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Efficient FDMA CPM
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Abstract—This paper presents two new iterative multiuser
detection algorithms for spectrally efficient frequency division
multiple access continuous phase modulation in additive white
Gaussian noise. The detectors are derived from the sum-product
algorithm and the factor graph framework, performing approxi-
mate maximum a posteriori (MAP) bit detection. A factor graph
of the actual multiuser detection problem is considered, rather
than only factor graphs of the individual single user detection
problems combined with ad-hoc inter-user interference cancel-
lation. The practical implementation of the detectors is based on
the assumption that a suitable set of sum-product messages can
be approximated by a Gaussian distribution. This methodology
allows to considerably reduce the computational complexity and
memory size requirements as compared to a straightforward
application of the sum-product rules. The proposed algorithms
further succeed in achieving a good error performance.

Index Terms—Continuous phase modulation, frequency division
multiaccess, satellite communication.

I. INTRODUCTION

T HE current paper is concerned with the derivation of prac-
tical multiuser (MU) receivers for uplink satellite commu-

nication of bit-interleaved coded continuous-phase modulated
(BIC-CPM) signals using a spectrally efficient frequency divi-
sion multiple access (FDMA) scheme.
A FDMA scheme defines a number of carrier frequencies and

allocates a different carrier frequency to each individual user.
In spectrally efficient FDMA systems, the spacing between the
carrier frequencies that are assigned to different users is kept
small, such that the leakage of the neighboring signal energy
into the desired frequency band cannot be ignored. This leakage
signal is referred to as inter-user interference (IUI). In order to
avoid a severe performance degradation, the IUI must be dealt
with by the receiver.
BIC-CPM is a combination of continuous-phase modulation

(CPM) and bit-interleaved coded modulation (BICM). CPM is
a modulation method commonly used in wireless modems [1].
The transmitted CPMwaveform has a constant envelope, and its
phase is a continuous function of time that changes according
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to the digital information to be transmitted. CPM is attractive
because of its high power and spectral efficiency, and because
of its robustness to non-linearities. CPM is also well-suited for
use in BICM schemes.
BICM is a pragmatic yet powerful coding technique to im-

prove system performance [2]. Well-known binary channel en-
coders are combined with basic off-the-shelf modulators, with
a bit interleaver connecting these two entities. Although the op-
timal (coherent) symbol-by-symbol detection [3] of a BICM
signal is prohibitively complex, there exist approximate itera-
tive detectors with reasonable complexity that yield a very good
performance. Such practical detectors can be derived from the
sum-product (SP) algorithm and the factor graph (FG) frame-
work [4].
In the past few years, several advanced techniques have been

proposed for iterative MU bit detection in BIC-CPM systems
using spectrally efficient FDMA [5], [6].
In [6], an intuitive approach to MU detection is proposed.

Conventional FG-based single user (SU) detectors are em-
ployed. To cope with the presence of IUI in the received
signal, the receiver is equipped with a separate module for
IUI cancellation. The latter module is characterized by a low
computational complexity and limited memory requirements.
By iterating between the SU detectors and the IUI cancellation
module, the receiver executes a practical form of MU detection.
When the SU detectors themselves involve an iterative process
(of demapping and decoding), the IUI cancellation iterations
are intertwined with those of the detectors to reduce the overall
receiver complexity. The performance improvement over stan-
dard SU detection is significant. A similar detection algorithm
is also considered in [5].
A more fundamental approach to MU detection is the fol-

lowing. Consider a FG of the actual MU detection problem.
Such a FG represents a suitable factorization of the joint a-pos-
teriori probability (APP) of the bit sequences from all the users,
given the observed received MU signal. Running the SP algo-
rithm on this graph yields an estimate of the marginal bit APPs.
The latter APPs can be used to perform maximum a posteriori
(MAP) bit detection.
Optimal MU detection is obtained when the employed FG

corresponds to a tree. In that case, running the SP algorithm is
straightforward and yields the exact marginal bit APPs. Using
these APPs to perform MAP bit detection results in minimum
bit error rate performance. Unfortunately, the complexity of this
optimal MU detector is extremely high and exponential in the
number of interfering users [5]. It is therefore not suited for use
in practice and one has to resort to approximations.
The practical MU detector proposed in [5] is based on a FG

that contains cycles (i.e., paths from a node to itself via other
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nodes). When applied to a FG with cycles, the SP algorithm
becomes an iterative process that yields, even after conver-
gence, only an approximation of the marginal bit APPs. The
complexity of the receiver from [5] increases only proportional
to the number of interfering users. Unfortunately, the propor-
tionality coefficient is typically quite large for CPM schemes
yielding a high spectral efficiency. In [5], the authors therefore
propose making the simplifying assumption that only the users
in the most adjacent frequency bands significantly contribute
to the IUI. This approximation may substantially reduce the
computational complexity and the memory requirements of the
receiver. It is accurate only when the carrier spacing between
adjacent users is sufficiently large.
Two new approximate MU detection algorithms are consid-

ered in this paper. They are referred to as g6-MU-FG-GA and
g3-MU-FG-GA. The g6-MU-FG-GA algorithm results from ap-
plying a different approximation to (a slight variation of) the
MU FG with cycles from [5]: a suitable set of SP messages are
assumed to be Gaussian distribution functions. The IUI from
all the users is accounted for. The computational complexity
and memory requirements per user of the g6-MU-FG-GA re-
ceiver is considerably lower than for the simplest version of
the receiver from [5], that considers only 2 interfering users.
The proposed g3-MU-FG-GA algorithm is even less complex
than the g6-MU-FG-GA algorithm. It results from applying the
same Gaussian approximation methodology to a modified MU
FG that results from clustering a suitable set of function nodes
in order to reduce the cardinality of the variable alphabets in the
graph. This, in turn, simplifies the SP process.

