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Abstract

We present some iterative decoding algorithms for channels affected by strong phase noise. The
proposed algorithms are obtained as an application of the sum-product algorithm to the factor graph
representing the joint a posteriori probability mass function of the information bits given the channel
output. To overcome the problems due to the presence in the factor graph of continuous random
variables, we advocate the method of canonical distributions. For several choices of canonical distri-
butions, we derive the corresponding iterative decoding algorithms and compare their performance
by computer simulation. We present numerical results for binary LDPC codes and LDPC-coded
modulation, with particular reference to some phase-noise models and coded-modulation formats
standardized in the next-generation satellite Digital Video Broadcasting (DVB-S2). Our results show
that phase noise, with a rate of change typical of the instabilities of satellite transmitter and receiver
oscillators, does not entail significant degradation with respect to the case of a perfectly coherent
channel.
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I. INTRODUCTION

The factor graph (FG) representation and the sum-product algorithm (SPA) [1] provide a
general and powerful framework to reinterpret a number of well-known algorithms in digital
communications, such as the Viterbi algorithm [2], the BCJR algorithm [3], the iterative
“turbo” decoding algorithm [4], and the belief propagation algorithm for low-density parity-
check (LDPC) codes [5].

In this paper, we use this framework to derive new efficient algorithms for iterative
detection and decoding of channel codes transmitted over channels affected by phase noise.
The approach is Bayesian, i.e., the unknown channel parameter is modeled as a stochastic
process with known statistics. We construct the FG corresponding to the a posteriori joint
probability distribution of the information message bits given the received signal and let
the SPA compute the posterior marginal distributions. Bit-by-bit decisions are then made,
based on the resulting posterior marginals. The FG includes the knowledge of the unknown
parameter statistics. The average over the unknown parameter is implicitly performed by the
SPA as part of the marginalization. The posterior marginal probabilities computed by the SPA
are exact if the underlying FG is cycle-free. In this case, the bit-by-bit decision is optimal,
i.e., it minimizes the average bit-error probability. More often, the underlying FG has cycles
and the resulting SPA is inherently iterative. In this case, the SPA does not yield in general
the optimal MAP decision rule. Nevertheless, the iterative SPA has proven to provide very
good performance in several problems and therefore it can be regarded as a viable low-
complexity solution when the optimal decision rule is just too complex to be implemented
in practice. Since the resulting algorithms are naturally iterative, they are particularly suited
to the decoding of codes such as LDPC and turbo codes, whose decoding algorithms are
typically iterative (and suboptimal) even in the fully coherent setting (all channel parameters
known).

Iterative decoding algorithms for channels with unknown phase has attracted an increas-
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ing interest in the recent literature. The algorithms developed in [6]-[10] are designed for
noncoherent decoding of turbo codes and can be applied to LDPC codes only if trellis-based
separate detection is performed. In particular, in [6], receivers for both the block-constant
phase model and a discretized random-walk phase model are developed by using a phase
discretization approach. In [11], the use of FGs that include both the code constraints and
the channel parameter statistics is advocated in a very general setting. By specializing the
approach of [11] to particular channel phase statistics, several algorithms for noncoherent
detection/decoding have been proposed. In [12], [13] LDPC ensemble optimization via density
evolution is considered for a very simplified block-constant phase model quantized over the
two levels 0 and 7. In [14] a constant and a random-walk phase noise model with Gaussian
increments are considered and approximations of the SPA are derived and evaluated whereas
in [15], messages in the SPA related to continuous random variables are approximated by
means of an impulse at an estimated value and different estimation methods are considered.
Finally, in [16] a phase model where the unknown carrier phase is constant over a block of N
symbols and independent from block to block is considered, the channel parameters are not
explicitly introduced in the FG, and the power allocation to the pilot symbols is optimized
by using density evolution.

