OPTIMALLY SPARSE REPRESENTATIONS OF 3D DATA WITH C? SURFACE
SINGULARITIES USING PARSEVAL FRAMES OF SHEARLETS

KANGHUI GUO* AND DEMETRIO LABATE'

Abstract. This paper introduces a new Parseval frame of shearlets for the representation of 3—-D data, which is especially
designed to handle geometric features such as discontinuous boundaries with very high efficiency. This new system of shearlets
forms a multiscale pyramid of well-localized waveforms at various locations and orientations, which become increasingly wafer-
like at fine scales. We prove that the new 3-D shearlet representation exhibits essentially optimal approximation properties for
tri-variate functions f which are smooth away from discontinuities along C? surfaces. Specifically, the N-term approximation
f 1*?, obtained by selecting the N largest coefficients of the shearlet expansion of f satisfies the asymptotic estimate

If = fNlI3 < N"'(log N)?,  as N — oo.

Up to the logarithmic factor, this is the optimal behavior for functions in this class and significantly outperforms wavelet
approximations, which only yields a N~1/2 rate. This result extends to the 3D setting the (essentially) optimally sparse
approximation results obtained by the authors using 2-D shearlets and by Candés and Donoho using curvelets. The result
presented in this paper is the first nonadaptive construction to provide provably optimal approximation properties (up to a
loglike factor) for a large class of 3-dimensional data.
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1. Introduction. Sparse representations of multidimensional data have gained more and more promi-
nence in recent years as a variety of applied problems require to process massive and multi-dimensional data
sets in a timely and effective manner. This is a major challenge in applications such as remote sensing,
satellite imagery, scientific simulations and electronic surveillance. Sparse representations allow not only to
accurately and reliably compress data and expedite their transmission and storage, but also to developed
more effective algorithms for tasks such as feature extraction and pattern recognition. In fact, constructing
sparse representations for data in a certain class entails the intimate understanding of their true nature and
structure [6].

Wavelets and other traditional multiscale methods have been extremely successful during the past 20
years thanks to their ability to provide optimally sparse representations for data with point singularities.
This was exploited to develop a number of impressive applications in signal and image processing. Wavelets
however fail to be equally efficient when dealing with distributed discontinuities, and this is a major limitation
in multidimensional applications where edges and boundaries of discontinuity are frequently the dominant
features of the objects to be analyzed. This inefficiency of wavelets in dealing with distributed singularities
is due to their isotropic nature, which makes them not very adapted to capture edges and other essential
geometric features of multidimensional data. To overcome these limitations, a new generation of multiscale
systems was introduced in recent years, most notably the curvelets [2] and the shearlets [9, 10], which are
especially designed to represent efficiently anisotropic features in images. The intuitive idea behind their
construction is that, in order to deal efficiently with the edges and the other geometric features which are
prominent in most images of practical interest, the analyzing elements must be defined not only at various
locations and scales, as traditional wavelets, but also at various orientations and with highly anisotropic
shapes. Thanks to their geometrical properties, the curvelet and shearlet representations turn out to be
essentially as good as an adaptive representation from the point of view of their ability to approximate images
containing edges. Specifically, for functions f which are C? away from C? edges, the N term approximation
ff, obtained from the N largest coefficients in its curvelet or shearlet expansion, obeys

||f—f]€,|\§xN_2(logN)3, as N — oo. (1.1)
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Ignoring the loglike factor, this is the optimal approximation rate for this class of functions while, in compar-
ison, the wavelet and Fourier representations only achieve approximation rate N~! and N~'/2, respectively.

The goal of this paper is to extend to the 3D setting the remarkable optimal approximation result
achieved for images with edges. This extension is highly nontrivial since, as it will be apparent from the
description below, the proof of the (almost) optimal sparsity does not follow directly from the arguments
used in the bivariate case. Notice that how to construct different versions of curvelets and shearlets in the 3D
setting has been already discussed in the literature (e.g., [10, 12]) and some useful properties of 3D shearlets
have been recently analyzed by the authors in [12]. In addition, a discrete implementation of 3D curvelets,
which extends the corresponding 2D implementation, was introduced in [1]. However, no rigorous analysis
of the sparsity properties of curvelets or shearlets (or any other related system) in the 3D setting has been
published so far. The main contribution of this paper is to construct a new Parseval frame of shearlets
and prove that this new shearlet representation exhibits essentially optimal approximation properties for
tri-variate smooth functions with discontinuities along C? boundaries. This is the first published result of
this type. Specifically, denoting by f f, the shearlet approximation of f which is obtained from the N largest
coeflicients of its shearlet representation, we will show that the approximation error satisfies

||f—f]€,|\§xN_1(logN)2, as N — oo. (1.2)

Up the logarithmic factor, this is the optimal approximation rate for this type of functions [5] in the sense that
no orthonormal bases or Parseval frames can yield approximation rates than are better than N~!. Indeed,
even if one considers finite linear combinations of elements taking from arbitrary dictionaries, there is no
depth-limited search dictionary that can achieve a rate better than N~! [5]. In particular, it significantly
outperforms wavelet and Fourier approximations, whose asymptotic approximation rates are of the order of
N—12 and N—1/3, respectively.

Finally, it is important to emphasize that the approach presented in this paper is purely non-adaptive. A
different approach, which uses adaptive constructions, was recently proposed by Le Pennec, Mallat and Peyre
[19, 20, 23, 24]. Remarkably, for the class of functions considered in this paper, the shearlet approach is as
effective as an adaptive representation with respect to its ability to approximate 3D data with discontinuous
boundaries.

Remark. During the final editing of this paper, we found that a similar (essentially) optimal sparsity
result was recently announced by Kutyniok, Lemvig and Lim, based on a new remarkable construction of
compactly supported shearlet frames [18] (see also [15] for the corresponding 2D case).

1.1. Outline. The paper is organized as follows. The construction of the new 3D Parseval frame of
shearlets is presented in Section 2. The main results of the paper are given in Section 3. The technical
constructions needed for the proofs are collected in Section 4. Finally, Section 5 contains additional remarks
about the extension of our sparsity results to the situation where the boundary surface is piecewise smooth.

2. The shearlet representation. The shearlet representation, which is derived within the framework
of wavelets with composite dilations introduced by the authors and their collaborators in [13, 14], provides
a general method for the construction of representation systems made up of functions ranging not only at
various scales and locations, as traditional wavelets, but also at various orientations. Thanks to the ability of
the shearlet system to deal with directionality and anisotropy, the geometric content of multivariate functions
and data is captured much more efficiently than using wavelets and other more traditional methods. In
addition, thanks to its affine structure, the elements of the representation systems are obtained from the
action of the affine group on a single or finite collection of generators. This property provides not only
greater flexibility and mathematical simplicity with respect to other directional representations, but it also
ensures that there is a natural transition from the continuum to the discrete setting. These unique features
have been exploited in several imaging applications such as those described in [3, 7, 8, 22, 26].