II. SYSTEM MODEL

The following system model is considered. The trans-
mitter of user encodes the -element information bit
vector into a vector of coded bits

. This vector of coded bits is subsequently
interleaved and mapped to an element symbol vector

, with taking values from

the -ary alphabet . The
resulting symbol vector is then used to generate the complex
envelope , for , of the CPM signal from
user :

(1)

(2)

Here, is the symbol period and is the modulation
index ( and are relatively prime integers). The function

is the phase-smoothing response, which is related to the
frequency pulse by the relationship
The pulse is time-limited to the interval and satis-
fies the conditions and .
Taking into account that the boundary conditions on yield

for and for , we can rewrite
(2) for as:

(3)

where . The quantity in (3) de-
scribes the CPM state transition during the symbol interval

of the transmitter signal from user :

(4)

with an element vector de-
noting the CPM state at time instant and

(5)

The first element of the CPM state vector is

referred to as the phase state. When is even,

. When is odd, belongs alternat-
ingly to and

. For , take values from . At each time instant
the CPM transmission scheme has possible states.

Given the symbol vector and starting from a given initial
CPM state , the vectors , with , can
be computed recursively according to the following equations:

(6)

(7)

(8)

where denotes modulo- reduction of to the interval
. The complete sequence of CPM state vectors is

grouped in the vector . Similarly,

the complete sequence of CPM state transition identifiers
is grouped in the vector .
A group of users are simultaneously active. They asyn-

chronously transmit frequency-shifted versions of their signals
, over an additive white Gaussian noise

(AWGN) channel, which is typical for satellite communications.
The short-hand notations , , , and respectively col-
lect the information bit sequences, the coded bit sequences, the
data symbol sequences, the CPM state vector sequences and
the CPM state transition identifier sequences from all the users:

, ,
, and
. The phase offset, frequency shift and

time delay associated with user are equal to

, and , with and denoting the dimen-
sionless relative (to the symbol interval ) frequency shift and
time delay. Equal nominal frequency spacings are considered
such that: , where is the nor-
malized nominal spacing. The latter spacing is applied at the
transmitter in order to facilitate the separation between the con-
tributions of the different users. The values of and are
assumed to be known at the start of the detection process. The
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overall spectral efficiency of a system with groups of
users is defined as the number of transmitted information bits
per second per Hertz. It amounts to

(9)

with the normalized (with respect to the symbol interval
) spectral spacing between different groups of users. As in
[6], we assume that, within a given group of users, all signals
are received with the same power. This assumption is not es-
sential -extension of the derivation in Section III to the case of
non-equal receive powers is trivial (see e.g., [5])- but it simpli-
fies the equations. Besides, in typical satellite systems, the use
of extensive power control and a smart assignment of the avail-
able carrier frequencies to the different users allow to minimize
the power difference between the users of a same group. It is
therefore also reasonable to model the complex baseband rep-
resentation of the received signal component, which ag-
gregates the contributions of all users from a group, as

, with

(10)

the contribution from the th user. The latter contribution dif-
fers from zero only for . During this
time interval, from (10) is a unit-power data-dependent
process.Without loss of generality, we assume that
, implying that all , , are nonnegative and

for . It is further assumed that the signal
can be well-approximated by the sampled sequence ,

, with ,
using sampling rate , even though is not band-lim-
ited, by choosing sufficiently large. The received baseband
signal is applied to a low-pass anti-aliasing filter with band-
with and sampled at samples per symbol interval. It is
assumed that the spacing between the central frequency
of the last user of a group and that of the first user of the ad-
jacent group is sufficiently large, such that the leakage of the
signal energy from neighboring groups into the frequency band

can be safely ignored. The resulting samples , for
, can then be modeled as follows:

(11)

where , , are samples of the receiver
signal contribution from (10), taken at and
are zero-mean complex AWGN samples with variance equal

to , with the noise power spectral density and the
energy per symbol period. The samples are conveniently
grouped into the vectors and

.

III. MAP BIT DETECTION

A. Detection Rule

When an information bit is detected erroneously at the re-
ceiver, a bit error occurs. Optimal detection, which minimizes

the bit error probability is achieved by MAP bit decision of the
individual information bits . The corresponding bit-by-bit

MAP detector maximizes the APP with respect to

[3]

(12)

B. FG-Based Detector Design

The APPs involved in (12) are the marginals of

, with the probability of the set of information
bit sequences from all the users, given the vector of received
samples. An efficient way to jointly compute these marginals
is to apply the sum-product (SP) algorithm to a suitable factor
graph (FG) [4].
A FG is a graphical representation of a function factorization.

It consists of a set of function nodes (one for each factor in the
factorization) that are connected by variable edges (one for each
variable in the factorization). The SP algorithm provides a set
of rules for computing messages in the nodes of a FG and for
passing them on to neighboring nodes along the edges of the
graph. Message passing on a FG that corresponds to a tree is
straightforward and yields the exact marginals of all the vari-
ables in the graph. When a FG contains cycles (i.e., paths from
a node to itself via other nodes) the message passing is an iter-
ative process and one must decide on a particular initialization
and scheduling strategy. In that case, the procedure also yields,
even after convergence, only an approximation of the variable
marginals. Nevertheless, the approximate nature of the SP algo-
rithm when applied to a FG with cycles is often a more than ac-
ceptable price for performing efficient function marginalization.
Not every function is easily factorized. A possible solution

to circumvent this problem is to introduce additional variables
in such a way that the joint function of the original and the
additional variables leads to a convenient FG representation.
Besides the fact that the choice of additional variables is not
unique, in many cases, there is also more than one way to fac-
torize a function, given a set of (original and additional) vari-
ables. Each of these function factorizations corresponds to a dif-
ferent FG, leading to a different way to compute the marginals.
Choosing a function factorization is therefore amatter of trading
off the accuracy of the resulting marginals against the compu-
tational complexity associated with their evaluation. In general,
decreasing the minimum cycle length of a graph deteriorates
the accuracy. However, this is not always true and it sometimes
even improves results (as we will see later on). The complexity
of the SP algorithm primarily depends on the number of edges
and the size of the variable alphabets in the graph.
Several FGs for computing the APPs will be con-

sidered next.

