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ABSTRACT

In this paper we derive the Cramer-Rao bound (CRB) for joint carrier phase,
carrier frequency and timing estimation from a noisy linearly modulated signal
with encoded data symbols. We obtain a closed-form expression for theCRB in
terms of the marginal a posteriori probabilities of the coded symbols, allowing
efficient numerical evaluation of the CRB for a widerange of coded systems by
means of the BCJR algorithm [1].

Simulation results are presented for a rate % turbo code combined with
QPSK mapping. We point out that the synchronization parameters for the
coded system are essentially decoupled. We find that, at the normal (i.e., low)
operating SNR of theturbo-coded system, thetrue CRB for coded transmission
is (i) essentially the same as the modified CRB from [2,3], and (ii) consider ably
smaller than thetrueCRB for uncoded transmission from [4-7]. Comparison of
actual synchronizer performance with the CRB for turbo-coded QPSK reveals
that the 'code-awar€ soft Decision Directed turbo synchronizer presented in [8]
performs very closely to this CRB, whereas ‘code-unawar € estimators such as
the conventional Non Data Aided algorithm are substantially worse; when
operating on coded signals, the performance of the latter synchronizersis still
limited by the CRB for uncoded transmission.
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l. INTRODUCTION

The impessive performance of turbo receivers implicitly assumes perfect
synchronization, i.e., the carrier phase, frequency offset and time delay must be
recovered accurately before data detection. Synchronization for turbo-encoded
systems is yet a very challenging task since the recelver usually operates at
extremely low SNR values. The development of accurate synchronization
techniques has therefore recently received a lot of attention in the technical
literature.

A common approach to judge the performance of parameter estimators is to
compare their resulting meansquare error (MSE) with the Cramer-Rao bound
(CRB), which is a fundamental lower bound on the error variance of unbiased
estimators [9]. In order to avoid the computational complexity related to the true
CRB, a modified CRB (MCRB) has been derived in [2,3]. The MCRB is much
simpler to evaluate than the CRB, but isin genera looser (i.e., lower) than the CRB,
especidly a low SNR. In [4-7], the CRB for the estimation of carrier phase, carrier
frequency and timing delay from uncoded data symbols has been obtained and
discussed. In [10], the CRB for carrier phase estimation from coded data has been
expressed in terms of the marginal a posteriori probabilities (APPs) of the coded
symbols.

In this contribution we derive the CRB for joint carrier phase, carrier frequency
offset and timing recovery in coded systems. Again we obtain a closedform
expression for the CRB in terms of the marginal APPs, alowing the numerical
evauation of the bound for a wide range of coded systems, including schemes with
iterative detection (turbo schemes). This CRB is evaluated for rate %2 turbo-coded
QPSK, and compared to (i) the MCRB, (ii) the CRB for uncoded transmission, and
(iii) the MSE of some practical synchronizers. Our results point out that, at the
normal operating SNR of the turbo code, (i) the CRB is essentialy the same as the
MCRB, (ii) the CRB is significantly smaller than the CRB for uncoded
transmission, and (iii) the CRB is a tight lower bound on the MSE resulting from
the joint synchronization and turbo decoding scheme the authors proposed in [8].

. PROBLEM FORMULATION

Consider an observation vector r with a probability density function p(r;u) that
depends on a deterministic vector parameter u. Suppose that from the observation r,
one is able to produce an unbiased estimate U of the parameter u, i.e, E,[(]=u
for dl u; the expectation E,[.] is with respect to p(r;u). Then the estimation error
variance is lower bounded by the CRB [9]: E [({, - u;)?]® CRB, (u), where
CRB;(u) isthei-th diagonal element of the inverse of the Fisher information matrix
(FIM) J(u). The(i,j)-th element of J(u) is given by
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The probability density p(r;u) of r, corresponding to a given value of u, is called the
likelihood function of u, while In(p(r;u)) is the log-likelihood function of u. Note
that J(u) is a symmetrical matrix. When the element J;;(u) = O, the parameters u
and y are said to be decoupled.



When the observation r depends not only on the parameter u to be estimated but
also on a nuisance vector parameter v, the likelihood function of u is obtained by
averaging the likelihood function p(r|jv;u) of the vector (u,v) over the a priori
distribution of the nuisance parameter: p(r;u) = E, [p(r | v;u)]. We refer to p(r|v;u)
as the joint likelihood function, as p(r|v;u) is relevant to the joint estimation of u
andv.

