
QueueingTheory BasicsGoal: make an analyticalmodel of
customersneedingservice,andusethatmodelto predictqueue
lengthsandwaiting times.

May not beaccurate for real situations,but weget in-
sightsneededfor studyingnetworks.

Terminology

Customers— independententitiesthatarrive at randomtimes
to aServerandwait for somekind of service,thenleave.

Server — can only serviceonecustomerat a time; length of
time to provide servicedependson type of service; cus-
tomersareservedin FIFO order.

Time — real,continuous,time.

Queue— customersthathave arrivedat server but arewaiting
for their serviceto startarein thequeue.

QueueLength at time t — numberof customersin the queue
at time t.

Waiting Time — for a givencustomer, how long thatcustomer
has to wait betweenarriving at the server and when the
server actuallystartstheservice(total time is waiting time
plusservicetime).
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Illustrationof customers,queueandserver.

a9 a8 a7 a6 a5 Servera1a2a3a4

a1 is beingserved

a2–a4 arein queue

a5–a9 haven’t yetarrivedat server

Notation

Ti is arrival time(at server)of customerai

0 � T1
� T2

� T3
� �����

∆i is interarrival timedefinedby

∆i � Ti � Ti � 1

Si is servicetime for customerai
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M/M/1 Queues

In orderto make analysispossible,someassumptionsaboutin-
terarrival andservicetimes.

1. Thenumberof arrivalsatserverin any timeintervalof length
τ is Poissondistributedwith parameterλτ.

P
�
A
�
t � τ � � A

�
t � � n� � e� λτ

�
λτ � n
n!

2. Each∆i is independentlyrandomwith probability

P
�
∆i � t � � λe� λt

which of coursemeansthat

P
�
∆i 	 t � � e� λt

Whatis average(expected)interarrival time?

3. EachSi is independentlyrandomwith probability

P
�
Si � t � � µe� µt

Theorem [StatisticalEquilibrium]

Letxt bethenumberof customerseitherin queueorbeingserved
at time t. Theoremstates:

P
�
xt � n� � 


λ
µ � n 


1 � λ
µ �

(Provedby Markov chainanalysis.)
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Questions

1. Whatif λ � µ ?

2. Whatis expectedqueuelength?
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Arri val Rate versusInterarri val Rate

Let At bethenumberof arrivalsat theserver from time zeroup
to time t. An intuitivedefinitionof thearrival rateλ is

λ � lim
t 
 ∞

At

t
customers� unit of time

Let thefirst customerarrive at time τ1, thesecondcustomerar-
riveat timeτ1 � τ2, thethird customerarriveat timeτ1 � τ2 � τ3,
andso on. Then τ1 � τ2 � τ3 ������� are the lengthsof time intervals
betweenarrivals. The arrival rateup to the time whenthe k-th
customerarrivesis

k
τ1 � τ2 � ����� � τk

The averageinterarrival time (time betweenarrivals) up to the
time whenthek-th customerarrivesis

τ1 � τ2 � ����� � τk

k

Therefore

λ � lim
k 
 ∞

k

∑k
i � 1τk

� lim
k 
 ∞

1�
∑k

i � 1τk ��� k
� 1

λ � 1

shows thatthemeaninterarrival rateis λ � 1.
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If arrival distribution is Poisson,thenwhy is interarrival distri-
butionexponential?

Actually it’ s the other way around: if we start by as-
sumingthatinterarrival ratesareexponential,thenPois-
sondistributionof arrival ratescanbeproved(usingre-
peatedconvolution).
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MeanqueuelengthN is:

N � λ
µ � λ

Graphof λ � µ (x-axis)versus N (y-axis):

1

1

2

2

0. 0. 0. 0. 0. 0. 0. 0. 0.

Recallthatmeaninterarrival rateis λ � 1 andmeanservicerateis
µ� 1.

λ
µ � µ� 1

λ � 1

Therefore,whentheaverageservicerategetslargerandthe(in-
ter) arrival ratestaysthesame,thequeuelengthincreases!
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Little’ sTheorem

N � λT

whereN is themeanqueuelength,T is themeantotaldelay(in-
cludingbothqueuingtime andservicetime),andλ is the(Pois-
sonparameter)arrival rate.

Intuition

If averagecustomerspendstimeT in system,thenabout
λT customers are waiting behind,becausearrival rate
is λ.

Question

Customersarrive on averageon every two minutesat a
fastfood restaurant.Themeantime spentin therestau-
rant per customeris 20 minutes(waiting in line, pay-
ing, eating). On average,how many customersare in
therestaurant?
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Other Typesof QueueingModels

M � M � m — exponentialarrival rateandservicetimes,with m
servers(likegrocerystorewith many checkout lanes).

M � M � m� m — exponentialarrival rateandservicetimes,with
m servers,but nobodywaits in queue(if all m serversare
busy whena customerarrives, that customergivesup and
leaves).

M � M � ∞ — exponentialarrival rateandservicetimes,with un-
limited numberof servers(customersneverwait in queue).

M � D � 1 — servicetimesaredeterministic(e.g.aconstant,fixed
servicetime regardlessof customer).

M � G � 1 — exponentialarrival rate,but serviceratehasa “gen-
eral” (arbitrary)probabilitydistribution,andasingleserver.

M � G � m — sameasabove,but with mservers.

For eachof theabove models,thequestionsarethesame:what
is meanwaiting time,whatis meantotal time in system,whatis
meanqueuelength?How arethesefactorsrelated?
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The P-K Formula for M � G � 1

The “G” in M � G� 1 refersto a generaldistribution of service
times. Let Xi be theservicetime for the i-th arriving customer.
SupposethesetimesX1, X2, . . . areindependent,identiticallydis-
tributed,andindependentof theinterarrival times.

E
�
X � � 1

µ � meanservicetime

Also definethesecondmomentof servicetime,which is

E
�
X2 � � meanof squaredservicetimes

For convenience,

ρ � λ
µ � λE

�
X �

ThePollaczek-Khinchin formulais:

W � λE
�
X2 �

2
�
1 � ρ �

whereW is theexpectedcustomertime waiting in queue.

Whatis P-K formulaif G � M, thatis, for M � M � 1 ?

W � ρ
µ
�
1 � ρ �

Whatis P-K formulafor M � D � 1 ?

W � ρ
2µ

�
1 � ρ �
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Networks of QueuesWecanalsomodelaclosedsystemof cus-
tomersthattravel from oneserver to another.

A typical examplewould be a set of “jobs” (the cus-
tomers)in a computersystem,with a disk drive (one
server), a CPU (a secondserver), anda network inter-
face(a third server). Using queueingmodels,onecan
predict where bottlenecksoccur, if enoughis known
aboutdistributionsof servicetimes.
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