C. State-of-the-Art Solution

We start with (a slight variation of) the FG from [5], ex-
tended to the more general case of asynchronous users.
This FG is shown in Fig. 1. The additional variables ,

, , in Fig. 1 contain the
samples , , that correspond
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Fig. 1. FG representing the factorization of the joint APP of the bit
sequences of all users from a same group, as proposed in [5].

Fig. 2. Further decomposition of the nodes , , in the FG
of Fig. 1, as proposed in [5].

to the th symbol interval of the receiver
signal from (10). It follows from (1)–(8) and (10) that

, with the largest integer smaller than , can

take possible values: one for each possible realization
of . The nodes , , in
Fig. 1 further decompose as shown in Fig. 2. In Fig. 2, the
nodes , with , implement

the function , with

(13)

while the nodes , represent the function
. The indicator function equals

one when all the variables corresponding to edges connected
to node are equal, and zero otherwise. The function

is given by:

(14)

The nodes labeled , , in Fig. 1
enforce the coding and mapping constraints of user on the
samples of the signal transmitted by that user. Using ,

, and as additional variables, these nodes are

Fig. 3. Further decomposition of the nodes , , in
the FG of Fig. 1.

Fig. 4. Messages traveling on the edges of the FG from Fig. 3.

further decomposed as shown in Fig. 3, where denotes
the largest integer smaller than . The node
in Fig. 3 imposes the BICM constraint to the
information bits and the data symbols of the th user, and the
nodes , and , , represent

the functions , and ,

, respectively. Here, is the a

priori probability of , is the a priori probability

of and the indicator function equals one when

the variables corresponding to edges connected to node
satisfy the trellis (1)–(8) and (10), and zero otherwise. In the FG
resulting from Figs. 1–3, the cycles with minimum length are
of length 6, for example, between the nodes , , ,

, and in Fig. 2. The obvious initialization
and message passing scheduling strategy for the corresponding
iterative SP procedure is outlined in Algorithm 1. The no-
tation for the messages traveling along the edges of the FG
of Figs. 1–3 is introduced in Fig. 4. The rules for computing
these messages are the standard SP rules from [4], followed
by a normalization step such that all messages communicated
along the edges of the FG can be interpreted as probability
mass functions. This normalization alleviates numerical prob-
lems due to finite precision and fixed point arithmetic. The
message traveling on the half-edge corresponding

to the variable provides an estimate of the APP of the
th information bit of the th user. A further motivation for
the notation of the messages in Fig. 4 is provided as a remark
in Section III-C. The per user processing step in Algorithm
1 involves the same operations as one iteration of a conven-
tional FG-based single user detector, except for the additional
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evaluation of the messages . The equations

for computing the messages , , and

follow from applying the SP algorithm to the

FG of Fig. 3. These equations are provided in the Appendix. It
follows that the number of elementary operations between two
real arguments that is required for the evaluation of ,

, and for all , for all and

for all possible realizations of , and amounts

to , per user, per CPM symbol and per receiver
iteration. Applying the SP algorithm to the FG of Fig. 2 yields
the following procedure for updating the messages in
the multiuser processing step of Algorithm 1. It consists of 2
steps. First, new values are computed for the internal messages
(inside the cluster node ). Using the short-hand notation

for the SP message travelling from node (if

) or (if ) to node in Fig. 2, we can write:

(15)

where denotes the summation over all possible values

of , and and are the values of

the messages and computed during the

previous iteration. Then, the outgoing messages are
updated as follows:

(16)

Evaluating the messages according to (15)–(16)

requires that the function values of and

are available, for all , for all , for all

relevant and for all possible realizations of and . The
values of and need to be evalu-
ated only once, at the start of the iterations, but their straight-
forward computation according to (1)–(8), (10) and (13)–(14)
involves a huge amount of elementary operations. It is therefore
imperative to employ precomputed look-up tables, referred to
as LUT-1 and LUT- , for , to efficiently

compute accurate approximations of and

, respectively. To limit the size of these tables,

the time delays need to be rounded to the nearest integer
multiple of a suitable sub-sampling period ,
with strictly positive and integer valued. More details on the

computation of and using LUT-1
and LUT- , for , are provided in the ap-
pendix. The sub-sampling parameter affects the performance
and the memory requirements of the detector. A larger value of
results in a more accurate computation of and

, but the number of terms in (13)–(14) increases
proportionally to and the size of the look-up tables LUT-1
and LUT- , for , also increases propor-
tionally to and , respectively. A particular issue of the
state-of-the-art detection algorithm from [5] is the large amount
of memory that is required to store the look-up tables, in partic-
ular the look-up tables LUT- , for . The
latter tables each have real-valued entries
and serve only to evaluate the interference function values

.

Algorithm 1: Initialization and Message Passing Scheduling
Strategy

Initialization. The iteration counter is reset to 0. For all
and , the messages and

are initialized to 1.

Iterative procedure. For :

Increase iteration counter: .

Multiuser processing. For all and , compute the messages

.

Per user processing. For :

For all , compute the messages and

.

For all and , compute the messages and

.

For all and , compute and

.

Use the estimates of to compute

using (12). If all detected bits are error-free: end
iterations.