Let us consider the complex baseband representation r(t) of a noisy linearly
modulated signal :

(®)= & ah(t- KT- t)ep(j(q+2pFt) ) + ). 2

k=-K

where a = (ax, ... &) is avector of L = 2K+1 symbols taken from an M-PSK, M-
QAM or M-PAM congtellation according to a combination of an encoding rule and
amapping rule; h(t) is an even, real-valued unit-energy square-root Nyquist pulse; t
is the time delay; q is the carrier phase a t = O; F is the carrier frequency offset; T is
the symbol interval; w(t) is complex-valued zeromean Gaussian noise with
independent real and imaginary parts, each having a normalized power spectral

density of No/(2Es), with Es and Ng denoting the symbol energy and the noise power
spectral density, respectively.

With u = (w,Ww,w) = @,Ft) and v = a, the joint likelihood function p(r|jv;u)
resulting from (2) is Gaussian, with a mean depending on () and a covariance
matrix that is independent of (u,v). Within a factor not depending on (u,v), p(r|v;u)
is given by

p(r | v;u) = p(r |a;q,F,t) = (K)F(akfik(q,F,t))' 3)

k=- K

where

Flay.Z(a.F 1)) = expg (ZRe[aka(q F t)] |ay| ) 4
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In (3), r is a vector representation of the signal r(t) from (2), and 7z (qg,F,t) =
z (F,t)e 9 where z, (F,t) isdefined as

7 (F,t)= ¢e 12PFr(t)h(t- kT- t )dt. (5)

Notethat Z, (q,F,t) isobtained by first frequency-correcting r(t) by an amount -F,
then applying the result to a filter that is matched to the transmit pulse h(t) and
sampling the matched filter output at instant KT+ , and finally rotating the resulting
sample over an angle -q. Hence, 7 is a function of (@,Ft), whereas z, depends

only on (F, t). The log-likelihood function In(p( r;u)) resulting from (3) is given by

In p(r;u) =Inp(r;q,F,t) = %e F(a..Z (a.F, t)) ., (6)
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The expectation EJ.] in (6) is with respect to the a priori distribution p(@) of the
transmitted data sequence a. Computation of the CRB requir es the substitution of
(6) into (1), and the evaluation of the various expectations included in (6) and ().

The evaluation of the expectations involved in J(q,Ft) and p(r;g,Ft) is quite
tedious. In order to avoid the computational complexity caused by the nuisance
parameters, a simpler lower bound, caled the modified CRB (MCRB), has been
derivedin[2,3],i.e, E[({; - u)?]® CRB;(u) 3 MCRB;(u), where MCRBi(u) isthe
i-th diagonal element of the inverse of the modified Fisher information matrix
(MFIM) JM(u). The (i,j)-th element of JM(u) is given by
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and E;,[.] denotes averaging over both r and v, i.e, with respect to p(r,\v;u) =
p(r v;u)p(v). When p(r|v;u) is Gaussian, (7) is much simpler than (1) as far as
analytical evaluation is concerned, because the tedious computation of p(r;u) is
avoided.

The MCRB for joint carrier phase, carrier frequency offset and timing
estimation, corresponding to r(t) from (1), is given by [2,3]
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where h(t) =dh(t)/dt and L = 2K+1 denotes the number of symbols transmitted
within the observation interval. Note that in (9) and (10) the frequency and timing
error have been normalized by the symbol interval T. The MCRB does not depend
on the symbol constellation; the shape of the transmit pulse h(t) affects only the

quantity dh(t ))2 dt in (10), which is an increasing function of the excess bandwidth

of the transmit pulse h(t). The MCRB for phase and timing estimation are inversely
proportional to L; the MCRB for frequency estimation is, for large L, inversaly
proportional to L. In [11], the high-SNR limit of the true CRB related to the
estimation of a scalar parameter has been evaluated analytically and has been shown
to coincide with the MCRB from (8)-(10).

In the next section we derive a closedform expression of the CRB resulting
from (1) in terms of the marginal APPs of the coded symbols, allowing efficient
numerical evaluation of the CRB.



