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s "IN ), the
ive channel. inter-symbol interference (ISI) is avoided by appending a guard  DMT signal can be generated by means of an inverse Fast Four-
time to each symbol. ISI free transmission is guaranteed provided that the ier Transform (IFFT) :w Hence, the DMT signal .i: can be
guard time duration is longer than the channel impulse response. In addi- expressed as - J
tion, the orthogonality of the modulated carriers is maintained when the guard ’
time consists of a periodic extension of the signal transmitted for each symbol. . )
This paper analyses the structure of the ISl and the inter-carrier (IC1) interfer- #e) = ) (1)
ence which is present at the Input of the decision device when the length of the 1
composite impulse response exceeds the guard time duration. For multi-carrier -—_ MU M Dw: MU m‘_wu
transmission by means of modulated IDFT basis vectors, a simple expression for 2V
the ISI and ICI is derived. The study clarifies to which extent different carriers
in the multi-carrier signal interfere. Based on the analysis. 2 symbol frame syn- Haho&:m Qw.: s Anwﬂz IJ..(.». € T._ N = S 1 (D) ulm_n_m a real

chronization structure is proposed. The results are itlustrated for high rate data 3 : - T :
transmission over copper wires where the capacity loss caused by the presence baseband signat with DMT symbol period (2.V r+ V)T where the

of ISI and ICI is computed. symbol QF modulates the carrier at frequency 777 - Inthe sequel,

it is assumed that the varance of the symbols is normalized to £,

(ie. Efl|lag]I*] = E.)if vector Bi is modulated and that af, =0

[ [NTRODUCTION in case the k-th subchannel is not used. . SEEE

At the receiver, the detection of the symbolsa®, &’ ¢ [0.V]

is done as follows: the receiver filter output is sampled at the time

instants ¢ = m'(2N +0)T +n'T+AT with n’ € [—r, 2N —1].

The prefix samples are discarded and an FFT is performed on

multitone (DMT) signaling performs modulation digitally by the Raanmzm 2N real values. The .oﬂﬂ cn,n_.c.mnz the receiver

means of a set of orthogonal vectors 18 = (BE. ., @wzl_ ).k € and transmitter mzﬁuo_.m&aq n_wn_n. P\N is provided by .En sym-

10, BN = 1]}. bol frame synchronization algorithm in order to make nmr.mEn de-
cisions about the received symbols a¥., . k' € [0...., NV].

The signal at time instant t = m'(2N+ )T+ 7' T+ AT can

. —_— s 2 " . : 254D
Abstracr—In multi-carrier transmission over a slowly time-varying dispers- fis = le ma_nn::m the IDFT basis vectors ?M = ¢*

+2 2N-—-1 2N-1

=

n

(%]
2

p(t=nT—m(2N+1)T)

m=—oc k=0 n=—vu

In multi-carrier transmission, the (binary) information se-
quence is split in consecutive data frames. The bits belonging to
each frame are assigned to the available subchannels (carriers) and
mapped into symbols that modulate the carriers (Fig. 1). Discrete

Denote a¥, the {complex) symbol that modulates the k-th vec-
tor during the m-th frame. The transmitter generates the samples

2N=1 i,k Ao . be expressed as
sm(n) = 3 ambln € [0...,2¥ —1]. In order to avoid P
interference between DMT frames during transmission over a dis- i +0 2¥-12N-]
. Gy ; k uut-
persive nzm::m_” a prefix is appended to .ws.?:. (¥m), s&._n: con- Pnfpmi(2N4u)+A = e M M M Ame? 7N,
Sists of a repetition of the last p samples. Finally, conversion from T mz=—co k=0 n=—u

discrete-time to continuous-time domain is performed by feeding , Y- cal ”
the generated sample sequence to a transmit flter p(t) at the rate gl = ) T+(m' — )N +)T+AT) + N (2)
where git) denotes the composite channel impulse response
which consists of cascad the channel, the transmit filte
framem  frame m+1 hich ¢ nsists of the e of cha el ." e trans .n lter

