytical performance
analysis is not feasible. Instead, we will resort to a linearization
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of the argument function in order to obtain tractable results.
Assuming the phase error θ̂(k) − θ(k) is small, it can be
approximated for k = 0, ..., N − 1 as follows:

θ̂(k)− θ(k) ≈ =[êke
∗
k] (6)

where =[.] is the operator that selects the imaginary part of a
complex number. Substituting (6) into (5), assuming êk − ek
is small and assuming the soft decisions are equal to the
true symbol values after convergence of the iterations, the
following lower bound on the MSE of the phase estimate is
obtained

MSElow =
1

N

N0

2Es
trace(M0MH

0 ) +MSE∞

=
1

N

N0

2Es
trace((ΨTDH

s DsΨ)−1) +MSE∞

≈ N0

2Es

M

N
+MSE∞ (7)

where we omitted the iteration index l, so that V(l) can be
written as V and M0 = Ψ(VHV)−1VH. The approximation
in (7) involves replacing DH

s Ds by E[DH
s Ds] = IN, where

IN is the N ×N identity matrix, which is accurate for large
N .
The first term in expression (7) represents the contribution of
the channel noise to the MSE. The second term is the MSE
floor caused by the phase noise modeling error. Indeed, we
note that in the truncated DCT expansion of the true phasor
(2), the higher-order DCT coefficients have been neglected,
which manifests itself through the error floor. The MSE floor
in (7) is given by

MSE∞ =
1

2N
trace(MReM

H)

− 1

2N

N−1∑

k,n,n′=0

(M)k,nE[enen′e∗2k](M)k,n′

where M = M0Ds and (Re)k,n = E[eke
∗
n], for k =

0, ..., N − 1 and n = 0, ..., N − 1.
We now determine the modified Cramer-Rao bound (MCRB)
[12] on the MSE (5), assuming a large number of subcarriers
N and that the approximation (6) holds. The corresponding
modified Fisher information matrix Jmod is found to be

Jmod =
2Es
N0

ΨTE[DH
s Ds]Ψ

=
2Es
N0

IM

such that the MSE from (5) is lower bounded as

MSE ≥ MCRB

=
1

N
trace

(
J−1mod

)

=
N0

2Es

M

N
(8)

Comparing (8) and (7), we note that the noise contribution to
the MSE for our phase estimation algorithm equals the MCRB
(8), assuming perfect soft decisions and (6) is valid. We note
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Figure 1: BER as function of Eb/N0 for N = 128 and NP = 13.

that the MCRB (8) is proportional to the number of estimated
coefficients M .

V. NUMERICAL RESULTS

In this section the performance of the proposed technique is
evaluated in terms of the MSE of the phase estimate and
the resulting bit error rate (BER) degradation by means of
computer simulations. We consider transmission of normalized
4-QAM symbols in an OFDM system with a total of N = 128
subcarriers, including NP = 13 pilot carriers. Inserting these
pilots causes a BER degradation1 of −10log10(1− η) which,
in this case, amounts to 0.47 dB for a pilot symbol ratio
η = NP /N ≈ 10% at BER reference level BERref = 10−4.
In the following we will denote the number of estimated DCT
coefficients as M1 for the initial pilot-aided least-squares (PA-
LS) estimate and as M2 for the iterative soft-decision-directed
maximum-likelihood (SDD-ML) estimate. The OFDM signal
is affected by Wiener phase noise θ(k), which is described by
the following equation:

θ(k + 1) = θ(k) + ∆(k); k = 0, ..., N − 2

where the initial phase noise value θ(0) is uniformly dis-
tributed in [−π, π] and ∆(k) is a sequence of i.i.d. zero-
mean Gaussian random variables with variance σ2

∆. In this
case, the elements of the correlation matrix Re are easily
found to be (Re)k,n = exp(− 1

2 |k − n|σ2
∆). Wiener phase

noise is generated with σ∆ = 3◦, which corresponds to
σ2

∆ = 0.0027 rad2.
• Figure 1 shows the BER as a function of Eb/N0 (where
Eb is the energy per transmitted bit, Es = 2(1 − η)Eb
for 4-QAM) for various values of M . The BER resulting
from our estimation algorithm is compared to the BER
for perfect synchronization and the BER when only the

1The BER degradation caused by some impairment is characterized by the
increase (in dB) of Eb/N0 (as compared to the case of no impairment) needed
to maintain the BER at a specified reference level BERref .
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Figure 2: BER degradation at BERref = 10−4 as function of M for N =
128 and NP = 13.
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Figure 3: MSE as function of Es/N0 for N = 128 and NP = 13.