[Il. DERIVATION OF THE CRB
The log-likelihood function In(p(r;q,Ft)) from (6) can be written as

o b-1 0
In p(r;q, F,t) =In% q Prla=c;]1p(r |c;;q F,t)7, (12)
i=0 a

where p(r|c;q,Ft) is given by (3) and i enumerates all M- symbol sequences c; of
length L. Denoting by x the set of legitimate coded sequences of length L, we have
Prla= ¢] = M""for ¢; T x and Pr[a= ¢;] = 0 otherwise, with r and M denoting the
rate of the code and the number of constellation points, respectively. Differentiation
of (11) yields

T2 % Plasc] prlgia Ry 1 _
mn In(p(l’,u))—g o u In(prlg;u))- (12)

Making use of Bayes' rule, we obtain

Pla=c,]p(r |c;q,F 1)
p(r;qg,F,t)

=Pr[a:ci|r;q,F,t], (13)

where Pria=g |r;?,F,t] (i=0, ...,Mt-1) are thejoint symbol a posteriori probabilities
(APPs); note from (3) that Pra=c |r;q Ft] is afunction of ciand Zz = (Z.«, ...,
Z )" only. Using (13) and (3), (12) is transformed into

i) =2 8 Rfri@2,). (14

0 k=-K

where the subscript ¢ denotes differentiation with respect to u,, i.e.,

7= ﬂE—Z(Ek) (15)

and m(z) isthe a posteriori average of the symbol & :

L

m(2) = é. (©)« P'[a:Ci Ir;q, F’t]
1=0 (16)
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m=0

In (16), (C)« is the k-th component of the vector ¢, @o, a1, ....am-1) denotes the set
of constellation points, and Prp, =a,|r;qFt] (m = 0, ..., M-1) are the marginal



symbol APPs. We emphasize that no approximation is involved when arriving at
(16). The secondline of (16) simply expresses the a posteriori average of ax in terms
of the margina APP of &, rather than the joint APP of (ak, ..., &).

Substitution of (14) into (1) yields an exact expression of the FIM in terms of

the a posteriori symbol averages m (z), which in turn depend on the margina

symbol APPs Pr[ak =a|r;a, F,t] . One obtains:

3, =63 8 a ElRdn @7, 0rdn2)7,.] an
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where E[.] denotes averaging over the quantities z, 7, and Z;,.. Asthis averaging
cannot be done anaytically, we have to resort to a numerical evaluation.

A brute force evaluation of the FIM involves replacing in (17) the statistical
average E[.] by an arithmetical average over a large number of realizations of (7,
Z» Z;,), that are computer-generated according to the joint distribution of (Z,

Z v, Zj). However, because of the correlation between the quantities 7, 7, and
Z, ., abrute force numerical averaging is time consuming. In Appendix, we show

how the computational complexity can be reduced by performing the averaging in
(A7) over Z, Z,and Z;,. intwo steps. In the first step we average over 7z, and

Z,,., conditioned on Z; this conditional averaging is done analytically. In the

second step we remove the conditioning by numerically averaging over 7z ; the
generation of realizations of Z is easy, as Z =a+n where the complexvalued
zeromean Gaussian noise vector n has statistically independent components with
variance N ¢/Es, and the data symbol vector aresults from the encoding and mapping
of arandomly generated information bit sequence.

The numerical evaluation of the FIM requires the computation of the a posteriori

symbol averages m (z) that correspond to the redlizations of the vector Z . These a

posteriori symbol averages are given by the scond line of (16) in terms of the
marginal symbol APPs Pr[ak :am|r;q,F,t]. In principle, the marginal symbol
APPs can be obtained as appropriate summations of joint symbol APPs
Prla=c|r;q,F,t] , which in turn can be computed from (13) and (3). However, the
computational complexity of this procedure increases exponentialy with the
sequence length L.

For codes that are described by means of a trellis, the marginal symbol APPs
can be easily computed from the trellis state APPs and state transition APPs, which
in turn can be determined efficiently from Z by means of the Bahl-Cocke-Jelinek-
Raviv (BCJR) algorithm [1]. As its computational complexity grows only linearly
with the number of states and with the sequence length L, the BCJR algorithm isthe
appropriate tool for marginal symbol APP computation in case of linear block
codes, convolutional codes and trellis codes, provided that the number of states is
manageable.

When the coded symbol sequence results from the (serial or paralel)
concatenation of two encoders that are separated by an interleaver (such as turbo
codes [12]), the underlying overal trellis has a number of states that grows
exponentially with the interleaver size. However, when the constituent encoders
themselves are described by a small trellis, the state APPs and state transition APPs



of the individual trellises can be efficiently computed by means of iterated
application of the BCIJR agorithm to each of the trellises, with exchange of
extrinsc information between the BCJR algorithms at each iteration. When the
coded hits (conditioned on r and (g, F, t)) can be considered as independent (which
is a reasonable assumption when the interleaver size is large), this iterative
procedure yields the correct APPs after convergence [13]. Whereas a turbo decoder
makes use of the state APPs and state transition APPs (resulting from iterated
application of the BCJR agorithm) to compute the loglikelihood ratios of the
information bits, we use these APPs to compute the marginal symbol APPs instead.