* and the receiver filter. The second term in {2) is the contribution

110110 001101 O_ 110101 .#J 1 OA,\ of the (coloured) noise added to the DMT signal during transmis-

sion over the channel. The corresponding FFT outputs can be

| A

— —
| ofte |ak+l] = | expressed as
, — | m L, —™ | N :
QA ole | T f 281
i : Yy I P ! | & |_4.u.|4 Lt
TS T O N S ”_ [ FFTn = M Tnigm! (2N 4v) 428
o : dnm oz :
Eiy=——y e T ) E — V n'=0
S v e , = . \m _h .mDv .
e — Posl | & =P = p(t) = +x 2N =] _
! ! T —— I 3
_muu/ g, ke W __ = m m ab:E (m k) + N5,
| ~. a L] m . Ol m-=m v T m
S & e | i | , m=—x k=0
| P | |
(e M " 1 .
mapper [ — with
i - |
B S, iy
u.ﬂ.?ﬂ..\mv =
Fig 1. Multi-carrier transmitter ! Fur the carrier at e and .L,...# (k=0). k=N) the transmitted symbuols are Pd:cw: = {a X))
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Mm mgwuli,.l».;:

v
n" =n'"-n, and
Foat o -n" lt./.I:M::MQ
Y = —y v<n” <2N = 1+u
Uiy — 2NV -1 -2N-1)<n" <0
() = 2AN=1-n" 0<n" <2N—1+v

The signals presented to the decision device are corrupted by inter-
frame and intra-frame interference. In the assumption that the
composite impulse response is restricted to —(2.V — 1 — AT €
£ < (2N —=1+v+ )T, the FFT output contains contributions
only from the transmitted symbols ?ﬁ_l_.mﬂrnﬂ,t”_.»‘ €
(0., 2.V ~1]. In the sequel it is shown how the [C] and IS] contri-
bution to the decision variables m.mw_,ﬂw easily can be expressed as
function of 2V point FFT transforms on segments of the sampled
composite channel impulse response g(t). The analysis gives an
understanding to which extent the subchannels interfere. The re-
mainder of the paper is organized as follows. In section II, the
signal at the FFT output is decomposed into a useful component,
inter-symbol interference and inter-carrier interference, respect-
ively. In section 111, a frame synchronization structure is derived
which is based on minimizing the total IS] plus ICI power in the
received signal. In section IV, the capacity reduction caused by
the presence of IS1 and ICI is illustrated for high rate DMT trans-
mission over the copper wire. Finally, in section V. conclusions
are drawn,

[I. DECOMPOSITION OF THE RECEIVED SIGNAL
A. The Useful Signal component

. ’ . -
The useful signal component in FFT*, is the term proportional
- g P 5 prop:
to a%,, and can be expressed as

AN =140
f ’ r e AN
aw{nw&ﬁﬂ._z = a”._\ M wn)g({n+A)T)e ™l 3X*57
n=—(2N=1)

(3)
where w(n) is depicted in Fig. 2. In case the impulse response
duration is shorter than the guard time (ie. g(t) = 0 for ¢t >
(v»+A)T and t < AT) (3) can be written [2] as

aﬂ_n,ﬂ.;ws.. Ky = D”“\ O_nnvn.u_,lh$i
= af, G(2)=2 _ sams, 4)
where fi, = u,n._.h., and G(z) is the Z-transform of the sampled

compasite impulse response g(t). Note that

+
v y2efT |..— , [
Gl T)=2 3 Gf + 7).

==

+
-fT - 1 I - !
Qﬁ-mgu.%_bmk_w:&m}b” wu M Qﬁgﬂl*:ﬂvmgm..:.‘.mx_ﬂb.
=—

AENY

4 Wiey ()
e .
iﬁu?U
/ \.\Il./||,\l'
w,(n)
w(n)
o
-512 0 544
2N v IN+y

Fig. 2. The weight functions w(n), wigr(n), wicy, (n) wiey, (n)

where G(f) is the Fourier transform of g(t). Hence (4) can he
rewrtten as

Wi it 3 #- 27t
aky ki (m' k') = a%, =G T

provided that G f) is strictly band limited to TW MF_
When the composite channel impulse response is not restricted
to the guard time, the useful signal can be expressed as

nﬂ_nﬁ.‘?z\.b_u = (3)
ali ‘.‘“b AQ?U -+ maumﬁ.;nv+ (A +v)Gi(z)
= :G2(2) = AGa(=)]| __2er

where Gy (=) en G2(=) are the Z-transforms of sampled versions
of g1(t) en g (t) defined as:

X g(t) (v+A)T <t < (2N -14+A40)T
.S.H ) 0 elsewhere

Il

: g(t) —(2N=-1)-A)T <t< AT
92(t) 0 elsewhere

g1(t) and gz (¢) are refered to as the tail and the head of the com-
posite impulse response g(t) hereafter.

B. Calculation of the IS!

In case the composite impulse response is longer than the guard
time. ICI and IST will be added to the FFT outputs. ISI(m’, k') is
the inter-frame interference originating from the symbols mod-
ulating carrier qﬁﬂ. The inteference consists of the contribu-

+ ... .5 W
tion from the symbols a* ,.. and a* +_ to the decision variable
% m'<4] m 1

'

7 . . . k
FFT,,, which is used to estimate the transmitted symbol a
ISI(m', k") can be written as

ISI{m’, k') (6)
= A _ishem’ = LE) + ¥y <K (m + 1K)
1 2N+
”Dw—_l_j.. M _.‘Jl__\wm:z.TDE;wmﬂ..u.ﬂ.»?li
n=uv<+1

-1
L/ H L e ._\ - hh‘ ]
—ami gy [EVFEY ST g a)Tyens ok

n==2\
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where

2N -—-1

FFTi(k) = ) glln+v+14a)T)e 350
n=0 N
ZN-—-1

FFT2 (k) = M 9({n = 2N +A)T)e~7 3% k0
n=0Q
2N -1

FFTs(k) = ) ngl(ntv+1+4)T)e Fkn
n=0
2N =1

FFT4(k) = M ng((n — w?..rbﬁﬁ?dwm..?
n=0

Observe that FFT, (k) and FFT: (k) (k € (Q,..,2N —1]), are the
FFT of the (sampled) tail and head.

C. Calculation of the ICI

Two types of inter-carrier interference can be distinguished:
intra-frame ICI (ICI, ) and inter-frame ICI (ICL). ICL (m' k' k)
denotes the interference from the symbol mw: vk # k', the sym-
bols modulating the k-th basis vector at the m’-th symbol period:

2N4v=—1
ICL(m', k', k) Hnw{uaﬂ;z._.._.n‘v =ak, MU v(n)
n=—(2N-1)
where
2Nv(n) =
—(2N-1) <n<-1 g((n+A)T)e™ mm;:.vﬁi
0<n<y 0

_\+HM:.A,_.:<+t|H.q_:n.TDVmeJ.wmq:_?.tr:_.%?:
with
1 — e—27(k=k')w(n) )

Win) =

1— =737 l—k) ~

Defining (Fig. 3)

T ’ =1
Ak — k') = Tlml H;L.; ;

ICL (m'. k', k), becomes

k

B ! i a
ICLi(m', k', k) = A(k - & T
Tiwz T,rh...,,i_ﬂﬂp:..; - mi_.m%ﬂui

+ Tuﬂ%ifiﬂi».i
k
Pl
x Ak -k e,

-Gy L vl..m.,h..»b.TQh 3 Jo I S he= k)
INT NaNT/*

+0a{ el 36 _ gy K3 )
INT* noNT €

s w4
25k

|
14

Anplituke (B
— 1
s

o =

Fig. 3. |A({n)|as functionof n

k
m—1

ICI;(m', k', k) is the interference caused by the symbols a
and a,,, and can be written as

1o i L :
ﬁES.».Eu.ﬁ»niﬂ. (8)
TN\L TJW&_..E_E - mdmata:»&

-

+ag s e TV IR [FFTy (k) - FFT; (k)]

1 i 3 mlﬁ.t
= —syp k=4 Jame e/ 355
G (o)’ R 4Gy (e Bt )
1 INT 2NT

ar

)T ERA )