In dimension d = 3, a shearlet system is defined as an affine system associated with the action of the
affine group A = {(M;, k) € GL3(Z) x Z?}, where the matrices M, are obtained from the composition
of anisotropic dilation and shear matrices. Namely, for ¢ € L?(R?), a shearlet system is a collection of
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F1G. 2.1. Frequency support of a representative shearlet function v; 4 1, inside the pyramidal region Dc. The orientation
of the support region is controlled by £ = (£1,4£2); its shape is becoming more elongated as j increases (j = 4 in this plot)

functions of the form
{0 =|det AP/2p(By Alx —k): jeZ,0L € L C 72k € Z3}, (2.1)

where
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As in the 2-D case, we are interested in systems whose elements are well localized and form a Parseval frame.
To achieve this, for & = (&1, &2,&3) € R3, we define ¥ by

910 = () b (2) i ().

where 11 and v satisfy the followmg assumptions:

(i) ¥1 € C®(R), supp iy C [—3, —%] U [, 3] and
S E PP =1 for ] > (22)
>0
(i) ¥ € C*°(R), supp ¢y C [—1,1] and
[a(w = DI + [tha ()] + [ho(w + 1P =1 for |w| < 1. (2.3)

It was shown in [10] that there are several examples of functions satisfying these properties. It follows from
equation (2.3) that, for any j > 0,

27
Z [he(29w+m))? =1, for |w| < 1. (2.4)

m=—27J
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Notice that, in the frequency domain, the elements ¢; ¢ 1, given by (2.1), have the form
Pien(€) = [ det A|I/2 (AT BLy) PTIEATI AR,
Hence, using equations (2.2), (2.4) and the observation that
(€1,62,63) ATVB_y = (27961, —0127H & + 2776, —£:2776, +2778y),

a direct computation gives that:

o 9i
S Y A gp=%" Z Z 52274 ) a2 2 — ) 1ol £ — )P

720401 =—27 fo=—27 §>00,=—27 fo=—27
27 5 27 g
2 3
=Y @R D |¢2(2J5 )P D (e 6 2))* =1,
7>0 l1=—27 lo=—27 !

for (¢&1,&2,&3) € D, where Do = {(£1,62,&3) € R2 ¢ || > z, |§—f| <1, |§—j| < 1}. This equation, together

with the fact that w is supported inside [—5, %] , implies that the collection of “horizontal” shearlets

SW) = {Wjen(z) =29 Y(BeAx —k): j 20,2 <ly,0, <2k € Z%} (2.5)

is a Parseval frame for L?(D¢)Y = {f € L*(R®) : supp f C D¢}. Similar to the corresponding 2-D case
[10], the shearlet elements ;¢ are well-localized waveforms (in fact, 1/Ajj7g7k e Cy° (R2)), at various scales
depending on j € Z, with frequency support contained on parallelepipeds of approximate size 2% x 27 x 27,
defined at various orientations controlled by the two—dimensional index ¢ = (¢1,f2) € Z* and spatial location
k € Z3. These support regions become increasingly more elongated at finer scales (See Figure 2.1).

Our construction, so far, only provides a Parseval for the subspace L?(D¢)V of functions in L? whose
frequency support is contained in the pyramidal region Do. To obtain a Parseval frame for L?(R3), one
can construct a second Parseval frame of shearlets with frequency support in the pyramidal region D¢, =
{(&1,6,8) € R? @ & > 1, |§—;| < 1,|§—2| < 1}; similarly, a third Parseval frame of shearlets can be

constructed with frequency support in the pyramidal region D¢, = {(£1,62,85) € R2 ¢ |&| > 1, |£—1| <

1, |§—§| < 1}; Finally, one can casily define a Parseval frame (or an orthonormal basis) for Vo = L?([—1, é]?’) .
Then any function in L?(R®) can be expressed as a sum f = Pof + Po,f + Po,f + Py, f, where each
component corresponds to the orthogonal projection of f into one of the 4 subspaces of L?(R?) described
above.

Concerning the comparison of shearlet and curvelet representations, it is important to recall that, while
both methods extend the classical multiscale analysis by introducing a notion of directionality, the shearlets
have a fundamentally different mathematical structure. In fact, they are an affine system, where all elements
are generated by the action of translations, dilations and shear transformations on a single or finite set of
generators. This not true for curvelets. An important consequence is that there is Multiresolution Analysis
associated with shearlets. In addition, thanks to the use of shear matrices rather than rotations, the shearlet
approach ensures a natural transitions from the continuum to the discrete and digital settings [11, 14, 16, 17].

2.1. Significance. Before presenting the proof of the main sparsity result, it is useful to describe a
simple heuristic argument to justify why a 3-D shearlet system like the one constructed above should be
effective in providing very sparse representations for functions of 3 variables with discontinuous boundaries.
In fact, let us consider a bounded function f, defined on a bounded domain, which is smooth away from a
discontinuity along a smooth surface. We will examine the behavior of the shearlet coefficients of f, which are
given by S;¢.1(f) = (f, %k, ), where the shearlet elements ;¢ are defined by (2.1). The first observation
is that, thanks to their localization properties, at scale 2727, the elements 1); ¢k, are essentially supported
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on a parallelepiped of size 272 x 277 x 277, with location controlled by k, and orientation controlled by Z.
Also, notice that, since

[ Wiss@lae =2 [ oeaie —wlae =27 [ o)y,
R R
at scale 2727, all these shearlet coefficients are controlled by

1S (D < 1 lloe 19g,0ll20 < C272. (2.6)

At fine scales (j “large”), it is reasonable to assume that the only significant coefficients are those corre-
sponding to the shearlet elements which are tangent to the surface of discontinuity. Since there are O(22%7)
coefficients of this type and they are bounded by (2.6), it follows that the N-th largest shearlet coefficient
|Sn(f)] is bounded by O(N~1). This implies that, if f is approximated by taking the N largest coefficients
in the shearlets expansion, the L?-error approximately obeys the estimate:

If = fnllze < D ISP <N (2.7)

>N

A rigorous analysis of the behavior of the shearlet coefficients is the main goal of this paper and will be
presented below. This requires a careful examinations of the terms which were neglected in our heuristic
argument and — as this analysis will show — this produces an additional logarithmic factor to our estimate,
finally yielding estimate (1.2).

3. Main Results. Before stating our main results, let us define the class of functions that will be
considered in this paper. Fix a constant A > 0. We will consider a class M(A) of indicator functions of sets
B C [0,1]* whose boundary ¥ = 0B is a C? 2-manifold which can be written as |J, £, where o ranges
over a finite index set and X, = {(v, Ea(v)), v € Vo C R?}, such that ||[Eql/c2(v,) < A for all a. Also, let
C2([0,1]3) be the collection of twice differentiable functions supported inside [0, 1]3. Hence, we define the
set £2(A) of functions which are C? away from a C? surface as the collection of functions of the form

f=fo+ fixs:

where fo, f1 € CZ([0,1]%), B € M(A) and ||f]|cz = 2jaj<2lD? fllso < 1. Notice that the set E?(A) contains
the class of “cartoon-like” images introduced by Donoho [4].

For simplicity of notation, let {,},ca denote our Parseval frame of shearlets, described in Section 2,
where M is the set of indices {(j, (¢1,€2),k) : j > 0,—27 < {1,05 < 27k € Z%}. The shearlet coefficients of
a given function f are the elements of the sequence {s,(f) = (f,v¥.) : © € M}. We denote by |s(f)|n) the
N-th largest entry in this sequence. We can now state the following results.

THEOREM 3.1. Let f € E2(A) and {s,(f) = (f,¥u) : u € M} be the sequence of shearlet coefficients
associated with f. Then

sup  [s(f)|(v) < CN~'(log N). (3.1)
fegx(4)

Using Theorem 3.1, we are just one step away from our main result about shearlet approximations.
Indeed, let f5 be the N—term approximation of f obtained from the N largest coefficients of its shearlet
expansion, namely

=) u) by,
nelN

where Iy C M is the set of indices corresponding to the N largest entries of the sequence {|(f,v,,)|* : p € M}.
The approximation error satisfies the estimate:

1F = FR15 < D7 1s()Emy-

m>N
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Therefore, from (3.1) we immediately have:
THEOREM 3.2. Let f € E2(A) and f§ be the approzimation to f defined above. Then

If = FRlI3 < CN! (log N)?.

3.1. Arguments and constructions. The general structure of the proof of Theorem 3.1 follows the
overall structure of the corresponding 2-dimensional sparsity result in [10]. However, as it will be clear
below, the core of the proof requires the introduction of a fundamentally new approach which is significantly
different from the 2D case.