Once we have obtained the numerical value of the 3x3 FIM (15), the CRBs
related to the joint estimation of (q,Ft) are obtained from matrix inversion.
However, in many practical situations a subset of the parameters (q,Ft) is
estimated, assuming the remaining parameters to be perfectly known; in this case
the relevant FIM is obtained by deleting from the 3x3 FIM (15) the rows and
columns that correspond to the parameters that are known. Therefore, we consider
the following cases.

The CRB for the estimation of u;jointly with ujand u is given by

2
CRB = ‘]j,j‘]k,k - Jj,k

33, - 335 3,955 3,35 23,3,

iYL i LY gk

(18)

The CRB for the estimation of u; assuming u; and uk to be perfectly known is
given by

CRB, = Ji (19)

The CRB for the estimation of u; jointly with y assuming ux to be perfectly
known is given by

J. .
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[V. NUMERICAL RESULTSAND DISCUSSION

Simulation results are obtained for the observation of L=1001 QPSK turbo-encoded
symbols. The transmit pulse is a square-root cosine roll-off pulse with an excess
bandwidth of 20% or 100%. The turbo encoder consists of the paralel
concatenation of two identical recusive systematic rate 1/2 convolutional codes
with generator polynomials (37)gand (21) s, through a pseudo random interleaver of
length L; the output of the turbo encoder is punctured to obtain an overdl rate of
1/2, and Gray-mapped onto the QPSK constellation.

As far as this simulation set-up is concerned, our numerical results indicate that
Ji? << 33, " ij T {1,23} andi t j. Thisimplies that both (18) and (20) yield
CRB; @1/3. Comparing this result with (19) indicates that the CRB related to the
estimation of a synchronization parameter (carrier phase, carrier frequency offset or
timing) is essentialy independent of the considered scenario (joint estimation of all
three parameters, joint estimation of two parameters with the third parameter



assumed to be known, estimation of one parameter with the other two parameters
assumed to be known). This means that there is amost no coupling between the
parameters q, Fand t, so that (at least for small errors) the inaccuracy in one of the
parameters does not impact the estimation of the other parameters. A similar
observation regarding the elements of the FIM for uncoded transmission and the
MFIM (7), resulting from r(t) given by (2), have been reported in [7] and [3],
respectively.

For the joint estimation of q, Fand t, Fig. 1 shows the ratio CRB/MCRB (the left
ordinate) along with the BER corresponding to perfect synchronization (the right
ordinate) as a function of Es/No per coded symbol (solid lines). The ratio
CRB/MCRB for uncoded transmission (UC) is also displayed (dashed lines). We
make the following observations.

The ratio CRB/MCRB related to timing estimation increases with decreasing
rolloff. The same behavior has been observed in [7], but for uncoded
transmission only.
Theratios CRB/MCRB related to phase estimation and frequency estimation are
essentially the same, and do not depend on the shape of the transmitted square-
root Nyquist pulse h(t). The same behavior has been observed in [4], but for
uncoded transmission only.
Let us denote by CRByncoded @nd CRBcyeq the CRBs related to uncoded and
coded transmission, respectively. We observe that CRB uncoded > CRBcoded. This
implies that it is potentially more accurate to estimate the synchronizer
parameters from coded data than from uncoded data.
Le us restrict our attention to coded transmission. The MSE resulting from
‘code-aware’ synchronizers (that exploit code properties during the estimation
proces) is lower bounded by CRB oqes However, the MSE of synchronizers that
do not exploit code properties (i.e., ‘code-unaware synchronizers) is lower
bounded by CRBncoded (€VEN When operating on coded systems). At the normal
operating SNR of the turbo code (this excludes very low SNR at which the turbo
code becomes unreliable, as well as very high SNR a which uncoded
transmission becomes reliable), CRBeged iS considerably smaller than
CRByncodess It follows that code-aware synchronizers are potentially more
accurate than code-unaware synchronizers when operating on coded signals.
The ratio CRBuncoded CRBoded provides a quantitative indication to what extent
synchronizer performance can be improved by making clever use of the code
structure.
At high SNR, the CRB converges to the MCRB; this behavior is consistent with
[11]. When EJ/Ng decreases, a critical value (E4/No)cit is reached, below which
the CRB starts to diverge from the MCRB. Fig. 1 shows that, for coded
transmission, this critical value corresponds to a BER between 107 and 10 (a
similar observation has been reported for uncoded transmission [7,10]: (Es/N ) it
for uncoded transmission also corresponds to BER @103, but exceeds (Es/N o) ait
for coded transmission by an amount equal to the coding gain). This indicates
that, even at the (very low) operating SNR of the coded system, the CRB isvery
well approximated by the MCRB (which is much simpler to evaluate).