Evaluating from (15) for all , for all

, for all and for all possible values of re-
quires elementary operations on two
real arguments, per user, per CPM symbol and per receiver
iteration. Obtaining the messages from (16) involves

another real multiplications, per user, per
CPM symbol and per receiver iteration. Besides the values
of the messages , all values of each of the

helper messages , for
and with , also need to be stored.
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Furthermore, the initialization procedure in Algorithm 1 needs
to be extended in the sense that the messages and

need to be initialized before the start of the iterative
process.
In [5], the authors propose to simplify the detector by ne-

glecting the interference among non-adjacent users and with
. This approximation is accurate only for values

of the NSP that are sufficiently large. It allows to eliminate the
function nodes with in the FG from Fig. 2.
Applying the SP algorithm to the resulting FG yields a sim-
plified detector. This simplified detector basically follows the
strategy outlined in Algorithm 1; the per user processing step
remains unmodified, but the computational complexity and the
memory requirements of the multiuser processing step are sig-
nificantly reduced as compared to the detector that takes into ac-
count the interference from all the users. The product in (16) is
restricted to the users that are most adjacent to user . The

number of helper messages is reduced by a factor

of . All this results in a computational complexity of only

elementary operations on two real
arguments, per user, per CPM symbol and per receiver itera-
tion, while less than helper messages and only pre-com-
puted look-up tables LUT- , , need to be
stored. The most radical simplification results from assuming

. In this specific case, the messages and

can alternatively be computed in a recursive way,
without increasing the computational complexity. Starting from

, we obtain

(17)

for , and from the boundary condition

, we can in a similar way compute

(18)

for . This approach has the advantage that

the messages and do not rely on
message values obtained during previous iterations. The corre-
sponding detector will be referred to as g10-MU-FG-2IU be-
cause it is based on the assumption of only 2 interfering users
(IU) and because the corresponding MU FG turns out to have
girth 10 (instead of 6). In spite of the substantial simplifica-
tions obtained by considering only two (instead of )
interfering users, the number of elementary operations on two
real arguments and the amount of memory that is required by

g10-MU-FG-2IU for the evaluation of the messages
is still rather high.
Remarks:
• In the absence of BICM, the constraint between the data
symbols and the information bits of the user decom-

poses into , with

. In the absence

of IUI, the factors from (13) disappear,
such that the nodes in Fig. 1 decompose into a set
of non-connected nodes representing the factors

from (14). At the same time, the factors

reduce (within a normalization constant

not depending on ) to the likelihood function of :

, with

the APP of , given . Applying the SP algo-
rithm to the resulting cycle-free FG takes the form of a
forward/backward algorithm, also known as the BCJR
algorithm [7]. This algorithm returns, in the form of the
messages traveling on the edge from node

to node , and within a normalization constant

not depending on , the exact extrinsic signal

waveform probabilities, i.e.

with the exact APP of , given .

This motivates the notations employed for the messages in
Fig. 4.

• In [5], the factors are as-

sociated to the FG nodes instead of to the nodes
. This leaves the detection algorithm from

[5] unmodified. However, in the absence of IUI, the
edges associated with the waveform become

half-edges, such that the BCJR algorithm yields the exact

a posteriori probabilities . Combined

with the fact that the waveform is uniquivo-

cally determined by , this explains

the notation in [5] (instead of

) for the messages from node to

node .

D. Novel Receivers

1) g6-MU-FG-GA: An alternative approach to simplify the
detector is to approximate an appropriate set of messages in the
SP algorithm by a canonical distribution. We will apply this ap-
proach to the FG from Fig. 1, which will lead to a novel receiver
structure.
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Based on the discussion in [8], we propose to approxi-
mate the messages , for and

, in Fig. 4 by the product
of univariate Gaussian distribution functions of com-
plex-valued circularly symmetric random variables with means

and variances , :

(19)

with

(20)

for and

,otherwise
(21)

The approximation (19) significantly simplifies the multiuser
processing in Algorithm 1. When the cluster nodes in Fig. 1
are not further decomposed, they actually implement the func-

tion , with and

In the FG that results from combining Figs. 1 and 3 (without
Fig. 2) the cycles with minimum length are still of length 6,
i.e., between the nodes , , , ,

and , for . Exploiting the

property that the sum of independent Gaussian variables (signal
samples from different users ) is Gaussian with mean
equal to the sum of the means and variance equal to the sum of
the variances, the SP messages are easily obtained in
closed-form. Applying the SP rules from [4] to the FG of Fig. 1,
we find:

(22)

where is a size- column vector with components ,
for given by:

(23)

where and .
Expression (23) indicates that a soft interference estimate

is subtracted from the observation , and

the estimation error variance is added to the

noise variance . The particular structure of (22) indicates

that the proposed multiuser detector can be decomposed into
an equivalent set of iterative single user detectors, with
a separate module for IUI parameter estimation (means and
variances). The single user detectors are operated in parallel,
with the th detector accepting the samples from (23)
as equivalent observations. The per user processing step in
Algorithm 1 is the same as for the g10-MU-FG-2IU detector.
At each iteration, the messages computed at
the end of the per user processing step are subsequently used to

update the IUI parameters and , which in turn

are used to update the equivalent observation samples .

Finally, the messages are evaluated according to (22).

In (20) and (22), we need for all , for all relevant and
for all possible realizations of . Rounding to the
nearest integer multiple of , with integer valued,

an approximation of can efficiently be obtained from
(1)–(3), (10) and the look-up table LUT-1 that contains the

precomputed (real-valued) values of

for and for all possible realiza-
tions of . This needs to be done only once, at the start
of the iterations. The number of elementary operations that

is required to compute from (20)–(23) amounts to

, per user, per CPM symbol
and per receiver iteration. The above receiver algorithm will be
referred to as g6-MU-FG-GA, because it is derived from a MU
FG with girth 6 (g6) and relies on a Gaussian approximation
(GA).
2) g3-MU-FG-GA: The variables with the largest alphabets

in the FG of Figs. 1–3 are and

. An equivalent FG for deriving

the bit APPs in (12) results from clustering in Fig. 1
the function nodes , for . The main
motivation for this clustering operation is that, after some basic
manipulations, we obtain the FG from Figs. 5–6.
This FG contains