CPE is compensated. We consider both pilot-aided CPE
(PA-CPE) and iterative soft-decision-directed CPE (SDD-
CPE) estimation. We observe that for CPE estimation
only (which corresponds to taking M = 1), there is
a high BER floor. Iterative SDD-CPE estimation yields
only a small reduction in BER. For the PA-LS estimation
algorithm, the BER floor is lower than for CPE estima-
tion. A considerable BER improvement can be seen for
the proposed iterative SDD-ML phase estimate. Since
for the SDD-ML case we also make use of N − NP
soft decisions instead of only the pilot symbols, a higher
number of DCT-coefficients can be estimated (M2 ≤ N )
as compared to the case of the PA initial estimate (where
M1 ≤ NP ).

• The influence of the number of estimated DCT coef-
ficients M on the BER degradation at reference level

BERref = 10−4 is shown in figure 2, both for PA
initial estimation and for iterative SDD estimation of
the phase. We note that there is an optimum value for
M that minimizes the BER degradation. Initially the
BER degradation decreases when increasing the number
of estimated DCT coefficients, since the phase noise
modeling error is reduced. However, for M larger than
the optimum value, more additive noise is included into
the estimation (see first term of (7)), resulting in an
increase of the BER degradation. The optimum number
of estimated DCT coefficients with respect to the BER
degradation is M1 = 4 for the initial PA-LS estimation,
yielding a BER performance degradation of about 3 dB
as compared to perfect synchronization without pilot
symbols. Performing iterative SDD-ML phase estimation
using this initial PA-LS estimate results in a minimum
BER degradation that is reduced to about 1 dB. From
figure 2 we note that the BER degradation shows a broad
minimum. Estimating more than M2 = 8 coefficients
is not useful since the BER degradation decrease is
negligible, whereas computational complexity increases
with M.

• Figure 3 compares the MSE of the phase as a function of
Es/N0, for both the initial PA estimate and the iterative
SDD estimate to the lower bound MSElow from (7). We
observe that estimating only the CPE, is useful only at
very low Es/N0 (< 1 dB). It is confirmed that for high
Es/N0, the MSE of the proposed phase estimate shows a
floor, which decreases for increasing M . A larger number
M of estimated coefficients, however, leads to an increase
of the MSE at low Es/N0, since the contribution of the
additive noise increases with M . We also note that for
low Es/N0, the simulated MSE deviates from MSElow.
This can be explained by the fact that the linearization (6)
and the assumption of perfect soft decisions are no longer
valid here. It is also confirmed that MSElow approaches
the MCRB (8) for low Es/N0.

VI. CONCLUSIONS

In this paper, we have proposed an iterative soft-decision-
directed (SDD) maximum-likelihood (ML) phase estimation
algorithm for OFDM communication systems. The estimation
technique is based on the truncated discrete-cosine transform
(DCT) representation of the time-varying phasor, where only a
small number M of DCT coefficients is estimated and requires
no specific knowledge about the phase noise statistics. The
initial pilot-aided (PA) phase estimate is obtained similarly to
[10]. Linearization of the phase error has indicated that the
MSE of the resulting estimate consists of an additive noise
contribution (that increases with M ) and a MSE floor caused
by the phase noise modeling error (that decreases with M ).
The former contribution coincides with the modified Cramer-
Rao lower bound, when the soft decisions are assumed to be
correct.
The BER degradation is found to consist of a contribution
caused by the data symbol energy loss due to the insertion of
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pilot symbols, and a contribution caused by the phase noise
modeling error and the channel noise. For a scenario with
strong Wiener phase noise (σ∆ = 3◦) and a pilot symbol
density of NP /N ≈ 0.1, the resulting degradation is limited
to less than 1 dB.
Further research includes the application of the proposed tech-
nique for coded transmission schemes, and the combination
with channel estimation.
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