Queueing Theory Basics Goal: make an analyticalmodel of
customerseedingservice,andusethat modelto predictqueue
lengthsandwaiting times.

May not be accurate for real situations,but we get in-
sightsneededor studyingnetworks.

Terminology

Customers— independenentitiesthatarrive at randomtimes
to a Senerandwait for somekind of service thenleave.

Serwver — canonly serviceone customerat a time; length of
time to provide servicedependson type of service; cus-
tomersaresenedin FIFO order

Time — real,continuoustime.

Queue — customerghat have arrived at sener but arewaiting
for their serviceto startarein thequeue

Queuelength at time t — numberof customersn the queue
attimet.

Waiting Time — for agivencustomerhow long thatcustomer
hasto wait betweenarriving at the sener and when the
sener actually startsthe service(total time is waiting time
plusservicetime).



lllustration of customersgueueandsener.

Sener

a; is beingsened
a,—a, arein queue

as—ag haven't yetarrivedat sener

Notation

T; is arrival time (at sener) of customerg

O<Ti<h<Tz<---

A is interarrival timedefinedby

A=Ti—Ti

S is servicetime for customelry



M/M/1 Queues
In orderto make analysispossible someassumptionsboutin-
terarrival andservicetimes.

1. Thenumberof arrivalsatsenerin ary timeinterval of length
T is Poissordistributedwith parameteiT.

(AT
P(A(t+1T) — A(t) = n) = e (nT!)

2. Each4; is independentlyandomwith probability
P(A =t) =\e™
which of coursemeanghat
P(A >t) =e™
Whatis average(expected)nterarrival time?

3. EachS is independentlyandomwith probability
P(S=t) =pe™

Theorem [StatisticalEquilibrium]

Letx: bethenumberof customer®itherin queueor beingsened
attimet. Theoremstates:

o) ()

(Provedby Markov chainanalysis.)



Questions

1. Whatif A > pu?
2. Whatis expectedqueudength?



Arri val Rate versusinterarri val Rate

Let A; bethe numberof arrivalsatthe sener from time zeroup
to timet. An intuitive definitionof thearrival rateA is

A=lim A customergunit of time

t—o0

Let thefirst customenarrive attime 1, the secondcustomerar-
rive attime 11 + 1o, thethird customemrrive attime 1, + 1, + 13,
andsoon. Thenty,1,,13,... arethe lengthsof time intervals
betweerarrivals. The arrival rateup to the time whenthe k-th
customemarrivesis

K
T+To+- -+ Tk

The averageinterarrial time (time betweenarrivals) up to the
time whenthek-th customeiarrivesis

T1+To+ -4+ Tk
k
Therefore
. . 1 1
A= Ilim = |lim

oo YK T koo (3R T) kAT

shavs thatthe meaninterarrival rateis A 1.



If arrival distribution is Poissonthenwhy is interarrival distri-
bution exponential?

Actually it's the otherway around: if we startby as-
sumingthatinterarrval ratesareexponential thenPois-

sondistribution of arrival ratescanbe proved(usingre-
peatedconvolution).



MeanqueudengthN is:

Graphof A/p (x-axis)versus N (y-axis):
2 T T T T T T T T T

2_

ut.

Thereforewhenthe averageservicerategetslargerandthe (in-
ter) arrival ratestaysthe same the queuelengthincreases!



Little’ s Theorem

N=AT

whereN is themeanqueudength, T is themeantotal delay(in-
cluding bothqueuingtime andservicetime), andA is the (Pois-
sonparameterarrival rate.

Intuition

If average customespendgimeT in systemthenabout
AT customes are waiting behind,becausearrival rate
IS A.

Question

Customersrrive on averageon every two minutesat a
fastfood restaurantThe meantime spentin therestau-
rant per customeris 20 minutes(waiting in line, pay-
ing, eating). On average,how mary customersarein

therestaurant?



Other Typesof QueueingModels

M /M /m — exponentialarrival rate and servicetimes, with m
seners(like grocerystorewith mary checloutlanes).

M /M /m/m — exponentialarrival rate and servicetimes, with
m seners, but nobodywaits in queue(if all m senersare
busy whena customerarrives, that customergivesup and
leaves).

M /M /o — exponentialarrival rateandservicetimes,with un-
limited numberof seners(customersever wait in queue).

M/D/1 — servicetimesaredeterministiqe.g.aconstantfixed
servicetime regardlessof customer).

M/G/1 — exponentialarrival rate,but serviceratehasa “gen-
eral” (arbitrary)probability distribution,anda singlesener.

M /G/m — sameasabove, but with m seners.

For eachof the above models,the questionsaarethe same:what
IS meanwaiting time, whatis meantotal time in systemwhatis
meanqueueength?How arethesefactorsrelated?



The P-K Formula for M/G/1

The “G” in M/G/1 refersto a generaldistribution of service
times. Let X; be the servicetime for thei-th arriving customer
SupposehesdimesXy, Xy, ...areindependenidentitically dis-
tributed,andindependendf theinterarrval times.

1 —
E(X) = v = meanservicetime

Also definethe secondnomentof servicetime, whichis
E(X?) = meanof squaredservicetimes

For corvenience,
A

P= I =AE(X)
ThePollaczek-Khintin formulais:
)\E(Xz)
2(1-p)

whereW is the expectedcustometime waiting in queue.

W =

Whatis P-K formulaif G = M, thatis, for M /M /1 ?

P
u(1-p)
Whatis P-K formulafor M/D/1?

_ P
2u(1-p)

W =
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Networks of QueuesWe canalsomodelaclosedsystenof cus-
tomersthattravel from onesenerto another

A typical examplewould be a setof “jobs” (the cus-
tomers)in a computersystem,with a disk drive (one
sener), a CPU (a secondsener), anda network inter-
face(athird sener). Using queueingmnodels,onecan
predict where bottlenecksoccur if enoughis known
aboutdistributionsof servicetimes.
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