—jAx k 2=
|TQ”._H+HQ St Qua.u /.N.QQLM?.T&.'QNA

2NT

D. Discussion

Equation (6) implies that the ISI can be expressed in terms of
the Fourier transform on the tail gy (¢), head g2 (¢) and their deriv-
ates evaluated at the considered carrier frequency % ICI (7.8)
depends upon the Fourier transform of the head and the tail, taken
at the useful carrier frequency u.ﬂw and the interfering frequency
u|<m.u|. The weight function |.4(k — &')| in the equations bears out
the inwition that interferers further away from the useful carrier
interfere far less than nearby interferers. However, as will be il-
lustrated in:section IV; the effect of the channel transfer function
may not be neglected. Comparing (7) with (8) reveals that except
for the cross-product term

a.z.wju O e (R

k JEE kA
m,_z.HLm

) .»,_ —-) 3T (kv—k'{v+ )

+G (5= )e ™ 3T
2NT

k an kK e |

a um:.l...b. = u.nﬂd‘r A 9

O;w./ﬁLm 2 OAME.H (9)

the inter-frame interference power from modulated carrier m..m.w.
'

o: NIMJu is equal to the intra-frame interference power attributed to
that carrier. In many cases, the contribution of the cross-product to
the ICI; (m', k', k) power is small. Observe that the interference
power from type ICI; is reciproke (i.e the interference power from
carrier k on k” equals the interference power from carrier k' on k).
From equations (7,8) is clear that the carrier k does not interfere
when

13 25 ky k k - 2Tk
Ay €7 IN Y = gf =gk eI IRRY, (10)
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Indeed, selecting the transmitted symbols as in (10) corresponds
to the transmission of 4 sinusoid.
The total 1S1, ICI, and ICl2 poweris defined as

D EUISIm’ k)],

k'en()

> 1 EIICL (m' k" k)|?] and

k'eQ) ket
kzk!

M M E[ICL(m’, &' k)],

ket ke
k!

-—Hﬂ_aby ==

i

e, (A)

respectively where () is the set of indices ¢ of the modulated
carriers 57T+ When there are a smal] number of unmodulated car-
riers a close upperbound for Visp(4), Snr (A) and JQUTS
can be obrained by assuming all the carriers in the multi-carrier
signal are modulated. It is shown in the appendix that Vis(a)
can be written as

2N =1
S =E, B (lsfotm’ = 1K) 4 |28 = 1 42)
k!=0
+
=INE, 3 wigi(n)g’((n+ A)T)
Similarly, The total ICL,, ICL; and total useful signal

power,V;(A), can be expressed as

+ =

e (&) = 2NEL 37wy tmgti(n + )T
n=-—x
+

CL(A) = 2VE 3™ wig (m)g?((n + A)T)

w?...lul .

_—\cﬁbv = m.m M mu”.,;s__,_wnJL_m

; k'=0

: -

= WE Y W n)g((n+)T)

n=—og

where the weight functions are depicted in Fig. 2. It is concluded
that on the average, the ISI power is much smaller than the ICI
power and that SQLDV = Vien(a).

“HI. SYMBOL FrRAME SYNCHRONIZATION

In order to recover the transmitted DMT symbols, the receiver
processes blocks of 2V + contiguous samples, The symbol
frame synchronizer estimates symbol boundaries. In [4] the au-
thors propose a Maximum Likelihood based algorithm, which ex-
ploits the presence of the cyclic prefix. Alternatively, the syn-
chronizer may attempt to maximize the capacity what is equival-
€nt 1o maximizing the geomerric SNR [7]. A simple and robust
synchronization structure can be obtained, based on minimizing
the total ISI plus ICI power Vigp(A) + Sﬂar (&) + :Q...Tv%
The weight functions satisfy the property w=(n) + wicy, (n) +
wicr (n) + wigi{n} =1,¥n, Hence minimizing the ISI and [C]
power with respectto A is equivalent to maximizing the total use-
ful signal power. The proposed frame synchronization algorithm
can be summarized as follows. Estimate the composite channel
impulse response 9(¢t). This can be achieved during an initial-
ization phase where unmedulated carriers are transmitted and no

guard band is inserted. In a practical receiver 5223%8:0:.
() is measured only at the time instants g(nT). Find & tor which

HW..H w?(n = k)g*(nT) is maximized, Then kT yields (p,
optimal choice of AT within a sample period | — T, TT. This ap.
proach is suited for coarse grain acquisition, The m«nnwaaﬁzc;
algorithm can be simplified by replacing w*(n) by a brick-wa)|
window of length v + | (samples). Hence, the synchronizer seeks
the part of the channe] impulse response of duration T that cop.
tains the largest energy. Fine grain synchronization {during track.
ing mode) can be performed as described in [6].