and as additional vari-
ables, rather than and
{ . The vector variables results

from stacking the samples ,
, that correspond to the th symbol interval

of the transmitter signal (1) from the
th user. Here, the quantity denotes the smallest integer
larger than . The difference between the variables

in Fig. 1 and the variables in Fig. 5 is illustrated in
Fig. 7, assuming . The time indications in the figure
are relative to the symbol interval . The figure shows the
location of the transmitter signal from user
, with a duration of symbol intervals, within the obser-
vation interval at the receiver, with a duration of

symbol intervals. The waveform corresponding to the th
symbol interval of the transmitter signal from user is fully
determined by the state transition . The normalized (with
respect to the symbol interval ) sampling time instants, ,
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Fig. 5. FG representing an alternative factorization of the joint APP
of the bit sequences of all users from a same group, obtained by clustering the
set of function nodes in the FG of Fig. 1 and regrouping the variable edges.

Fig. 6. Further decomposition of the nodes , in
the FG of Fig. 5.

are indicated, the meaning of the quantities and is
illustrated and the grouping of samples into vectors of the type

and is explicitated. Because is fully determined
by , whereas is fully determined

by , the cardinality of the largest variable alpha-

bets in Figs. 5–6 (cardinality and for alphabet
of and , respectively, with and

) is times smaller than the cardinality of
the largest variable alphabets in Figs. 1–3 (cardinality
and for alphabet of and , respectively, with

and ). This potentially re-
sults in a lower computational complexity for the SP algorithm.
The cluster node in Fig. 5 implements the function ,

with

where and .

The node in Fig. 6 that imposes the constraints from
the BICM unit of the th user to the information bits and the data
symbols of that user is the same as in Fig. 3. The nodes ,

and , , in Fig. 6 represent the

following functions: , and

, , with the a priori prob-

ability of , the a priori probability of , and

equal to one when the variables corresponding to edges

connected to node satisfy the trellis (1)–(8) and (10), and
zero otherwise. In the FG of Figs. 5–6, cycles with minimum
length 3 (instead of 6) are found between the nodes ,
and . Such very short cycles can be disastrous for the ac-
curacy of the SP algorithm. Provided that in Fig. 4, in Algo-
rithm 1 and in (25)–(28) the variables ( , , ,

) are replaced with ( , , , ), the notation for
the messages, the initialization and message passing scheduling
strategy and the equations describing the per user processing re-
main valid. As in Section III-D-I, we approximate the messages

in Fig. 4 by the product of univariate Gaussian dis-
tribution functions in the elements of , in order to reduce the
complexity of the multiuser processing of the resulting detector.
This derivation leads to similar equations as in Section III-D-I.
It suffices to replace in (19) and (20) the message

by and the subscript by

and in (22) the message by , the variable

by and the quantity by . The resulting re-

ceiver will be referred to as g3-MU-FG-GA.

E. Relation to the AD-HOC Detector With Soft IUI
Cancellation From the Literature

Ad-hoc variants of the g3-MU-FG-GA detector are reported
in [5] and [6]. They operate essentially in the same manner,
but use (approximate) signal waveform APPs

rather than the extrinsics to perform IUI pa-
rameter estimation. In [5], [6], the required signal waveform
APPs are computed by applying the SP algorithm to a set
of FGs that each represent a suitable factorization of the
joint APP , where

and , for , are to be considered as parameters
(rather than arguments) of the joint probability. The APP

corresponds to a single
user context where only the bit sequence of the th user is
detected and the IUI interference is treated as additional white
Gaussian noise with mean and variance .
In practice, this boils down to replacing in (20) the messages

by the product
. The corresponding receiver will be referred to as SU-FG-GA.

IV. COMPLEXITY CONSIDERATIONS

The memory requirements and the computational com-
plexity of the novel detection algorithms g3-MU-FG-GA and
g6-MU-FG-GA are now addressed. The results are compared to
those of the simplified detector g10-MU-FG-2IU from [5]. The
SU-FG-GA detection algorithm is not explicitly considered.
Its memory requirements and computational load are about the
same as for the g3-MU-FG-GA detector.
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Fig. 7. Construction of the signal sample vectors.

TABLE I
DETAILS OF THE CONSIDERED SPECTRALLY EFFICIENT BIC-CPM SCHEMES.

The g3-MU-FG-GA detector has a larger complexity per
user and per detector iteration than a conventional single user
detector. This increase in complexity results from computing,

at each iteration, the messages , the IUI param-

eters and , the equivalent observation samples

and the messages . The g6-MU-FG-GA
detector has the same structure as the g3-MU-FG-GA detector,
but it is slightly more complex. This is mainly due to the
fact that the cardinality of the variable alphabets is larger in
the FG with girth 6 of (Figs. 1, 3) than in the FG with girth
3 of (Figs. 5, 6) (see Section III). As a result, the messages

, , and computed in
the g6-MU-FG-GA detector take times more values than
the messages , , and
computed in the g3-MU-FG-GA detector. All these values
have to be re-computed and stored at each iteration. Further-
more, the number of operations that is required to update the
messages according to (27), see Appendix A, and the
number of additions that is needed to evaluate the means
from (20) is also times larger for g6-MU-FG-GA than for
g3-MU-FG-GA. The structure of the g10-MU-FG-2IU de-
tector differs substantially from that of the proposed detectors
g3-MU-FG-GA and g6-MU-FG-GA. The messages ,

, and are computed in the same

way as for g6-MU-FG-GA. The messages have to be

computed according to (15)–(16). The size of the pre-computed
LUT-2.1 tabel required for, and the number of operations in-
volved in, the computation of is large and contributes
significantly to the overall memory requirement and the overall
complexity of the g10-MU-FG-2IU detector, respectively.