As in [10], it will be convenient to introduce the weak—? quasi-norm ||-||lwer to measure the sparsity of
the shearlet coefficients {(f,,) : p € M}. This is defined by

1
[Sullwer = sup NP |s |y,
N>0

wheret |s,|(n) is the N-th largest entry in the sequence {s,}. One can show (cf. [25, Sec.5.3]) that this
definition is equivalent to

1
P
HSMHwﬂ’ = (SUP#{N : |Su| > €} 6;0)
e>0

To analyze the decay properties of the shearlet coefficients {(f,¥,)} em at a given scale 277, j > 0,
we will smoothly localize the function f near dyadic cubes. Namely, for a scale parameter 7 > 0 fixed,
let M; = {(j,0,k) : =29 < 1,0, < 29k € Z3} and Q; be the collection of dyadic cubes of the form
Q = [at, Btl] [k k] o [Rs katbl] with ki, ko, ks € Z. For w a nonnegative C*° function with support
in [—1,1]3, we define a smooth partition of unity

Z wg(z) =1, z€R?

QEQ;

where, for each dyadic square Q € Q;, wo(z) = w(2/zy — ky,27 29 — ko, 27x3 — k3). We will then examine
the shearlet coefficients of the localized function fg = fwg, i.e., {{fo,¥.) : p € M;}.

As it will be shown below, for f € £2(A), the coefficients {(fg,%,) : p € M;} exhibit a different decay
behavior depending on whether the surface intersects the support of wg or not. Let Q; = Q? U Q}, where
the union is disjoint and QS— is the collection of those dyadic cubes @) € Q; such that the surface intersects
the support of wq. Since each @ has sidelength 2- 277, then Qf has cardinality |QY| < Cy 2%, where Cj is
independent of j. Similarly, since f is compactly supported in [0, 1]3, |Q]1| <23 46-2%,

Using this notation, we can now state the basic results that are needed to prove Theorem 3.1. For
simplicity, in the following, we will use the same letter C' to denote different uniform constants.

THEOREM 3.3. Let f € E2(A). For Q € Q?, with j > 0 fized, the sequence of shearlet coefficients

{<fQﬂ/),u> NS Mj} obeys
[{fQ: Yu)llwer < C27%,

for some constant C independent of Q and j.
THEOREM 3.4. Let f € E2(A). For Q € Q]l, with j > 0 fized, the sequence of shearlet coefficients

{(fo:¥u) : ne M;} obeys
I fQs bl < C27%,

for some constant C independent of Q and j.
The proofs of Theorems 3.3 and 3.4 are rather involved. Theorems 3.3, in particular, is the “hardest” part
of the new sparsity result, and requires a fundamentally new approach with respect to the 2-dimensional case.
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Concerning Theorem 3.4, it also shows that 3-D shearlets are as effective as traditional isotropic wavelets in
dealing with smooth functions. ! Before presenting the proofs of Theorems 3.3 and 3.4, we show how these
two theorems are used to prove Theorem 3.1. Indeed, we have the following simple corollary.

COROLLARY 3.5. Let f € E*(A) and, for j > 0, s;(f) be the sequence s;(f) = {(f,¥u) : u € M;}.
Then there is a constant C independent of j such that:

l[s5 (Nlwer < C.

Proof. Using Theorems 3.3 and 3.4, by the triangle inequality for weak ¢! spaces, we have

lsi (Nllwer < Y 10 f@ullwer

QeQ;
< S o tdlus + 32 (e )l
QeQ! QeQ}

<ClQ)27¥ +ClQj27¥
<C(2%27% 2% 274y < C.
Here we used the facts that |Q9| < C'2%, where C' is independent of j, and |Q}| < 2% +6-2%. O

We can now prove Theorem 3.1

Proof of Theorem 8.1. By Corollary 3.5, we have that
R(G,e) = #{n € My« [{f,0)] > e} <C e, (3:2)

Also, observe that, since z/AJ € C5°(R?), then

(ol =| [ 102 65w = ) do
R2
< 2% £ / (B Az — k)| da
RQ
= 2% | £ / o(y)] dy < C' 277, (3.3)
R2

As a consequence, there is a scale je such that |(f,1,)| < € for each j > jc. Specifically, it follows from (3.3)
that R(j,e) = 0 for j > 2 (logy(e™1) +logy(C")) > 2 logy(e™1). Thus, using (3.2), we have that

2logy(e™ ")
#{pe M: ([ ) >} <Y RGO= Y R(Ge)<Ce'logy(e),
Jj=0 Jj=0

and this implies (3.1). O
4. Proofs of Main Theorems.

4.1. Proof of Theorem 3.3. Let us consider a function f € £2(A) which contains a C? surface of
discontinuity. For j > jo sufficiently large, the scale 277 is small enough that, over a cube of side 277, the
surface of discontinuity can be parametrized as x; = FE(z2,x3) or x2 = E(x1,x3) or 3 = E(x1,22). For
simplicity, we will assume that this surface, denoted by 3, satisfies the equation

xrp = E(IQ,IQ,), —27j S To, T3 S 27j.

!Furthermore, an argument similar to Theorem 8.2 in [2] can be used to analyze the estimate the Sobolev norm of a smooth
function using shearlet coefficients.
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Also we assume that the surface contains the origin (0, 0,0) and the normal direction of the surface at (0,0, 0)
is (1,0,0), which is equivalent to assuming that E(0,0) = E,,(0,0) = E;,(0,0) = 0. As we will show in
Section 4.5, there is no loss in generality in analyzing this case only, since the situation where the surface
does not contain the origin or has a different normal direction can be easily converted into the case where
E(0,0) = E.,(0,0) = E.;,(0,0) = 0. To further simplify the notation, throughout the remainder of the
paper, for a function g(z) with € R? and m = (m1,m2) with 0 < |m| = m; + ma < 2, we will write aﬁa—mmg
as gm.-

From Taylor’s Theorem we have that E(z2,23) = 1(E(2,0)(c)23 4+ 2E(1,1)(c)z233 + E(g,2)(c)x3), where
¢ = (c2, c3) is some point in [-277,277])2. Tt follows that

|E(22,23)] < 27%(||E@,0)llc + I1E1,1) loo + [ E0,2)ll00)-

Thus, the surface is locally nearly flat near the origin. Notice that this only holds for j > jg. The situation
when j < jo is much simpler and will be handled separately in Section 4.6.

x3

X2

-

L
L¢/

suface — E

x1=E(x2,x3)

x1

Fic. 4.1. The surface of discontinuity ¥ of equation x1 = E(z2,x3). A line with direction I_;¢/ through the point x
intersects the surface at most in one point.

The key step in the following argument is based on the estimate of the decay of the function f near the
surface of discontinuity. In order to define this localized version of f, let wy be a nonnegative C*>° window
function with support in [—1, 1]3. Hence, for j € Z, a surface fragment is a function of the form:

f(z) = wo(27z) g(x) X[z1>E(zs,23)] (L), T € [—277,277]3, (4.1)
where g € C2((—1,1)3). After re-scaling, we have
F(.’L’) = f(2_J:E) = wo(gc)g(2_3:1c) X[z1>EW) (z2,23)] (LL'), T e [_17 1]37 (42)

where E) (24, 23) = 29 E(27 75,2 23). In particular, we have that F(¢) = 237 f(24¢), and, thus,

/ |F(AO))2d\ =275 / |[E(AO)[2 dA. (4.3)
X €T;

|)\‘€27j1]‘
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For simplicity of notation, without loss of generality we may assume that (|| E2,0)llco 1 E1,1)llco + 1 E0,2)ll00) =
1, which yields that |E(xq,x3)| < 27% and |E,,(z2,73)| < 277 for |m| < 2 for all (z2,23) € [-1,1].