10 = ——phase

1. ——frequency
Y | ~Htiming (20% excess bandwith)
<\\ > 3§ —&—timing (100% excess bandwith)
= A" 'phase UC
\\ \ = <= “frequency UC
- O "timing UC (20% excess bandwith)
- ®- ‘timing UC (100% excess bandwith)
—X=RER
\ WEEEN 1
QPSK ‘\‘\ r lE-02
S L=1001 *y i
2 [\ ‘ \ i
O N N \ N Q:
= . *\ o
@ IR "
O . M
e + 1.E-03
O

- 1.E-04

1 1.E-05

-1 0 1 2 3
Es/No (dB)

Fig.1: Comparison of theratio CRB/MCRB for turbo encoded transmission with the
ratio CRB/MCRB for uncoded (UC) transmission; for QPSK symbols and an
observation length L=1001

V. ACTUAL ESTIMATOR PERFORMANCE

In this section we will show that CRBcoded and CRBuncoded are useful
benchmarks for the MSE resulting from code-ware and code-unaware
synchronizers, respectively. Therefore we consider practica joint phase and
frequency estimators, goerating on the rate %2 turbo-encoded QPSK signal from the
previous section. We assume that the frequency offset does not exceed 10% of the
baud rate, i.e., [FT|£ 0.1. The MSE for phase and frequency estimation are shown as
a function of the SNR in Figs. 2and 3. As the joint estimation of carrier phase and
frequency is only marginaly affected by a small timing estimation error (because
(g, F) and t are essentially decoupled), we have determined the mean square phase
and frequency error assuming the timing to be known. An observation of L=1001
(i.e., block size of the code) unknown data symbols was considered. A preamble of
N known pilot symbols (PS) at the beginning of each block may be used for
initialization (to be explained in subsections V.A and V.B). A minimum of 10000



trials has been run; at each trial a new phase offset q and a new frequency offset FT
are taken from a uniform distribution over [-p,p] and[-0.1, 0.1], respectively.
Two agorithms for joint carrier phase and frequency estimation are
considered.
The conventional 4th-power Non Data Aided (NDA) synchronizer [14,15] is a
code-unaware agorithm for carrier phase and frequency estimation that is very
easy to implement. Moreover, this estimator was proposed in [16] for operation
on aturbo-coded signal at very low EJ/No. In contrast with the M SE of the code-
aware estimators, the MSE of code-unaware estimators is lower bounded by the
CRBuncoded (With CRBuncoded 2 CRB coied)- We wiill show that the MSE of this
NDA synchronizer is close to CRBoded, Which indicates that this synchronizer
is among the best code-unaware estimators.
The soft Decision Directed (sDD) synchronizer from [8] is a code-aware
algorithm that accepts soft information from the turbo decoder (i.e., 'turbo
synchronization’). As motivated in [8], it involves a practical implementation of
the maximum likelihood (ML) estimator by means of the expectation-
maximization (EM) algorithm. This iterative agorithm converges to the ML
estimate provided that the initia estimate is sufficiently accurate [17]. The ML
estimator is known to become asymptotically unbiased and efficient (i.e., the
MSE converges to CRBggeq) fOr an increasing number of observations.
Therefore, we expect that the MSE performance of the sDD synchronizer from
[8] will closely approach CRB cydeg.
The phase error of the turbo synchronizer is measured modulo 2» and supported in
the interval [-p,p]. The phase error of the NDA estimator was measured modulo p/2,
i.e., in the interva [-p/4, p/4], as the NDA egtimator for QPSK gives a 4fold phase
ambiguity.

V.A Conventional (code -unaware€) NDA estimator

The dashed curve in Figs. 2 and 3 corresponds to the MSE for carrier phase and
frequency estimation, respectively, as obtained with the (code-unaware)
conventional NDA estimator. For E/Ng 3 3.5 dB, the agorithm achieves near
optimal CRB uncoded performance. However, for Es/No < 3.5 dB, the performance of
the frequency estimator dramatically deteriorates across a narrow SNR interval.
This is the secalled threshold phenomenon, which is caused by the occurrence of
large, spurious frequency errors (outliers) when the SNR drops below a certain
threshold, and results in a very high frequency error variance at SNR below
threshold [14], which also affects the accuracy of the phase estimate.