IV. CapaciTy REDUCTION CAUSED BY ISI AND IC]

In case the channel varjes slowly with respect to the Symbo|
duration, the achievable transmission rate for a given bit error rate
(BER) can be optimized by selecting a constellation size for each
modulated carrier depending upon the SNR at the receiver o this
carrier. The measured SNR values are communicated to the trans.
mitter which allocates the number of bits by, on the carrier Jlﬂﬂ.l_w
according to the rule [8) o

SNR(55)G
TN Ik

where I" depends on the required BER (I" = 9.55 for BER =
1077), M denotes the system SNR margin and G the coding gain,

S ! ¥
The SNR at carrier 75 can be written as

b = |log,(1 +

7

m..lwﬁﬂ/l..__n.v =

EE(:E (m', K)]?]
E[NEL ]+ E[1SI(m’, k)] + Lsr EUICI (m k' k)]

. . 2N N
The resulting capacity becomes TNTT INT O ko ber. The first

factor indicates the capacity loss due to the insertion of the prefix.
The capacity is to be compared with the maximal achievable data
rate which is obtained when the recejver is able to cancel all the
ICI and ISI without increasing the noise variance E[|VE, 2.

A. Application to VDSL transmission

In a fibre-to-the-curb access network, the subscriber is connec-
ted by means of a copper wire to the optical network unit (ONU)
which in tumn is connected to the central office by fibre. Because
of the short wire length bit rates of tens of Mb/sec are achievable
(Very High Rate Digital Subscriber Loop transmission). As the
ONU services several subscribers, the copper wires are grouped in
a binder. This yields electromagnetic interference when the lines
carry signals. In the simultations, we assume Far End Crosstalk
(FEXT) attributed 10 12 wires in the binder. The FEXT power
spectral desity is modeled as NEEXTS*dS(f)IG(f)F where
KpExT = 3E™'0(12)06 -2y =T S(f) is the transmit psd
of the interferer, d the length of the wire (in Km), and G(f)
is the composite channel transfer function. In addition. a cmnw.
ground AWG noise with a one-sided psd of -140 dBm/Hz 15
taken into account. The DMT transceiver modulates 256 carri-
ers (2.V = 512) with a guard time length v = 32. The 10 lowesl
subchannels are not used for reasons of spectral compatibility with
other services (e.g. BRA-ISDN, POTS). At the receiver and trans-
mitter, a 5-th order Chebychev high pass filter (0.25 dB ripple.
feut-off = 375KHz) splits the DMT signals from the coexisting
services. The DMT signal occupies a transmission band up to 10
MHz (f. = 20 MHz) with a power density mask of -60 dBm/Hz-

Bl denntes the larpest integer smaller or equal 1o x
I3 ¢
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Fig. 5. Fourier Transform of head and tail Gi(f), Galf)

The transmitter and receiver filters are 5-th order elliptic filters
with 0.1 dB passband ripple and -69 dB stopband ripple. Fig. 4
depicts the composite impulse response of a 1 Km 24 AWG wire
from which the tail and the head have been determined with the
simplified synchronization algorithm (using the brick-wall win-
dow function). The magnitude of the FFT of the sampled head
and tail is depicted in Fig. 5. Obviously, the largest ICI and ISI
will appear on the carriers close to the cut-off frequency of the fil-
ters because of the large amplitude distortion and phase distortion
about that frequency (located close to carrier 109. Fig. 6 depicts
the received signal and noise spectra. In addition, the ICI,, ICI,
and ISI power on each carrier is depicted. Because of the long tail,
the system performance is severely degraded by the ISI and ICI
disturbance. On the average the IS] power is much smaller than
the ICI except for carriers modulated near the cut-off frequency.
The ICI, ISI interference level can be lowered by increasing the
length of the prefix. This results into a smaller tail.