4.2. Analysis of the Surface Fragment. The main goal of this section is to obtain an estimate for
the integral of the surface fragment (4.3). In this section, as well as in the following, we will only consider
the analysis on the frequency region defined in the pyramidal region D¢, where the shearlet system (2.5) is
employed. Since the other regions can be handled in exactly the same way, there will be no need to consider
the shearlet systems defined in the other pyramidal regions.

It will be convenient to express & € R3, using spherical coordinates, as £ = (p cos 0sin ¢, p cos  sin ¢, p cos @),
where p > 0, 6 € [0,27) and ¢ € [0, 7]. Since we are only dealing with the frequency region contained in D¢,
we will assume that ¢ € [7, %] and ¢ € [-7, 7]. Also notice that, since the variables {3, £3 are symmetric
in the construction of the shearlets in D¢, we may assume that [¢1] < |fa].

For € = (&1,€2,&) € Do,y § 20, [01] < [ba] <27, let

Dje(€) =127 &) 4o (2j §—2 - 51) s (2j & _ 2) : (4.4)
1 &

We have the following important result:
THEOREM 4.1. Let f be the surface fragment given by expression (4.1). Then, for each & € Do, 7 >0
and —27 < 0y < 29, the following estimate holds:

L ORI, 0 s < 0201+ o)~ (1.5)

The proof of these results is based on the computation of the Ray Transform of the surface fragment f
which is presented below.

4.3. Ray Transform And Fourier Slice Theorem. While the Radon and Ray transforms of bivari-
ate functions are equivalent, this is not true in the three-dimensional setting [21]. Namely, the 3-dimensional
Ray Transform maps a function on R? into the sets of its line integrals; this is different from the Radon
transform which maps a function on R? into the sets of its integrals over planes in R3. More precisely, if
© € 5% and z € R3, then the Ray Transform of g € S(R?) is defined by

Pg(©,2) = / g(tO + ) dt.
R
This is the integral of g over the straight line through x with direction © (see Figure 4.2). Notice that
Pg(©,z) does not change if x is moved in the direction ©. Hence, z is normally restricted to O~ so that Pf
is a function on the tangent bundle {(©,x) : © € S? x € ©1}. It is useful to recall the Fourier Slice Theorem
which establishes that following relationship between the Ray Transform of g and its Fourier transform:

FlPal©.m) = [ Po@.3)e " ds = (n). weor.
where F» denotes the Fourier transform over the second variable. We refer the reader to [21] for this and
additional properties of the Ray Transform.

In order to deduce an estimate for the integral of the surface fragment given by the expression (4.3),
we will analyze the Ray Transform of the surface fragment F', given by (4.2). Let ¢’ € [-F,F]. The Ray
transform of F' in the direction E¢/ = (sin¢’,0,cos ¢') is given by

PR(¢, ) = /R F(iLy + ) dt (4.6)

where € R®. This is the integral of F over the straight line through z with direction L,. Notice that
PF(¢',z) does not change if x moves along the direction Ly . Hence, x is effectively restricted to Lj;, SO
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2

T1

F1G. 4.2. The Ray transform is defined by integration over the lines through the point x with direction ©.

that PF is a function on the tangent bundle {(Ly,z) : Ly € 52,z € qu,} By introducing the vectors
L= (0,—1,0) and Ly = (cos¢’,0,—sing’), we can express z € Lj;, as

{z e Ei;,} ={sLi+wLy: s,w € R} (4.7)

It follows that

t
PF (¢, s,w) = / Flpy|s dt, (4.8)
R w

sing’ 0 cos¢’
where pg = 0 -1 0 .
cos¢’ 0 —sing’
By the Fourier Slice Theorem, we have that

Fo[PF|(¢',n) = / PF(¢/,s,w) e ™) dsdqw = F(n,¢'), ne L.

LJ_
¢/
Hence, by the properties of the Fourier transform (Plancherel and differentiation theorems), we obtain the

following identity:
[(PF)ss]|® + 2/ (PF)sw|l* + | (PF)uww|* = (2m)* /RQ nl* [E(n, &) dn, (4.9)

where n = m El + n2 EQ.

4.3.1. Ray Transform of the Surface Fragment. For brevity, let us introduce the following nota-
tion:

F‘ly(t,s,w):F pe | s , g¢l(t,s,w):g 279 pgr | s , w¢,(t,s,w):w ps | s
w w w
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Using this notation, we will rewrite the Ray transform of the surface fragment, given by expression (4.8), as

PF(¢,s,w) = /RFW (t,s,w) dt. (4.10)

As described above, this is an integral over the lines Ag 4 = {y € R3: y- Li=s & vy-Ly=uw}, where

L1 and Lo, given by (4.7), depend on ¢'. Depending on the values of (s,w,¢’), the lines A, 4 may or
may not intersect the surface . = {(EY) (u,v),u,v) : |u|,|v| < 1}. In the following, we will analyze the two
situations separately.

Case 1: No Intersection.
When the line A; ¢ does not intersect the surface ¥, the Ray transform of F' takes the form:

PF(gb',s,w):Ag¢/(t,s,w)w¢/(t,s,w) dt. (4.11)

In this case we have the following result.
PROPOSITION 4.2. The function PF 1is twice differentiable as a function of s and w and admits the
decomposition

(PF((b/vva))ss (¢/a Saw)+(PF(¢/a S,U)))Sw (¢/,S,W)+(PF(¢/,S,1U))ww (¢/a S,U)) = FO((b/,S,’LU)—FFl((b/, S,U)),
where

IFO(¢, s, w)|* < C27%,
I(FH (¢ 5,w) N2 + 1 (FH(S 5,w) I < C.

Proof. With an abuse of notation, in the following we will write g for gd’/ and wq for wg . By direct
computation we have:

(PFs(6.5:0) = [ o oltsswhuttssw) di = (8 s,) + (6 s,

where FO(¢/,s,w) = [5(gss wo + 2gs wos) dt and F(¢',s,w) = [, g woss dt.

Recalling that g(t, s, w) = g% (t,s,w) = g (2*jp¢/ ( ; )), a direct computation yields that |gs| < C 277
and |gss| < C27%. It follows that |gswos|] < C277 and |gsswo| < C 2729, Since wp (and hence PF) has
compact support, it follows that [, [gss woldt < C27% and [, [gs wos|dt < C'279. This implies that

[FO(¢f,s,w)]|* < C27%.
For F(¢',s,w), we have

0 , B
S s w) = [

0
_(g wOss) dt = / (gs Wss + g wsss) dt.
r 0s R

Using the same argument as the one used for FO(¢/,s,w), it follows that ||(F'(¢/,s,w)) ||* < C. Simi-

larly it follows that ||(F*(¢/, s,w))w”2 < C. The proof is completed by repeating the same argument for
(PF)sw(d,s,w) and (PF)yw(d,s,w). O

From Proposition 4.2, using the Fourier Slice Theorem for the Ray transform and the Plancherel theorem,
it follows that

00 27
[ [ 1rees)pe agar < oo
0 0
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and, hence, that

2J+1

27
/ \F(r, 0, ¢')>do’ dr < C 2779,
0

2i—2
Since F(x) = f(277x), we have F(£) = 2% f(27¢). Thus, the above inequality implies the following one:
2292 o
/ / |f(r,0',¢")|?db dr < C 2712, (4.12)
22i-4 Jo
This completes the analysis in the case where there is no intersection.