To show that the CRBynoded Can be closely approached by the MSE resulting
from code-unaware synchronizers even at low SNR, we replace the conventional
NDA frequency estimation with the combined DA and NDA frequency estimation
proposed in [18]. This approach consists of a two stage coarse-fine search. The DA
estimator is used to coarsely locate the frequency offset, and then the more accurate
NDA estimator attempts to improve the estimate within the residual uncertainty of
the coarse estimator. In fact, the search range of the NDA estimator is restricted to
the neighborhood of the peak of the DA-based likelihood function. This
considerably reduces the probability to estimate an outlier frequency. As a result,
the accuracy below threshold increases dramatically and the MSE approaches the
CRBunoded- Moreover, the PS can be exploited to resolve the phase ambiguity: after
frequency and phase correction, the samples of the preamble are compared to the
known pilot symbols and, if necessary, an extra multiple of p/2 is compensated for.



In Figs. 2 and 3, the square markers illustrate the MSE for carrier phase and
frequency estimation as obtained with this DA-NDA estimator, assuming the initial
DA estimate is based on the observation of N preamble symbols. Results are
displayed for N=128 and N=256. A threshold is still evident, but the performance
bdow the SNR threshold degrades less rapidly than with the conventional NDA
frequency estimator. The more PS are used, the more the threshold softens.
Relatively large preambles are required for the DA-NDA estimator to perform
closely to the CRByncodeds €.9- With N=256 the overhead N/(N+L) equals about 20%.

Note that the SNR threshold can also be decreased by increasing the observation
length (in [16], L=8192). However, enlarging the observation interval is not always
possible. For the sake of completeness, we mention also that a more sophisticated
distribution of the PS across the burst may reduce the number of PS required to
obtain a certain DA estimation accuracy, thereby increasing the spectral efficiency
of the transmission systems [18,19].

V.B Soft-decision-directed (code-awar €) synchronizer

Let us consider the (code-aware) sDD synchronizer from [8] and compare its MSE
to the new CRB for coded transmission. In our simulations, we used the
approximate implementation proposed in [8]: at every turbo decoder iteration, soft
decisions on the data symbols are extracted from the decoder and used to update the
carrier phase and frequency estimates. This iterative sDD procedure was initialized
with a Data Aided (DA) frequency and phase estimate obtained from the preamble,
or with a combined DA-NDA frequency and phase estimate as described in
subsection VI.A. We will refer to these synchronization schemes as DA-sDD and
the DA-NDA-sDD, respectively. The PS are strictly used for the DA initialization,
and the (NDA-)sDD dgorithm uses only the L coded symbols; therefore, the
CRBcoeqrelated to L symbols from section 111 is the appropriate lower bound on the
performance of the sDD algorithms.

Our results indicate the importance of an accurate initial estimate. The curves
marked with triangles (circles) in Figs. 2 and 3 show the MSE for carrier phase and
frequency, respectively, as obtained with the DA-sDD (DA-NDA -sDD) estimator
after 10 iterations of the turbo decoder/estimator. With N=512, the DA-sDD
estimator performs very closely to the CRB. However, the resulting overhead of
about 34% is often not acceptable. Reducing the number of PS to N=256 causes a
serious degradation of the DA-sDD estimator. For a given number of PS, the DA-
NDA-sDD estimator provides a considerable improvement over the DA-sDD
estimator within the useful SNR range of the turbo code, and coincides with
CRBcoged @ values of SNR larger than about 1.5 dB for N=256 (about 20%
overhead) and 2 dB for N=128 (about 11% overhead).
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VI.  CONCLUSION

This contribution derives the CRB for joint carrier phase, carrier frequency offset
and timing estimation from coded signals. The closedform expression of the CRB
in terms of the margina symbol APPs allows efficient numerical evaluation. It was
shown that, at the normal operating SNR of the code (say, 10° < BER < 109), the
CRB is very close to the MCRB, which in turn is much less than the CRB for
uncoded transmission. Furthermore, the CRB for uncoded transmission has been
shown to lower bound the MSE of 'code-unaware' synchronizers that make no use
of the code structure when operating on coded sgnals. This implies that in order to
approach optimal performance, estimators should make clever use of the code



properties during the estimation process. The iterative code-aware turbo
synchronizer for carrier phase and frequency estimation, presented in [8], has been
shown to operate very closely to the CRB for coded transmission, provided that a
sufficiently accurate initial estimate is available.