A non-Bayesian approach is adopted in [17]-[23]. In [17]-[22] the concept of soft-decision-
directed estimation is introduced. The channel parameters are estimated by using the expectation-
maximization (EM) algorithm [17]-[21] or an ad-hoc procedure [22] and the estimation algo-
rithm is embedded into the iterative decoding process. Generally speaking, the non-Bayesian
approaches consider the channel phase as a deterministic unknown constant. Tracking time-
variations, such as in the case of the random-walk model, is allowed by using some heuristic
sliding window adaptation. As a matter of fact, while the non-Bayesian schemes may be
suited for the block-constant phase model, their performance degrades significantly in the

presence of phase noise since the algorithms are not designed by exploiting the statistical
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knowledge of the phase time-variations.

In this paper we adopt the FG/SPA framework of [11] and we focus on the random-walk
phase noise model with Gaussian increments. While the SPA is well-suited to handle discrete
random variables, characterized by a probability mass function (pmf), the channel parameters
are typically continuous random variables, characterized by a probability density function
(pdf). The SPA for continuous random variables involves integration and computation of
continuous pdfs, and it is not suited for direct implementation. A solution for this problem is
suggested in [11] and consists of the use of canonical distributions, i.e., the pdfs computed
by the SPA are constrained to be in a certain “canonical” family, characterized by some
parameterization. Hence, the SPA has just to forward the parameters of the pdf rather than
the pdf itself. We shall consider several canonical distributions, yielding different algorithms.

The most straightforward parameterization is based on the discretization of the parameter
space [6]. Obviously, this approach becomes “optimal” (in the sense that it approaches the
performance of the exact SPA) for a sufficiently large number of quantization levels, at the
expenses of an increased computational complexity. For this reason, it will be considered
as a performance benchmark. The other approaches proposed in this paper are based on
Fourier, Tikhonov and Gaussian parameterizations, respectively. In the latter case, the derived
algorithm is a modified version of the well-known Kalman smoother. Different pdf families
lead to different performance and complexity, showing that the choice of the canonical
distribution family is a non-trivial key step for obtaining efficient algorithms. We found
that the proposed Tikhonov parameterization yields to an algorithm with unprecedented
performance/complexity tradeoff.

The reminder of this paper is organized as follows. Section Il introduces the channel model
and derives the basic FG and SPA. In Section I1I, we briefly recall the discretization method
and present the details of the new algorithms. In Section IV we present numerical results to

compare the proposed algorithms in the context of LDPC decoding, under the random-walk
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phase noise model and under a European Space Agency (ESA) phase noise model used to
evaluate the next-generation Digital Video Broadcasting satellite standard (DVB-S2) [24],

[25]. Finally, Section V points out some conclusive remarks.

Il. SYSTEM MODEL AND EXACT SUM-PRODUCT ALGORITHM

We consider the transmission of a sequence of complex modulation symbols ¢ = (cg, ¢1, ..., cx—1)
over an additive white Gaussian noise (AWGN) channel affected by carrier phase noise.
Symbols ¢;, are linearly modulated. Assuming Nyquist transmitted pulses, matched filtering,
and phase variations slow enough so as no intersymbol interference arises, the discrete-time

baseband complex equivalent channel model at the receiver is given by
e =cp€% +np, k=0,...,K—1. @

We assume that the sequence c is a codeword of the channel code C constructed over an
M-ary modulation constellation X C c. We include possible pilot symbols (known to the
receiver) and/or possible differential encoding as a part of the code C. The vector of noise
samples n = (ng,nq,...,nx_1) has i.i.d., complex circularly symmetric components, with
ni ~ Nc(0,202).1 The vector of channel phases 8 = (6,61, ..., 0k 1) is random, unknown
to both transmitter and receiver, and statistically independent of ¢ and n.