The guard band yields a reduction of the net data rate by a factor
733w Which is negligible only when the DMT symbol period is
taken sufficiently large. In practical systems however, the symbo)
duration is limited due to the maximal end-to-end transmission
delay which is imposed by the application. In addition, larger
symbol periods require more buffer capacity and a larger arith-
Metic complexity at the receiver, Alternatively, channel equaliz-
ation can eliminate I1SI and ICL. In [5] the performance of linear
fqualization is studied. Digital FIR filtering is applied to the re-
Ceived samples in order to shorten the composite channel impulse
"eSponse to a fraction of the symbol period. The taps of the time
domain equalizer (TEQ) are selected so that the impulse energy of

Received Signal Psd
ICI+IS1

PSD [dBovHz)

Chanael Noise Psd

Is1

9010 B W W oeT "_E:o:ﬂﬁ'_‘,g_‘_i_sriaugﬂoﬂe”‘w‘
Tone index ’

Fig. 6. Spectra of the received signals

Maximal achievable bit rate
(Ne IS1, IC)

Capacity [Mbp/scc)

00 300 o8 300 s Ton o8 10 e (208 139 1409 1500

08
d[m]

Fig. 7. Achievable bit rate as function of distance

the cascade of the channel and TEQ is concentrated in a time win-
dow smaller than the guard interval. Hence, the energy of the tail
and head is reduced to a large extent. All presented expressions
for ISI and ICI remain valid provided that the impulse response
of the TEQ is taken into account. Fig. 7 depicts the achievable
capacity as function of the length d of the copper wire according
to (11) with a margin (M) of 6 dB and 3.5 dB coding gain (G).
The upper curve depicts the maximal achievable bit rate in the as-
sumption that a genius device at the receiver can eliminate all ICI
and ISI. In the absence of a TEQ, a large capacity loss caused by
ICI and ISI is observed whereas a 32 tap TEQ yields acceptable
degradation.

V. CONCLUSIONS

In this paper. an analysis of the ISI and the ICI which is added
to the decision variables when the length of the composite impulse
response exceeds the prefix length is presented. It is shown that
for multi-carrier transmission by means of modulated IDFT basis
vectors, the interference can be expressed as function of the FFT
on the head and tail of the composite impulse response. A simple
symbol frame synchronization structure is derived based on min-
imizing the total ISI and ICI power. The resuits are applied to high
rate data transmission over copper wires where the capacity loss
caused by the presence of ISI and ICI is illustrated.
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APPENDIX

The IS1 power summed over all carriers in the DMT signal,
in the dssumption that the 2.V carriers are modulated can be ex-
pressed as

2N =]
Vst = Y Ellisim. 1))
ki=0
m, 2N -1
RG] mm MU. [FET (k") + FFT: (k')
o kizp
2N -1
D NFFT,() - BT, (11 (A1)
k'=0

The first sum in (A.1) can be rewritten as

AN—1 | 2N, 2

:.wm 2 | 30 (n=vg((n+a)T)emr

k'=0 |n=v+1

2N+ 2N 4L 2N-1

= wwlm.v'u M M MUT,&IS.F_S\ICV.

n=v+ln'=ust] k'=g

9((n+2)T)g((n' +A)T)e=r F ¥ (n=n')
2N-1 2N 40

= %4 2 > n=uPdnsa)) (A2)

k'=0 n=v41
Similarly, the second sum can be expressed a5

aN-1] - %..N

ol _ o
G,zﬂm M MU ng((n+A)T)e7 35 %

k'=0 |n=—2N

=)
= £ > ng((ntajTy (A.3)
- n==25N

noaznmnm (A.2)and (A.3) yields

+20

Misi(4) =2vE, 3 wIsi(m)g (n + A)T)

n=—ny

with the weight function wigp(n) as depicted in Fig 2. An equi-
valent approach can be applied for calculating the total ICIy, ICI,
power and total useful power Vu-
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