Although using a code-aware synchronizer instead of a code-unaware
synchronizer substantialy reduces the MSE at the normal operating SNR of the
code, it highly depends on the specific coded system considered whether or not this
reduction in MSE yields a considerable improvement in BER performance. In [16],
code-unaware agorithms for carrier phase, carrier frequency and timing estimation
that operate on a turbo-coded QPSK signal give rise to a BER degradation of only
0.05 dB as compared to a perfectly synchronized system: in this case, there is no
need to use code-aware synchronization to further reduce the aready very small
BER degradation. On the other hand, [20] considers a different turbo-coded QPSK
system, where the code-unaware 4th-power NDA phase synchronizer yields a BER
degradation of about 1 dB a a BER of 10° whereas code-aware phase
synchronization reduces this BER degradation to about 0.05 dB only.

No performance results for practica timing estimators have been presented
here. However, it has been shown in [21] that applying the turbo synchronization
approach to timing estimation from coded signals results in a very low MSEE,
which approaches the new CRB for timing estimation from section I11.

VIl.  APPENDIX
For further use, we introduce the functions g(t) and f(t) given by :

+¥

g(t) = (v)h(t+v)dv, (A1)

-¥
f(t) = ¢u?h(u)h(t +u)du (A2
and denote the first and second derivate of g(t) with respect tot as g(t) and g(t),
respectively. Note that g(t) is a Nyquist pulse: g(kT) = dk. The pulses g(t) and g(t)
areevenint, whereas g(t) is an odd function of t. For even h(t), the function f(t) is

asoevenint.
It follows from (17) that J;; can be expressed in terms of the following
expectations :

Em @22, ElmM@n @8z, 17] .

Elm @m. (22,2, |= E.[m. @m.(D)EZ,.Z,,. 12,
where E,[.] denotes averaging with respect to 7z . The conditional expectations
Elz,z,,|Z] ad E[Z 7] ,.|Z] can be determined analytically. One obtains

E[Eq,kiq,k' IE]:'zkzktr’ (A3
E[Eq,kiq*,k' 1Z] = Z,Z,, (A9
E[Z, \Z |Z] =2p (kT +t)Z,Z,, (A.5
ElZ,,Zr o |Z] = 2p(KT +t)Z, Z,, (A.6)

_ &
E[Z,«Z « 1 Z] = - iZc Q Z,9(KT - mT), (A7)

m=- K



— s o~ &
E[ZxZ « | Z]=- iz, A Z,9(k@ - mT), (A.9

m=- K
E[Z. 7., |Z]=-4p 2 Z, (KT +t KT +t), (A9
E[Z. 7 | 2] = 4p 22, Zu(KT+1 )(KT +1) +4p2%f(kT- ko),  (A.10)
E[Z- 7 | 2] = - j20 (KT +1)Z, & Z,a(kT - niT), (A1)

m=-K

e~ ) ~ &
E[Z 47 |21 =- |20 (KT +1)Z, & Zog(ka - mT)

m=K : (A.12)
Noi (KT- ka)
2

. . 1, U
2p—2i- KT - kdr)- =
+ 2P Es} a( ) 2dk-k¢k\;
K
E[Z Z, |1Z]1= & Z,Z,0(KT- mT)g(k@ - nT), (A.13)
m,n=- K
K
E[Z Z ' |Z]= & ZnZyg(KT- mT)g(k® - nT)
m,n=- K

N, (A.14)

g g(KT- mT)g(kd - mT)
s m=-K

Making use of (A.3)-(A.14), the evaluation of the FIM now requires numerical
averaging over 7 only. This reduces the numerical complexity considerably.

Note from (A.5), (A.6), (A.9)-(A.12) that J,r, & and F; are a function of the
parameter t. This implies that the CRB depends on the exact value of the unknown
but deterministic time delay t T [-T/2, T/2] that is being estimated. However, under
the usual assumption that the observation interval is much longer than the symbol
duration (L >> 1), this dependence can be safely ignored, because we can use in
(A.5), (A.6), (A.9)-(A.12) the approximations kT+ @KT and kT+t @k'T when
summing over k and k' in (17). A similar reasoning was made in [3] regarding the
computation of the MCRB. Numerical results for different values of t (not reported
here) confirm this behavior.

N
0 (- (KT - kr)) -
+ES(9( )

VIIl. REFERENCES

[1] L.R. Bahl, J. Cocke, F. Jelinek and J. Raviv, “Optimal decoding of linear
codes for minimizing symbol error rate,” IEEE Trans. Inform. Theory, vol
IT-20, pp. 248-287, March 1974.