A common model for the phase noise process {6} is the random-walk (Wiener) model
described by

O = 0,1 + Ay (2

where {A} is a white real Gaussian process with A, ~ A(0,0%). Under this assumption

and assuming 6, ~ Uniform|0, 27), it follows that

p(ek\ekA’ Or—2, ... 790) = p(9k|9k71) = pA(‘gk - 5#1) (3)

1A complex circularly symmetric (resp., real) Gaussian random vector v with mean m and covariance matrix X is
denoted by v ~ Ng(m, X) (resp., by v ~ A (m, 3)). We denote the multivariate complex circularly symmetric (resp.

real) Gaussian pdf with mean m, covariance matrix 3 and argument x by g¢(m, X, x) (resp., by g(m, X, x)).
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where we define pa(¢) as the pdf of the increment A, mod [0, 27), i.e.,

o0

N Z g (O,O'QA,Qb — EQW) ¢ € 10,2m)
pa(@) = t=- 4)

0 elsewhere.

The Wiener phase noise model will be considered in the following as a working assumption
in order to derive efficient iterative detection and decoding algorithms. This assumption will
be relaxed in Section 1V, where we apply our algorithms to the DVB-S2-compliant ESA
model described in [24], [25].

Without loss of generality, we assume that the code C admits an encoding function g :
FP — XX, mapping binary information messages b € r¥ into the codewords. The optimal

decision rule that minimizes the average bit-error probability is given by

-~

b; = arg max P ;(b|r) (5)
belF,

where Py ;(b|r) denotes the a posteriori pmf for the i-th information bit given the received
signal vector r = (rg,...,7x_1). Let P(b, 8|r) denote the joint posterior probability distri-
bution function? of the information bits and of the phase noise vector @ given r. Clearly, the
desired B ;(b|r) can be obtained by marginalizing P (b, 8|r) with respect to € and to all
b; for j # 4. This can be accomplished in an approximated but low-complexity way by the
SPA applied on the FG of P(b,8|r), as illustrated in the following.

We assume that the reader is familiar with the FG/SPA framework (that can be found, for
example, in the excellent tutorial paper [1]). Therefore, for the sake of space limitation we
will not recall here this background. From the definition of the encoding function uc and the

2\We use the term probability distribution function to denote a continuous pdf with some discrete probability masses. For

a probability distribution function we still use the symbol P(.).

March 25, 2004 DRAFT



G. COLAVOLPE, A. BARBIERI AND G. CAIRE: ITERATIVE DECODING IN THE PRESENCE... 6

channel model (1) we obtain the factorization®
P(b,0[r) oc P(b)p(6)p(r|,b)
o x[c = pc(b)lp(@)p(r|6, c = pc(b))

x xle = ne(®)]p(8) TT plrale. 0

=

ol
Ll

o x[e = pc(b)p(@) | | frlck,Ok) (6)

k
where we have used the fact that the output signal pdf p(r) does not depend on b, that the
information bits are uniform and i.i.d., therefore P(b) = 275, that the AWGN channel for

given @ is memoryless, and we have defined the functions

A 1 * — |Ck|2 1 j
fr(cr, Or) = exp {;Re[rkcke I0k) — ?} o< exp {—ﬁlm —a™ Py (D)

and the code indicator function y[c = uc(b)], equal to 1 if c is the codeword corresponding
to b and to zero otherwise. The FG corresponding to (6) is shown in Fig. 1.
Under the assumption of 1st order Markov model for the phase noise, we can further factor

the term p(8) as p(0) = p(6o) [Tr—, pa (6 — O_1) obtaining

P(b,0lr) o xlc = pie()}p(00) [ pallh — 1) [] filers00). ©®)

The corresponding FG is sketched in Fig. 2 and represents the starting point for the devel-
opment of the proposed algorithms.