Besides, helper message values
need to be additionally stored.
In the following, we only take into account the contribution

to the required memory and the number of operations that re-
sults from the processing steps in which the g3-MU-FG-GA,
g6-MU-FG-GA and g10-MU-FG-2IU algorithms differ from
each other. These contributions provide a solid basis for com-
paring the considered algorithms because they dominate the
detector’s total memory requirements and total computational
complexity, respectively. General closed-form expressions are
provided, as well as numerical results for 4 specific simula-
tion set-ups. The 4 set-ups involve 2 different spectrally effi-
cient BIC-CPM schemes, whose parameters are summarized in
Table I. Rectangular (REC) and raised-cosine (RC) frequency
pulses with a duration of symbol intervals are used:

, REC
, RC

(24)

The outer code is a (64,51) or a (128,115) extended BCH code.
Both schemes are amongst the schemes with the highest asymp-
totic (for ) spectral efficiency reported in [9]. For each
of these two BIC-CPM schemes, practical systems with groups
of and simultaneous users are considered.
Table II shows the number of real values to be stored at the

receiver. The first three columns show the memory that needs
to be allocated dynamically by each of the three considered
algorithms to store the required pre-computed function values
and the most recent values of the SP messages, assuming
the transmission of 1024 information bits. The last column
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TABLE II
NUMBER OF REAL VALUES TO BE STORED, ASSUMING AND THE TRANSMISSION OF 1024 INFORMATION BITS.

TABLE III
NUMBER OF ELEMENTARY OPERATIONS BETWEEN TWO REAL ARGUMENTS, PER USER, PER ITERATION AND PER TRANSMITTED SYMBOL, ASSUMING

.

indicates the static memory that is required to store the look-up
table LUT-2.1, which is only required for the g10-MU-FG-2IU
detector from [5], assuming . The
storage of the messages and of the table LUT-1 is not
taken into account; these quantities need to stored for all three
algorithms and require a negligibly small amount of memory
as compared to the messages ( , , , , \ldots)
and to the table LUT-2.1, respectively. We clearly observe
that the multiuser receiver g10-MU-FG-2IU from [5] requires
a considerably larger amount of memory than the proposed
detectors.
Table III considers the number of elementary opera-

tions (additions, multiplications, etc\ldots) on two real argu-
ments, per CPM symbol and per receiver iteration, assuming

. Operations that are executed
only once, at the start of the iterative process are not taken into
account. We observe that, as opposed to the complexity of the
g10-MU-FG-2IU detector from [5], the complexity of the pro-
posed g3-MU-FG-GA and g6-MU-FG-GA detectors increases
(less than proportional) with the number of users in a group. The
complexity of the g6-MU-FG-GA detector is about times as
large as that of the g3-MU-FG-GA detector. Both detectors are
significantly less complex than the g10-MU-FG-2IU receiver
from [5]. A remarkable complexity reduction is observed
for the BIC-CPM scheme #2 with . In this case, the
g3-MU-FG-GA and g6-MU-FG-GA detectors are at least 10
times less complex (per user, per iteration and per transmitted
symbol) than the g10-MU-FG-2IU detector, which becomes
almost prohibitively complex. A fair complexity comparison
of the different algorithms must take into account the number
of iterations that actually needs to be performed by the receiver
(in order to meet some given performance specifications). The
required number of iterations for the different algorithms will
be considered in Section V.

V. NUMERICAL PERFORMANCE RESULTS

Computer simulations have been run to evaluate the perfor-
mance of the proposed g3-MU-FG-GA and g6-MU-FG-GA de-
tectors. For comparison, the performance of the simple ad-hoc

SU-FG-GA detector and the performance of the more com-
plex MU graph-based g10-MU-FG-2IU receiver from [5] are
evaluated as well. We consider the same 4 simulation set-ups
as in the previous section: the two different spectrally effi-
cient BIC-CPM schemes from Table I, each with and

active users. Interference from adjacent user groups is
not generated. Each user asynchronously transmits an informa-
tion bit vector of size 1024. Gray mapping and pseudorandom
bit interleaving are employed. The accuracy of the multiuser
communication is assessed in terms of the packet error rate
(PER) of the middle user at a given value of ,
with . At every iteration, hard decisions about the
information bits are made from the corresponding a posteriori
information bit probabilities, after which a genie checks for bit
errors; the receiver stops iterating after a maximum number of
iterations , or when all information bits have been detected
correctly. In a practical system, the genie is replaced by a cyclic
redundancy check. Several values of (up to
are tested. For each value of , a large number of simu-
lations is performed and the number of packet errors
(with 1 packet containing 1024 information bits) encountered
by the middle user at the th iteration is recorded.
In each simulation new time delays , ,
are taken independently from a random uniform distribution
over . We consider a fixed carrier spacing of =
128 kHz for all scenarios; the corresponding symbol interval
equals where is given in Table I. The performance
of the algorithms is investigated for actual continuous-valued
time delays, whereas the receiver approximates by the
nearest integer multiple of (case ). The PER is esti-
mated as . Figs. 8–11 plot the resulting PER values as a
function of in dB. The data points are based on at least 100
packet error events; except for the most complex detectors at
high SNR, where is smaller than 100 but at least equal
to 10. The values of smaller than 100 are specified in the
figure captions. Smaller size grey-filled markers, above and
below the corresponding data points, indicate the 95% confi-
dence interval of the obtained estimate.
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Fig. 8. PER versus for scheme #1 from Table I and . Data points
based on error events, with smaller than 100: for g10-MU-FG-2IU
with 30 iterations at , for g3-MU-FG-GA with 30

iterations at and at ,

for g3-MU-FG-GA with 21 iterations at , for

g6-MU-FG-GA with 30 iterations at , for SU-FG-GA

with 30 iterations at and at

and for U=1 with 30 iterations at .