[2] A.N. D’Andrea, U. Mengali and R. Reggiannini, “The modified Cramer-Rao
bound and its applications to synchronization problems” IEEE Trans.
Comm., vol COM-24, pp. 1391-1399, Feb.,Mar.,Apr. 1994.

[3] F. Gini, R. Reggiannini and U. Mengali, "The modified Cramer-Rao bound
in vector parameter estimation,” |EEE Trans. Commun., vol. CON-46, pp.
52-60, Jan. 1998

[4] W.G. Cowley, “Phase and Fequency estimation for PSK packets. bounds
and algorithms,” |EEE Trans Comm., vol COM-44, pp. 26-28, Jan. 1996.



[5]

[6]

[7]

[8]

[9
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

F. Rice, B. Cowley, B. Moran, M. Rice, “Cramer-Rao lower bounds for
QAM phase and frequency estimation,” 1EEE Trans. Commun., vol. 49, pp
1582-1591, Sep. 2001

N. Noels, H. Steendam and M. Moeneclagy, “The true Cramer-Rao Bound
for Carrier Frequency Estimation from a PSK signa”, accepted for
publication in IEEE Trans. Commun., 2004

N. Noels, H. Steendam and M. Moeneclaey, “The true Cramer-Rao bound
for timing recovery from a bandlimited linearly modulated waveformwith
unknown carrier phase and frequency,” |EEE Trans. Commun., vol. 52, No.
3, pp. 473483, March 2004

N. Noels et Al., “Turbo Synchronization: an EM agorithm interpretation,”
in Proc. |IEEE Int. Conf. Comm. 2003, Anchorage, Alaska, Paper CT22 2,
May 2003.

H.L. Van Trees, Detection, Estimation and Modulation Theory, New Y ork:
Wiley, 1968

N. Noels, H. Steendam, M. Moeneclagy, "The Cramer-Rao Bound for Phase
Estimation from Coded Linearly Modulated Signals,” IEEE Communication
Letters, vol. 7, No. 5, pp. 207-209, May 2003

M. Moeneclagy, “On the true and modified Cramer-Rao bounds for the
estimation of a scalar parameter in the presence of nuisance parameters,”
IEEE Trans. Comm., vol COM-46, pp. 1536-1544, Nov. 1998.

C. Berrou and A. Glavieux, "Near Optimum Error correcting Coding and
Decoding: Turbo codes,” IEEE Trans. Commun., vol. 44, pp 1261-1271,
Oct. 1996

T. Richardson, "The geometry of turbo-decoding dynamics," IEEE Trans.
Inf. Theory, vol. 46, pp 923, Jan 2000

D.C. Rife and R.R. Boorstyn, “Single tone parameter estimation from
discrete-time observations,” |EEE Trans. Inform. Theory, vol. 1T-20, pp.
591-598, Sept. 1974

AJ. Viterbi and A.M. Viterbi, “Nonlinear estimation of PSK -modulated
carrier phase with application to burst digital transmission,” IEEE Trans.
Inform. Theory, vol. IT-29, pp. 543-551, July 1983

A. D’Amico, A.N. D’Andrea and R. Reggiannini, “Efficient Non-Data-
Aided Carrier and Clock Recovery for Satellite DVB at Very Low Signatto-
Noise Ratios,” IEEE Journa on selected areas in communications, vol. 19,
No. 12, pp. 2320-2330, Dec. 2001

R.A. Boyles, “On the convergence of the EM agorithm,” JR.Statist. Soc. B,
45, No. 1, pp.47-50, 1983

B. Beahan and B. Cowley, “Frequency Estimation of Partitioned Reference
Symbol  Sequences,” master thesis supervisor B. Cowley,
www.itr.unisa.edu.au/~steven/thesis

JA. Gansman, J.V. Krogmeier and M.P. Fitz, “Single Frequency Estimation
with Non-Uniform Sampling,” in Proc. of the 13" Asilomar Conference on
Sgnals, Systems and Computers, Pacific Grove, CA, pp.878-882, Nov. 1996
H. Wymeersch, N. Noels, H. Steendam and M. Moeneclaey,
"Synchronization at low SNR : performance bounds and algorithms,”
presentedat |EEE Communication Theory Workshop, Capri, Italy, May 58,
2004

C. Herzet, V. Ramon, L.Vandendorpe and M. Moeneclaey, “EM agorithm-
based timing synchronization in turbo receivers,” in Proc. ICASSP 2003,
Hong Kong, April 2003