Case 2: Intersection.
In order to find the intersection of the line A, ¢ and the surface X, one has to solve the equation

Po|ls|={ » |,
w v
which leads to the system:
t = EY) (u,v)sin¢’ +vcos¢’, (4.13)
s = —u, (4.14)
w = EY (u,v)cos ¢’ —vsing'. (4.15)

To compute the solution of this system, we will use the Implicit Function Theorem to express ¢ as a function
of s and w. In order to do that, we first check that the conditions of the Implicit Function Theorem are
satisfied. A direct computation gives:

Sy = —1,8, =0,
w, = EY) (u,v) cos ¢’ w, = BV (u,v) cos ¢’ — sin ¢/,

and

Su  Sv
Wy Wy

A(¢') = det < ) =sin ¢’ — EY) cos ¢’ (4.16)

The following proposition deals with the case when |sin ¢’| < 2177,
PROPOSITION 4.3. Assume that |sin¢’| < 2177, Then, for each fived j and ¢', we have that
92j+2

2w
[ [iieeopaa <o,
22i-4 Jo

where where C' is independent of j and ¢'.

Proof. Since |E1(,j)| < 277 (from the assumption that |E”||z~ = 1), it follows that |A(¢’)| < €277 with
C independent of j and ¢’. Let A be the region defined by {(s(u,v), w(u,v)) : (u,v) € [~1,1]?}. Since
[ydsdw= [, [1 |A(¢)|dudv < C|sin¢/| and F is bounded (and hence PF is bounded), it follows from
a direct calculation that [[(PF)|3. < C fil fil |A(¢")| dudv < C277. Using the Fourier Slice Theorem for
the Ray transform and the Plancherel theorem, we have that

e’} 27
/ / |E(r, 0, ")) r do' dr < C277
o Jo
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and, hence, that
2J+1

2
/ E(r, 0, )2 d0/ dr < C 2%,
0

2i—2
Since F(x) = f(277x), we have F'(£) = 2% f(27¢). Thus the above inequality gives
2%t2  or
/ / |f(r, 0/, ") do’ dr < C 2773
22i—4 Jo
This finishes the proof of Proposition 4.3. O

For the case when |sin¢/| > 2'77, we have that 277 < 1|sin¢/| < |A(¢)| < 2|sin¢/|. Thus, we can
apply the Inverse Function Theorem and use equations (4.14) and (4.15) to derive the functions u = u(s, w)
and v = v(s,w). Inserting these functions into (4.13), we obtain the intersection point in terms of ¢ as

to(s,w,¢’) = EWD (u(s,w),v(s,w))sin ¢’ + v(s,w)cos ¢'. (4.17)

This shows that there is at most one point of intersection for each fixed (s, w) and ¢'.
We can write n € Ej;, asn = (n2cos@’, —ni, —mesing’) = (rsin@ cos¢’, —rcosd’, —rsin @’ sin ¢’), where
m =rcos®, ny =rsind’. Then (4.9) can be rewritten as

') 2T
IPF)aall? + 21 (PF) el + | (PF)s? = / / P\E(r 0, )2 d6! dr. (4.18)

Since the same n can also be expressed in spherical coordinates as n = (pcosfsin ¢, psin 6 sin ¢, cos @), it
follows that we must have p = r and

sin#’ cos ¢’ = cos @ sin ¢,
cos @ = sin fsin ¢,

—sin @' sin ¢’ = cos ¢.

From the first and the third identities, we have tan ¢/ = — cot ¢ sec 6, which implies that ¢ is equivalent to
¢ — 5, that is, there is are constants 0 < C1(0) < Ca(f) < oo such that C1(0) ¢’ < ¢ — § < Co(0) ¢'. Also

since [¢ — 5| < T and |0] < T, we see that |%i;,| < C and |86i;,| < C and hence

|9 — ¢5] < C (g1 — dal + |61 — Oa]). (4.19)
Also, we have

B EY (u,v) cos ¢ — sin ¢

Us = NI WUy = 0, (4.20)
E&j)(u,v) cos ¢ 1
Vg = —W,’UUJ = _A((b/) . (421)

From (4.20) and (4.21), it is easy to verify the following proposition.
PROPOSITION 4.4.

1 277 277 277
el = g 11l = g el = O 1ol = Clagp
1 277 277 277
<Cr—— <C——= <C——= <Ci——s
o] = [sing/|’ [vs2] < [sing/[3’ [sul < [sing/|3’ [oue] < [sing/|3’
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where the constant C is independent of (u,v) € [-1,1]%, ¢/ € [=F, §] with |sin¢'| > 2177,

Using the expression (4.17) that was found for the intersection point, from (4.6) and (4.8) we obtain the
following formulation of the Ray transform PF(¢', s, w):

to(s,w,p") t
w

— 00

From Proposition 4.4, one can use essentially the same argument as the 2-dimensional case (see Lemma 6.2
in [2]) to prove the following proposition. For completeness, a sketch of its proof will be provided.

PROPOSITION 4.5. The Ray Transform of F s twice differentiable as a function of s and w and admits
the decomposition

(PF((b/vva))ss (¢/a Saw)+(PF(¢/a S,U)))Sw (¢/,S,W)+(PF(¢/,S,W))ww (¢/a Saw) = FO((b/,S,U])—FFl((b/, S,U)),
where

IF(¢", 5, w)|* < C 27| sing/'| 72,
I(EHSs,w)) 1P+ (FH (&, 5,w)) 17 < Clsing!| 7.

Proof (Sketch). We will adopt the same notations as in Proposition 4.2.
From (4.22), we have that

— 00 oo

to(s,w,¢") ¢ (s,w,8")
F(¢,s,w) = / Flpy | s dt = / g(t, s, w)wo(t, s, w) dt.
w _

This implies that

to(s,w,p")
(PF)s(¢', s,w) = g(to, s,w) wo(to, s,w) tos + / (gs(t, s, w) wo(t, s,w) + g(t, s, w) wos (¢, s, w)) dt

— 00

(PF)ss(¢',s,w) = Ty + To + T3 + Ty,

ftO(s it )(gss wWo +2gs wOs) dta

where T1 = g; wo (tos)? +9s wo tos + g wo toss, To = gwor (tos)? +9 wos tos, Tz =
Ty = fi(;(j’wﬂy) g Woss dt.

From to(s,w,¢') = EY (u(s,w),v(s,w)) sing’ + v(s,w) cos¢’, using Proposition 4.4, it is easy to ver-
ify that |tos] < C 5 ltoss] < C 2. Tt follows that |T1| < CrZom and, hence, |T1]2 <
C %L‘ dsdw < ‘bl ¢/|) since [, dsdw < C|sin¢’|. Using the assumpmon that |sin¢/| > 2277, one
can verify that |(T2)s] < C T ¢,‘3 Similarly one can verify that |T3| < C277, and (T4)s| < C. Thus, it
follows that || T3] < C Ism¢’\5’ and ||(T4)s||* < C |sin¢’|® since |sin ¢'| < 1.