The SPA applied to the FG in the upper box, corresponding to the code constraints, consists
of the well-known standard belief propagation whose efficient implementation depends on
the structure of the code C and needs no details here. Hence, we shall concentrate on the SPA
message propagation in the lower part of the graph. Omitting for simplicity of notation the
explicit reference to the current iteration, let us denote by P,(c,) the message from variable

3In this paper, we use extensively the proportionality relationship f o g, indicating that f = ag for some real constant

a, since the SPA is defined up to scaling its messages by positive factors, independent of the variables represented in the

graph.
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node ¢, to factor node fi, and by P,(cx) the message in the opposite direction (see Fig. 2).

The message py(6x) from factor node f; to variable node 6, can be expressed as

pd(ﬁk) XX Z Pd(Ck = J})fk(ck =X, Hk) . (9)

zeX
We also assume that in the lower part of the FG, describing the phase-noise evolution,

a forward-backward node activation schedule is adopted. Therefore, messages p;(¢;) from
factor node pa (0 — 0x_1) to variable node 6y, and p,(6y) from factor node pa (0y1 — 6x) to

variable node 6, can be recursively computed as follows:
2
pr(Or) o< / Pa(Ok—1)Ps (Ox—1)pa(Or — Or—1) dOr_1 (10)
0

27
pb(0k> (8 / pd(ekJrl)pb(ekJrl)pA(‘ngrl_ek)dekJrl (11)
0

with uniform pdfs as initial conditions:

pr(bo) = po(Ox) = % (12)

The message P,(cx) from f; to ¢, is given by
P [ T 00 06) Syl ) by (19
The vector of messages {P,(cx) : k =0,..., K — 1} represents the observation (in the form

of sequence of a posteriori pmfs) of the coded symbols “seen” through a virtual memoryless
channel, and are processed by the upper part of the graph according to the standard belief
propagation algorithm. At each iteration, this produces updated messages {P,(cx) : k =
0,...,K — 1} and updated estimates of the a posteriori probabilities Py ;.

Equations (10), (11), and (13), form the main part of the SPA for iterative detection and

decoding in the presence of phase noise.

I1l. PROPOSED ALGORITHMS

It is clear that the implementation complexity of the exact SPA is impractical, since the
messages from and to the variable nodes {6, } are continuous pdfs. In order to obtain practical

algorithms, we follow the canonical distribution approach proposed in [11].
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A. Discretization of the channel parameters

This case corresponds to letting the canonical distribution be a weighted sum of impulses.
This approach has been adopted for Viterbi- and BCJR-like receivers in [26] and [6], [15],
respectively. We assume that the channel phase 6, may take on the following L values:

= {0,2n/L,...,2m(L — 1)/L}.* Obviously, this approach becomes “optimal” (in the
sense that it approaches the performance of the exact SPA) for a sufficiently large number

of discretization levels, at the expenses of an increasing computational complexity.

B. Fourier Parameterization

The function fi(c,0;) defined in (7) is periodic in ;. Hence, it can be expanded in

Fourier series. We use the well-known identity [27, eqn. (9.6.34)]
eveostd — )+ 2 Z Lo(x) cos(46) (14)

where I,(x) is the modified Bessel function of the first kind of order ¢. Letting, for a complex

number z, ¢(z) = arg(z), after some straightforward manipulations we obtain

lenl? _ o
filer, 00) oc ™27 3 1y (%) e Il O (15)
f=—00

Substituting (15) into eqn. (9), we may express

(e 9]

pa() o Y A (16)

{=—o00

having defined

o A |7’k||37‘ —jlp(ra™)
Ak = Z Pd 20 Ig (7 e’ k
reX
o —jld(r _la2 73| || i06(z)
= Jld(ri ;pd = x)e 27, (7 el
= eijgd)(rk) Z Pd(Ck = x)e*%h |T‘k||ZL‘| {L‘_é (17)
et o ) lel”

“In [6], the authors state that for A7-PSK signals, L = 8\ values are sufficient to have no performance loss.
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Note that for M-PSK signals, the expression of coefficients A,(f), neglecting irrelevant terms,

simplifies to

A = emitolr)] (W‘)Zpd : (18)