Let us first focus on the BIC-CPM scheme #1 from Table I.
The normalized spacing between users is 0.3, yielding a max-
imum value for equal to .
Fig. 8 shows performance results for , obtained with

. The PER obtained after maximum 21 and 30 itera-
tions of the g3-MU-FG-GA, g6-MU-FG-GA, SU-FG-GA and
g10-MU-FG-2UI algorithms is plotted as a function of . It
was verified that all considered algorithms are reasonably close
to convergence after 30iterations. The performance of the con-
ventional SU detector, executing 30 iterations, for and

, is included as an additional reference. The most impor-
tant observations are listed below:
• The degradation of all considered MU detectors with re-
spect to the single user case (and hence, in a sense due to
the remaining IUI), is considerable: about 1.5 dB at a PER
of . This loss in power efficiency is the price to pay for
the gain in spectral efficiency that is realized. Assuming a
normalized spectral spacing of , and for the con-
sidered BIC-CPM scheme, the spectral efficiency (9) in-
creases from 0.8 for to 1.8 for .

• For the considered range of and PER values, and
executing the same number of iterations for all algo-
rithms, g3-MU-FG-GA outperforms g6-MU-FG-GA and
g10-MU-FG-2UI. From all MU FG-based algorithms,

surprisingly, the algorithm based on the FG with the
smallest girth requires the lowest for achieving a
given PER. Conveniently, this algorithm also has the
lowest computational complexity per iteration, per user
and per symbol period. For the considered range of
and PER values, and executing 30 iterations for both
algorithms, g6-MU-FG-GA also significantly outperforms
g10-MU-FG-2IU.

• At = 7 dB, g3-MU-FG-GA with only 21 itera-
tions yields about the same PER performance as
g10-MU-FG-2IU with 30 iterations and SU-FG-GA
with 30 iterations, namely, PER . At ,
g3-MU-FG-GA with only 21 iterations achieves a lower
PER than SU-FG-GA with 30 iterations and is likely
to perform at least as well as g10-MU-FG-2IU with 30
iterations.

• The slope of the PER curves obtained with SU-FG-GA
is noticeably smaller than with g6-MU-FG-GA and
g3-MU-FG-GA. The SU-FG-GA algorithm is therefore
not suited for use at high .

An explanation for g3-MU-FG-GA and g6-MU-FG-GA
yielding a better PER performance than g10-MU-FG-2IU
can be found in the fact that the 2IU approximation from [5]
is not very accurate for values of as small as 0.3. It
is less obvious, however, why g3-MU-FG-GA outperforms
g6-MU-FG-GA. In the considered simulation set-up, users have
a random temporal misalignment at the receiver. The compar-
ison with simulation results (not shown here) obtained for the
ideal situation that all users are synchronously received seems
to suggest that g3-MU-FG-GA, in contrast to g6-MU-FG-GA,
benefits somehow from this randomness in the signal1

We recall, from (9), that increasing yields a larger spec-
tral efficiency of the considered multiuser communication
system. A larger also requires a larger minimum sample rate

at the receiver, which in turn slightly augments the com-
putational complexity of the g3-MU-FG-GA, g6-MU-FG-GA
and SU-FG-GA algorithms (see Table III). Fig. 9 illustrates the
PER performance of the considered algorithms for BIC-CPM
scheme #1, when the number of users per group is increased to

and the sample rate is . We make the following
observations:
• In general, a significant performance degradation is ob-
served as compared to the case where . At a PER of
about , this degradation amounts to about 1.25 dB in
. The degradation with respect to the SU case, increases

from about 1.5 dB, for (see Fig. 8), to about 2.25 dB,
for , at a PER of about . On the other hand,
assuming , an increase in spectral efficiency is
realized from 1.8, for , to 2.3, for (see (9)).

• Again, the proposed g3-MU-FG-GA and g6-MU-FG-GA
algorithms outperform the reference g10-MU-FG-2IU
algorithm. g10-MU-FG-2IU with 28 iterations obtains a

1For scheme #1, 5 users and the considered range of , the PER
performance of g3-MU-FG-GA turns out to be slightly better with asyn-
chronous users than with synchronous users; moreover, the PER performance
of g3-MU-FG-GA with synchronous users equals that of g6-MU-FG-GA
with synchronous users, which in turn is found to virtually equal that of
g6-MU-FG-GA with asynchronous users.
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Fig. 9. PER versus for scheme #1 from Table I and . Data points
based on error events, with smaller than 100: for g6-MU-FG-GA
with 26 iterations at and for SU-FG-GA with 26

iterations at .

PER of at , whereas SU-FG-GA
with 24 iterations, g3-MU-FG-GA with 28 iterations and
g6-MU-FG-GA with only 24 iterations achieve about a
1/3 of that PER value of at a 0.5 dB lower value of .

• At , SU-FG-GA with 24 iterations,
g3-MU-FG-GA with 28 iterations and g6-MU-FG-GA
with 24 iterations yield about the same performance.
It should be noted however that 24 iterations of
g6-MU-FG-GA requires more computation time than
28 iterations of g3-MU-FG-GA. This is because
g3-MU-FG-GA is only about half as complex per iteration.

• When executing 26 iterations for both algorithms,
SU-FG-GA outperforms g6-MU-FG-GA at ,
whereas the opposite holds for lower values.

In Figs. 10–11, results are presented for scheme #2 from
Table I. The normalized carrier spacing is 0.8, yielding a
maximum value for equal to .
Fig. 10 applies to groups of users and .