Now the argument is completed by letting FO(¢', s,w) = Ty + T3 and F*(¢/, s,w) = Ty + Ty. [

Tsin @] qb’

As a direct corollary of Proposition 4.5, it follows that
00 2T
/ / P\ 0, )2 do dr < C27% | sing'| >,
o Jo

which implies that

2i+1 2
/ / \E(r, @, )2 d0/ dr < C2-TF|sin /|, (4.23)
27—2 0
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Using again the identity F'(&) = 2% £(27¢), from (4.23) it follows that
92§42

27
/ / |f(r,0',¢)|?do’ dr < C 272 |sing'| 5. (4.24)
22j—4 0

We can now prove Theorem 4.1

Proof of Theorem 4.1.
Recall that we are assuming that & = (£1,£2,&3) € Do, § > 0, [f1] < |[l2] < 27. In addition, the
assumptions on the support of ¥; and 1o imply that

supp 91 (277¢1) C {& € [-2¥7F, =2 u 2% 2%,
supp 22§ ) € {(6160.6) 1P 2 - 0] <1},
-y y:
suppta(E —0) © {(61,6:60) 1 27 2 — ol < 1}
By representing (&1, &2, £3) using spherical coordinates as (A cos 6 sin ¢, Asin 6 sin ¢, A cos ¢), we can write the

last two expressions as

supp2(2/ 82 — ) C {(A,0,¢) : 277 (61 — 1) < tanf < 279(41 + 1)},
cot ¢
COS

supp o (2782 — ) C {(A,0,0): 277 (b —1) < <277 (6 + 1)}

Notice that [f] < 7, so that 1 <|cos@| < ‘/75

Since A\? = £ + &3 + &3 =& (1 + (tan6)? + EEZZ?;;) and (1| < |[la] < 27, it is easy to verify that

92i—4 < |)\| < 2%+2,
Thus, using the fact that tan ¢ > 277 cos (2 — 1), it follows that the support of I'; ¢ is contained in the set:

Wie={(\0,0): 2277% < |\ <2¥+2 tan ' (277 (¢; — 1)) <0 < tan (277 (41 + 1)),
cot 127 (ly — 1)) < ¢ < cot™H (277 (g 4+ 1))} (4.25)
When (A, 6, ¢) is contained in the set W;, the variables § and ¢ are contained in intervals of length
C 277, which, in the following, will be denoted by Iy and I, respectively. Hence, from (4.19), it follows that
¢’ is contained in an interval I of length C'277. Furthermore, if (\,6,¢) € W, and |sin¢| > 2177, then
27| sin ¢/| is equivalent to ||, so that £ # 0.
Let & = rsin€ cos¢’, & = —rcost, &5 = —rsinf'sin¢g’. A direct computation shows that the
Jacobian of (&1, &, &) with respect to (r, 6, ¢') is —r?sin®@'. It follows that

[ForI©Pa< [ IfeP e
R3 w;,

92i+4

7.l
271

g// / |f(r, 0, ¢")|>r? sin? 0’ dr d¢’
Iy J22-2 Jo

92i+4

2
< o / / / Fr 0. 6O db’ dr oy (4.26)
1,222 Jo

We can now use the estimates from Propositions 4.2, 4.3 and 4.5 to complete the proof. Namely, in the
non-intersection case, inequality (4.12) gives that

L@ W) de < 27 (.27
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For the intersection case, with the assumption that |sin ¢/| < 2177 Proposition 4.3 gives that
L ORI, 0F s < 027
Finally, for the intersection case, with the assumption that |sin ¢/| > 2177, inequality (4.24) yields

ﬁ FOP TP de < 2% / |sin /|5 do
Re I

< C27Y |0y 75,
Since |f2| < 27, the proof of Theorem 4.1 is completed by combining the three inequalities given above. [J

Before proving Theorem 3.3, we need some additional estimates involving the derivatives of the surface
fragment.
Let m = (my, ma,m3) and, let us adopt the usual multi-index notation where |m| = my + ma + ms,

m mi,,.mz2, ., m3 a,nd 8 f omL 9gm2 9gms3 £

™" =" xy ey PETT DET DETT (£). For a surface fragment f, we may rewrite 2™ f(x) as

2" f(w) = 277" fin (@),
where f,(z) = g( )(2j )" W(27T) X (21 > B(x2,25)] (%) is another surface fragment. Since the Fourier transform
of 2™ f(x) is i™ agm " f, the inequalities (4.5) and (4.27) imply the following estimates:

/ |8§m )2 [T .e(€ )|?de < c2-7Iml 2743‘(1 + [£3])7°, if there is an intersection,
/ |8§m (O |T;,e(€)? d€ < C2lml =9 if there is no intersection.

Notice that, for the non-intersection case, the estimate 2-71m19-97 {5 the best possible one. However, for the
intersection case, the estimate 27™12~ 43(1 +[€2])7® can be improved if m; > 0. The reason is that, on the
surface, |z1| = |EJ (w2,23)] < C277. Indeed, using the argument of Proposition 4.5 for the surface fragment
F(x) (recall that F,(z) = fn(279x)), if the derivatives don’t involve x1, then one obtains the additional
factor 277™1. On the other hand, when one takes one derivative with respect to z{"!, this only produces
a factor 277(m1—=1)_ However, in this last case, one can compute one additional derivative with respect to
the the remaining function in the expression of F},(z) so that the missing factor 277 can be compensated,
thanks to Plancherel theorem and the observation that, in the Fourier domain, the domain is restricted to
the region where 2771 < [¢| < 2772, Indeed this is the key idea in the proof of Lemma 6.2 in [2] (and hence
in the proof of Proposition 4.5).

Using these observations, we obtain the following refinement of Proposition 4.5 valid for F,,(z), in the
case where mq = 2. The behavior for other values of my is similar.

PROPOSITION 4.6. The Ray Transform of Fy, is twice differentiable as a function of s and w and admits
the decomposition

(PF(¢/7 S7w))ss ((b/’ S,’LU) + (PF(¢/7 87 w))su) ((b/’ S,’LU) + (PF(¢/7 S7w))u)u) (¢I7 87 ’U})
where, for g = (q1,q2) and |q| = ¢1 + q2, we have that
[FO(¢',s,w)||* < C272™127 % |sin ¢'|~°,
[(FHe',5,w)) |17+ 1(F' (¢, s,w)) |7 < C2727™ [ sing/|~,
Z ||(F2(¢/a Saw))sqlqu ”2 < 61272j(m171)|sin¢/|f57
lg|=2

S IF@5,0)) jay e I < €272 72 [ sin /72
lg|=3
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From the assumption on the support of ¥ and v, and the assumption that |€1] < |€2|, one can easily
verify the following inequality (see the proof of Lemma 2.5 in [10] for a similar argument):
|§m 3,¢

Since the sets Wy, ¢, and Wjy , ¢, are essentially disjoint for £; # £y, (that is, each point lies in a finite
number of sets W, ¢, ¢,), using the last inequality we obtain that

(O] < o272 (1 4|t

|€2] 57"
S oD@ < Crp 2727 M1 4 [y]) (4.28)
ogm -
51:7|52
Finally, letting my = (my1, myp2, my3), My = (My1,My2, My3), using Proposition 4.6 and inequality (4.28)
we obtain:

[£2]

mw 9
; d
p [ Vs PO o T 60
< C272Imsl (2720m g4 (1 4 |0y|) 75 4 2799) 27 mdmImali (1 4 gy [y, (4.29)

Let L be the second order differential operator defined by:

92i 2 o2 21\* 92 21\?* 92
L=\I- 7+ 75 -\ =) =5 I-\=) 55 |- (4.30)
2 (1 +162]) ) 06 2n ) 0& 2n ) 0&;
From inequality (4.29), a routine calculation gives the following theorem which extends the result in Theo-
rem 4.1 (again using the fact that [(5] < 279).

THEOREM 4.7. Let f be the surface fragment given by expression (4.1) and T';, be given by (4.4). Then,
for each € € Dg, >0 and —27 < ly < 27, the following estimate holds:

[£2]

> Ll

lr=—|ls]

@ Tl0))] de <2 (14 ja))

4.4. Proof of Theorem 3.3. Using the preparatory work from the previous sections, we are now ready
to provide the proof of Theorem 3.3.