TeEX

In this case, at the first iteration, when the probabilities of symbols P,(c,) are all equal to 1/M
(except for the pilot symbols), these coefficients are zero for ¢ # 0, £ M, +2M,+3M, . ...
Pdfs p(6y) and p,(6x) take on the same form, i.e., they are periodic as well and can be

expanded in Fourier series as

[e.e]

prbs) = Y BY) el (19)
f=—00
p(O) = Y By (20)
l=—00
Substituting (16) and (19) into eqgn. (10), we obtain
° 2
Z B}?’)fejgek = Z Z A Bj(‘nk 1/ I tMPi—1p \(6), — O 1) Oy
0

l=—00 M=—00 N=—00

= Z Z A BET / 1 pp (O, — Op_r) db_r . (21)
0

f=—00 m=—00

We notice that, for practical values of o, the pdf pa(¢) is essentially zero for argument ¢

outside an interval centered in 0 of size much smaller than 2. Hence, we can write

2m o0
/ IO 1A (O — Op_y) dOp_y ~ / e%1g(0,08, O — Op—1) Ay
o _

= Dg(O'A)ejwk (22)
where we define
A 0'2A£2
Dy(op) =€ 2. (23)
By using (22) in (21) we obtain
> B = Y |pios) S0 ABET | @)
{=—00 {=—00 m=—00

yielding the forward recursion for the Fourier coefficients Bj(f,l

ix=Di(oa) Z A B = Di(oa)[AY, @ Bf) ] (25)
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where ® denotes convolution of sequences. From condition (12), we derive the initial con-
dition

BY) =6(0) (26)

where §(¢) denotes the Kronecker delta. Similarly, the backward recursion to compute the

coefficients {B})} is given by

0 Y4 Y4
BIEZ = DZ<0A>[AI(§—3—1 ® BIE,13;+1] (27)
with initial condition
By, =0(0). (28)

Note that the computation of these coefficients can be simplified taking into account the

symmetries AL 9 = A" BCY — B and Bé;f)

. B}, o B, Finally, substituting (15), (19),

and (20) into egn. (13) and defining

leg|? . .
B2 {0 B e 1 (1) e | @9)
we have
0 27
P,(cp) EY [ e dp, = E” (30)
{=—0c0 0

Remark: Truncation of the Fourier coefficients. The convolution of the infinite-duration
Fourier coefficients can be effectively implemented by truncation. Hence, a reduced number
N of coefficients must be taken into account due to the fact that, for a given x, functions
I,(x) are monotonically decreasing for increasing values of ¢. Standard smoothed truncation
methods (windowing) can be applied [28]. In particular, by means of computer simulations,
we found that the Kaiser window with an optimized parameter 5 [28] yields good results,

as it will be demonstrated in Section V.
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C. Tikhonov Parameterization
Let us consider egn. (9). If the messages P,;(cx) Were the exact a posteriori probabilities
of the code symbols, it would be

zeX

We use Fact 1 in Appendix A and approximate p(r|0)) by the Gaussian pdf at minimum
divergence, given by gc(are?, 202 + By, — |awl?, r), Where o, and 3, are the first and

second-order moments of ¢, ~ Py(cy), given by

oy 2 Z xPy(cx = 1) (32)
Be 2 3 |zPuler = ). (33)

Under the above min-divergence Gaussian approximation, we obtain

pd(ek) x p(Tka)

>~ gc (Oékejek,QO'z + 5k - |Oék‘2,7’k)

Re[rpage %] }
20’2 + ﬁk — |0zk|2

X exp {2 (34)

Substituting (34) in the forward recursion (10), we obtain

2w Re[ry_1af_ e %]
0 :/ ex {2 kol } 0y Op — Op_1) dOs_1 . 35
pr(Or) ; p 202 + Byt — | ]? Pr(Ok—1)pa(Ok k—1) d0x—1 (35)