The ranking of the algorithms in terms of error performance
is different from when scheme #1 is used. For scheme #2,
g10-MU-FG-2IU outperforms the simpler g3-MU-FG-GA,
g6-MU-FG-GA and SU-FG-GA, even after significantly less
iterations. The degradation of this detector with respect to the
conventional SU detector for is rather small: about
0.5 dB at a PER of about and about 1 dB at a PER of
about . This power efficiency loss stands against a
spectral efficiency gain of about 20% (assuming )).
However, for this particular scheme, g10-MU-FG-2IU (even

Fig. 10. PER versus for scheme #2 from Table I and . Data points
based on error events, with smaller than 100: for g10-MU-FG-2IU
with 30 iterations at , for g10-MU-FG-GA with 8

iterations at , for g3-MU-FG-GA with 30 iterations

at and for g6-MU-FG-GAwith 30 iterations

at .

with as little as 8 iterations) is an order of magnitude more
complex than any of the other algorithms (with up to 30
iterations). The former algorithm can therefore be excluded
for practical use. Out of the three remaining algorithms, the
ad-hoc SU-FG-GA is to be preferred for PERs not smaller
than about . Below , g6-MU-FG-GA
yields a better performance, provided that a sufficient amount
of iterations is performed. Yet, the degradation with respect to
the PER obtained with the (overly complex) g10-MU-FG-2IU
amounts to several dB. The slope of the PER curve resulting
from the ad-hoc SU-FG-GA decreases significantly above

. For above 6.5 dB, the PER of SU-FG-GA also
hardly decreases between the 12th and the 30th iteration. The
simpler g3-MU-FG-GA with 30 iterations achieves about the
same performance as g6-MU-FG-GA (which is about 4 times
as complex per iteration) with 15 iterations.
Fig. 11 presents similar results for BIC-CPM scheme #2

from Table I and . As for , the impractically
complex g10-MU-FG-2IU performs best. For PERs above

, the second best performance is achieved with the simple
ad-hoc SU-FG-GA. The g3-MU-FG-GA algorithm turns out to
be the worst option. This algorithm has a very low convergence
speed. The difference between the PER of the g3-MU-FG-GA
detector with 30 iterations and that of the g6-MU-FG-GA de-
tector with 30 iterations is much larger than for the case where

.
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Fig. 11. PER versus for scheme #2 from Table I and . Data points
based on error events, with smaller than 100: for g10-MU-FG-2IU
with 7 iterations at , for g10-MU-FG-GA with 14

iterations at , for g6-MU-FG-GA with 30 iterations

at and at , and for SU-FG-GA

with 30 iterations at , at ,

at an at .

VI. CONCLUSIONS

In this paper we have derived two new multiuser detection
algorithms for spectrally efficient bandpass communication of
BIC-CPM signals over a typical satellite channel. General asyn-
chronous transmission is considered.
The proposed techniques implement approximate minimum

bit error rate MU detection. They are derived from the SP and
FG framework. Two different FGs are employed. To reduce the
computational complexity of the SP procedure a suitable set of
SP messages are assumed to be Gaussian distribution functions.
The computational complexity and memory requirements

of the proposed receivers are considerably lower than for the
FG-based receiver from [5] (even with the approximation that
the IUI is only due to the two adjacent channels) and about the
same as for the receiver with simple ad-hoc IUI cancellation
from [6].
Our simulation results show that the ranking of the different

algorithms in terms of error performance strongly depends on
the transmission system parameters. For all considered sets of
system parameters, yielding a high spectral efficiency [about
1.8, 2.3, 2.08, and 2.15 transmitted information bits per second
per Herz (b/s/Hz)], the proposed algorithms can provide a valu-
able alternative to more complex algorithms when the main
concerns are the computational complexity and the memory re-
quirements. At least one of the proposed detectors achieves low

PER values at a lower SNR than the simple ad-hoc detector from
[6]. For two sets of system parameters, with a carrier spacing
between users of only 30% of the symbol rate (and a spectral
efficiency of 1.8 and 2.3 b/s/Hz), a significant performance gain
is observed with respect to the more complex approximate MU
detector from [5], which ignores all non-adjacent users.

APPENDIX A

The per user processing part of the g10-MU-FG-GA and
g6-MU-FG-GA detectors involves evaluating (25)–(28), with

(25)

where denotes the summation over all pos-

sible values of and is the

only possible value of for which

satisfy the trellis (1)–(8)

and (10),

(26)

where denotes the summation over all possible

values of and is the only

possible value of for which

satisfy the trellis (1)–(8)

and (10),

(27)

where denotes the summation over

all possible values of for a given

value of and is the only

possible value of for which

satisfy the trellis (1)–(8)

and (10), and

(28)

where we have to distinguish between the synchronous
and the asynchronous case. For the asynchronous
case, is the only possible value of

for which

satisfy the trellis (1)–(8) and (10). For the asyn-
chronous case, is the only
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possible value of for which

satisfy the trellis (1)–(8)

and (10). The above equations hold for , for
and for .

APPENDIX B

The function values of and in
(15)–(16) can be evaluated according to (14) and (13), and in-

volves computing the quantities and , for all ,

for all , for all relevant and for all possible realizations of

and . The values of and , in their
turn, can be efficiently obtained, using table look-ups. To limit
the size of these look-up tables, we round the time delays ,

, to the nearest integer multiple of ,

with integer valued. The vector in (14) then follows
directly from (1)–(3) and (10) and a precomputed look-up table
(LUT-1) that stores real-valued numbers, namely,
the value of for and

for all possible realizations of . The vector product

in (13) can be computed as:

(29)

with

(30)
and

(31)

where . It is easily veri-

fied from (1)–(3) and (10) that the quantity from (31) is
completely determined by the value and by the sixtuple
, with

(32)
with , being the largest in-

teger smaller than or equal to . Since

it suffices to precompute for positive values of .
For a given value of , the values of from (31) can
therefore to be stored in a precomputed look-up table (LUT- ,
with ) that contains real-valued
numbers, namely, the real and imaginary parts of the complex-
valued result of the right-hand side of (31), evaluated for all

possible values of from (32). In general,
such look-up tables are required by the detector from

[5]: LUT-2.1, LUT-2.2, \ldots , LUT- . The simplified

detector, which only takes into account the interference from the
most adjacent users, needs only look-up tables, namely,

LUT-2.1, LUT-2.2, \ldots , LUT- .
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