Fix j > 0 and, for simplicity of notation, let f = fg. For u € Mj, the shearlet coefficients of f can be
expressed as

o) = (o) = | det Al J/Q/ F(E)T;4(6) 2mi€A™ B~ % e,

where A and B are given after equation (2.1). By the equivalent definition of weak ¢! norm, the theorem is
proved provided we show that

#{ue M |(fyu)| >ep <C27% et (4.31)
Observe that
| 2% 0 0\ (1 ~6 6 [k
EATB k=(&4 & &) 0 277 0 0 1 0 ko
0 0 277 0 1 1 ks

= (k1 — koly — kala) 2729&) + ko2 9&y + k327965, (4.32)
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Let L be the second order differential operator defined by (4.30). It is easy to check that

_ [£2] N2/ k1 kot 2 2 2\ 2mitA B~k -
I (ezm'gA*JB*’»’k) _ {(1 + (en) "Gy — Tor £ 5s) ) (1+k3)(1+k3)e if by #0 (4.33)

(14 k2)(1 + k2)(1 + k2) e2micA™ B~k if £y =0,

where we have +k3 depending on whether /s is positive or negative. Using integration by parts, we have:

(o) = det a7 [

R3

L(f@Ts(e)) L7t (2 57%) de.

To analyze this quantity, we will consider separately the case £ # 0 and £ = 0.
Case 1: {3 # 0. In this case, using (4.33), we have that

L1 (AT BN G, gy mean (434)

where G(k, 0) = (1 + ((1@2‘))2(’“—1 — kel 4 k3)2) (1 4+ k3)(1 + k2). Thus, we have that

R

(f ) = | det A2 Gk, ) / L(F@Tyele) e2eh™ 5 % ag,

or, equivalently, that

Gk, 0) (f, ) = | det A| 7972 /

R

L(fOTl©) e 5 R g,

Let K = (Ki,K»,K3) € Z° and define R = {k = (ki,ko,ks) € Z° : g € [Ki, Ko + 1], =B85 €

) [
[Ky, Ky + 1], ks = Ks}. Since, for j, £ fixed, the set {|det A|=3/2 ¢2mi¢A"B™"k . | ¢ 72} is an orthonormal

basis for the L? functions on [—1, 1]47B*, and the function T'; ¢(£) is supported on this set, then

> Gt P < [ |2 (FOmu@)| e

k€ERK
This implies that
[£2] [£2] A 9
SO GOl S L (fOTu)| d
6y=—|0s] kERK br=—|ty] VR
From the definition of Ry, it follows that
|£2| . [£2] X 2
S Y P SC (14 (K- Ko £ Ko)?) (KD 204K 2 Y [ L (F@T©)] g
li=—[l2| kERK ==t Ra
Thus, by Theorem 4.7, we have that
[£2] _
Yo D MW <OLE27 Y1+ |k, (4.35)

f1=—|z| kERK

where Lg = (14 (K1 — K2 = K3)?) (1+ K3)(1+ K3).
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For j,/ fixed, let Nj ¢ x(€) = #{k € Rk : |¥jex] > €}. Since |¢1] < |l2], it is clear that N;, x(€) <
C (1+¢3])? (C is independent of ¢1) and, hence, Z'f :l—léz Njok(€) < C(1+|l])3. Using the new notation,
from (4.35) we have that

|e2
> Niexl(e) SCLZ29 e (14 [¢)~°
£y =—{2]
This implies that
MQ
> Njex(e) < Cmin ((J0]+1)% L2274 e (14 |£)) 7). (4.36)
by =—|L2|

Using (4.36) we will now show that:

€2]
Z > Njuxle)<CLg 272, (4.37)

lo=—27 flz—légl

In fact, let £3 be defined by (£3 +1)% = L2274 ¢ 2(1 + £5)~°. That is, (€3 +1)* = L' 2% ¢ 1. Then

[£2] |£2] 2]
Z > Nux@< Y Y Nuw@+ Y Y Niew(
Ly=—27 £1=—|{s] [€2]<(£541) £1=—]La] [ea]>(£3+1) £1=—]L2]
< D> (el+1)P+ D) L2 Ve P14 )P
[€2]<(£5+1) |€2]>(£3+1)

SO+ D)+ CLE27M e 2(1+45)7* < O (05 + 1)*,

which gives (4.37).
Since ) peps L' < oo, using (4.37) we then have that

27 [£2]

#{pe M;: |(f,du)] >e} < Z Z Z Niox(e) <C27% ¢t ZL%1§C2_2je_l,

KeZ3 bo=—27 £1=—|{3] KeZ3

and, thus, (4.31) holds.
Case 2: /5 = 0. In this case, we also have ¢; = 0. It follows that

-1 (e%ri&A’jk) —(1+ k%)—l(l i kg)—l(l + kg)—l Q2TIEATT k.
Let L = (1+k?) (1 +k3) (1 + &3). It is clear that also in this case Y, ;s Li " < 0o. We have

(tsa) = aer AL [ (FOTse(@)) e e

or, equivalently, that

(F by ) L = | det A 9/2 /

R3

L(F©T1a() 2™ de,
It follows that

2 .
> Bl = [ e (fero)] d< o,
kez3

In particular, for each k € Z3, we have |(f,v; )| < C L' 2% and hence "k € Z3|(f, ;)| < C 272 or
I{f, skl < € 2727 which implies |[(f, jk)llwin < C 272,
This completes the proof of the theorem. [
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4.5. Remark on the proof of Theorem 3.3. In the proof of Theorem 3.3, it was assumed that the
boundary surface contains the origin and has normal direction (1,0,0) at the origin. In general, if this is not
the case, one can “transform” any given surface into one which satisfies the above assumptions by using a
combination of translation and rotation. Obviously the translation has no impact on the proof which was
given above. It only remains to explain the effect of rotations, since the shearlet system is not invariant with
respect to rotations.

As in the proof of Theorem 4.1, for £ = (£1,&2,&3) € Dc, let

Tje(€) =t (27% &) s (2j b2 _ fl) U3 (2j S 2) .
& &1
Recall that the support of I'; ¢ is contained in a set W; , which, using spherical coordinates, is given by:
Wie=1{(\0,0): 297* < |\ <2%F2 tan ' (2794 — 1)) <0 < tan * (277 (4 + 1)),
cot 127 (ly — 1)) < ¢ < cot (27 (b + 1)) }.

Hence, using spherical coordinates, a rotation can be realized by the mapping (A, 8, ¢) — (A, 0 — 0y, ¢ — ¢o),
where 0y and ¢y are the two rotation angles. Also recall that, inside Wj,, we have 27sinf ~ ¢; and
27 cos ¢ & Lo, which implies that there are £1, 5 such that 27 siny ~ £1, 27 cos ¢ = fo. Let T ,(£), W}, and

fo be the images of I'; ¢(£), W; ¢ and f under the rotation by 6y and ¢g. Then it is easy to see that
W2~ {(X,0,¢): 22774 <A <2%F2 tan ' (277 (6, + 0, — 1)) <0 <tan ' (277 (6 + 4 + 1)),
cot 12T (g 405 — 1)) < ¢ < cot 127 (ly + 0y + 1))}

From these observations, using the same argument as in the proof of Theorem 4.1, one can show that
L PO IR (0P ds < 02791+ |62+ Ta)
R

The rest of the argument is exactly the same as in the proof of Theorem 3.3, where /5 is replaced by 5 + /5.

4.6. Analysis of the coarse scale. At the beginning of Section 4.1, we assumed that the scale
parameter j is large enough, i.e., j > jo for some jo > 0. The situation where j < jp is much simpler. In
fact, if fo is an edge fragment, then a trivial estimate shows that

1/2
|fQ||2=(/ |fQ<:c>|2dx> < Csuppug|/* = 027 ¥,
supp wq

It follows that || (fq, ¥u)lle < Cllfolla < C 2727, To deduce an ! type estimate, we notice that

1o, Yudller < N3 72 ([(fo, Y2,

is valid for any sequence {(fg,,)} of N elements. Since, at scale 277, there are about 2%/ shearlet elements
in Q]Q, it follows that

I(fa, ¥l < C272727 = C'2737,
This satisfies Theorem 3.3 for j < jo.

4.7. Proof of Theorem 3.4. The proof of Theorem 3.4 follows essentially the idea from the 2-
dimensional case in [10]. We start by proving the following lemmata which will be useful in the following.
LEMMA 4.8. Let f = gwg, where g € E2(A) and Q € Q} and Wj ¢ be given by (4.25). Then

/ If ()P d¢ < C27t. (4.38)
W,

J.€
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Proof. The following proof adapts [10, Lemma 2.6].
The function f belongs to CZ(R?) and its second partial derivative with respect to 7 is

o*f 829 dg Owg

aQ’WQ
Catl 2 %9
022~ 022 "2 " 9, oy

2
Oxy

+f

= hl —|—h,2—|—h3

Using the fact that wg is supported in a square of sidelength 2 - 277, we have

[ b (6] dé :/ by (2)]* dw < C27%.
]RS RS

Next, observe that Ha%lhgﬂoo < C'2%. Using again the condition on the support of wg it follows that

/|27T§1h2 (©))?de = /‘—hz

and thus, for £ € W, (hence & =~ 2%7),

de < C27,

/ lhaE) de < 029,
Wi.e

Js

Finally, observing that ||8%25h3|\00 < C2Y, it follows that [5, |hs(€)|? d¢ < C 259 and, thus,
1

| lhap e <oz
w.

g€

Since —(2m)2 €2 f(€) = hi(€) + ha(€) + hs(€), it follows from the estimates above that

/ FO)de <o,
Wi

7,

This completes the proof. O L R
LEMMA 4.9. Let m = (m1,m2,m3) € NxNxN, £ = (£1,62,&3) € R? and T'j ¢ be given by (4.4), where
{= (fl,fg). Then

2
< Cp 2—2\m|j,

> ¥

01 =—27 fo=—27

8§m J;fl,fz (5)

where Cy, is independent of j and & and |m| = my + ma + ms.

Proof. Observe that W, N W; oy = 0, whenever |[¢}| > 3 or |[¢4| > 3. Since [¢1], |l2] < 27, the lemma
then follows from (4.28). O

LEMMA 4.10. Let f = gwg, where g € E*(A) and Q € Q} and set

T = <I - (227])2 A) : (4.39)

where A = 2

2 5 52
6_5f+8_£§+6_5§ Then

/]R3 Z Z ’TQ(fFNMz)(5)’2d§§02*1u,

1 =—2J f3=—27
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Proof. Observe that, for N € N,
- o . o8
N N Z Z 7,
()= 3 cos (5F) ().
la|+]8|=2N
where « = (a1, a2, a3), 8 = (b1, B2, B3), and «;, B; € N. Also notice that, by Lemma 4.9, we have that
2

dé < Cjp 9—2I8lj /
1%

gt

2]

/Rsz

Recall that f(z) is of the form g(z)w(27x). Tt follows that z® f(z) = 2771% g(2) wa (272), where wq(z) =
x%w(z). By Lemma 4.8, g(z) wa(272) obeys the estimate (4.38). Thus, observing that % £ (&) is the Fourier
transform of (—2miz)® f(z), we have that '

/Wj,e

Combining the estimates above we have that, for each «, 8 with |a| + 3] = 2N,

/Rszi

Ly=—2 £1=—2

2

o8
o¢r

aa

|oe £ Lj.e(8)

2

" d¢ < C, 27 2%lel 9115,

7 F(€)

2
d¢ < Cpp2 274N, (4.40)

2

o8

6P IPWIE3)

2
o

Since T? =1 — 2 G 2J > A+ (222])4 A? the lemma now follows from (4.40) and Lemma 4.9. O

We can now prove Theorem 3.4.
Proof of Theorem 3.4.
For T given by (4.39) and ¢ = (¢1,¢3), a direct computation gives that

T (2mEATETR) = (14272 (hy — ko £y — kg £a)? + K3 + k3) ™A/ BTE, 4.41
2 3
Hence,
T2 (2mEAT BT (1 4 972 (k) — ko by — kg £o)? + k2 + k2)7 (2mi€ATV BTk 4.42
2 3

Fix j > 0 and let f = fo, with Q € Q}. Then, using integration by parts as in the proof of Theorem 3.3,
from (4.42) it follows that

(Fotb) = |det A9 (14 272 (ky — ky €y — ks £2)* + k3 +k3) /@ T2 (O Te(©)) €245 b g,

Let K = (K1, Ko, K3) € Z3 and Rk be the set
RK = {(kl,kQ,kQ) (S Zg : kQ = KQ,kg = K3,27j(k1 — Kgél — K3€2) S [Kl,Kl + 1]}

Observe that, for each K and each fixed ¢, there are only 1 4+ 27 choices for k; in Rx. In fact, Rx =
{k1 : K1 < k1 — Kol — K3y < 27(K; + 1)}. Hence the number of terms in Ry is bounded by 1 + 27.
Also notice that, as in the proof of Theorem 3.3, we can take advantage of the fact that, for j,¢ fixed,
the set {|det A|79/2¢27iA 7Bk . | ¢ 731 is an orthonormal basis for the L2 functions supported in the
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set [—%, %]3AjBe. Thus, using this observation and the fact that the function I'; , is supported on the set
[—4, 1]347 B, we have that
4 . 2
S P <0 ey [ |1 (P @) ae
R‘

k€ERK

From this inequality, using Lemma 4.10, we have that

27 27 27 27
. 2
> Y Slwwarcasryt [0S S | (in)e)| a
0=—2i 0, =—2 kERx R pym—2i gy =—2i
<C(+K?)~12717, (4.43)
For any N € N, the Holder inequality yields:
1
N N 2
> lam| < <Z Iaml2> N2, (4.44)
m=1 m=1

Since the cardinality of Rk is bounded by 1 + 27, it follows from (4.43) and (4.44) that

27 27
Z Z Z |<f,¢u>| <C (233‘)§ (1 +K2)_2 2‘%]’ < Co 4

lo=—27 £1=—27 kERK

Thus, for f = fg, with Q € le-, we have that:

S 1) < 0278,

neM;

5. Extension to the Piecewise C? Setting. We briefly outline how to extend Theorem 3.2 to the
situation where the surface boundary is not C? but piecewise C?. For reason of space, only a brief sketch of
the argument can be presented in this paper. In particular, for simplicity, we will only describe the argument
in the bivariate case: the same ideas can be carried over from the bivariate to the trivariate case without
significant changes.

Let S be the boundary curve and let us assume that S has a corner point centered at the origin. Assume
that, near the origin, the curve is parametrized as S = {(E(x2),z2), z2 € (—1,1)} and that (0, 0) is the only
corner point of S. Let #1 = Ly 22, where a9 € [0,1), and 21 = Lo x2, where 25 € (—1,0], be the two tangent
lines of S at (0,0). The region G = {(z1,22),21 > E(x2), 23 € (—1,1)} N[—1,1]? can be expressed as the
union of three subregions G1, G2 and G3, where

Gy = {(IlaIQ)vE('IQ) <z < le?a T2 € [07 1)}ﬂ[_17 1]27

Gy = {(Ilva)vE('IQ) <z < L2I25 T2 € (_170]} ﬂ[_lv 1]27

G3 = {(Il,IQ),{El Z Ll{EQ, To € [O, 1), X Z LQIEQ, To € (—1,0]}“[—1, 1]2
For (G1, an argument similar to Section 4.5 can be used to translate and rotate the domain so that, in the
new domain, the tangent line is given by the equation 1 = 0. Next, one can use the same argument valid for
the smooth surface to prove the desired result. Similarly one can deal with G2. For G5 a different argument

is needed since it contains a corner edged by two straight lines with (possible) different slopes. In this case,
however, one can follow the argument in [2, Sec. 9] to complete the proof.
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