When the channel phase is slowly-varying, i.e., for oo — 0, we have pa(0x — Ox_1) =
d(0x—0k_1). In this case, the solution of the recursion given by egn. (35) with initial condition

(12) is a sequence of Tikhonov pdfs, given by

ps(6k) o exp {Re[af,ke’jek]} (36)

where ay, can be recursively computed as

Th—1Q_4
202 + Br_1 — |ag_1]?

af,k = af,k_1+2 (37)
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with the initial condition ay, = 0. Similarly, the solution of the backward recursion (11)

under the above approximations is the sequence of Tikhonov pdfs

o(0)) o exp {Re[abﬁe’j@’“]} (38)

where a;, can be recursively computed as

Tk+1al’;+1 (39)
202 + Brs1 — g |2

with the initial condition a; 1 = 0. From (36), (38) and (13) we obtain

Pofes) o exp {_%} I ( ) . (40)

When the phase is rapidly-varying, the approximation pa (6x — 0x_1) ~ 0(0) — 0_1) does

p = Qpgt1+ 2

TkCh,

Qrfk + [ + o2
not hold any longer. However, we found that good approximations of functions p(6x) and
po(6y) are still given in the form (36) and (38) where the coefficients a and a . are updated

by the modified forward and backward recursions

Th—100_4 9 Tr-10G_4
afe = |afe-1+2 ]'V(U,a,k—1+2 )
d [ d 202 + B_1 — |ou—1|? ar\nf 202 + Br_1 — |ag_1|?
(41)
Tht10 41 2 Tkt 1041
Ayl = Ap 41 T 2 } -y (O’A, afp4+1 + 2 .
{ 202 + Bry1 — || ! 202 + Brs1 — |sa]?

(42)

The real function ~y(zq,x2), of real arguments x; and z, can be numerically computed and
stored in a lookup table. The motivation of (41) and (42) and a closed-form approximated
expression of the correction factor ~ is provided in Appendix B.

Remark: Modification in the case of long pilot fields. When the pilot symbols are arranged
in bursts (training sequences) separated by long blocks of code symbols, as in the case of the
DVB-S2 system [29], it is necessary to slightly modify the algorithm in order to speed-up
the convergence process and to avoid the risk of a phase ambiguity. In fact, consider the

recursive integral equation (10) from the second iteration on. If the product

pa(Or)py(Or) = <Z Py(cr = ) fe(cx =z, 0k)> pr(Ok)

zeX
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contains a dominant exponential term, i.e., if there exists a value T € X such that

T kf*

_ e’
lnPd(ck:x)+ af,k‘i_?

>0+ In Py(ep, = ) +

agr + JNVee X, o411 (43)

0-2
where ¢ is a real parameter to be optimized by computer simulation, it is preferable to
let o, = 7 and B, = |z|*>. Otherwise, we choose a; and 3, as in (32) and (33). This
corresponds to using a decision-aided scheme based on hard decisions for some symbols c,.

Similar considerations also hold for the recursive integral equation (11). In the numerical

results related to the DVB-S2 system, we found that 6 = 1.5 yields satisfactory results.

D. Gaussian parameterization

Another exemplification of the canonical distribution approach consists of modeling the
phasor process hy 2 ¢i% as a complex circularly symmetric Gauss-Markov process and
treating h = (ho,...,hx_1) and r as jointly Gaussian. This assumption yields the forward
and backward recursions (10) and (11) in the form of a Kalman smoother (non-causal linear
MMSE estimator).

As for the Tikhonov parameterization of the previous section, we impose a jointly Gaussian
structure on the observation {r,} and the phasor process {h} by using the minimum Diver-
gence approximation of the pdf of r;, given hy, i.e., we let p(ri|he) =~ gc (arhy, 20% + By — |aw|?, 1)
where we have used Fact 1 of Appendix A, and where the conditional mean and variance of
e given hy are given by E[ry|h.] = aphy and by Var(ry|hy) = 202 + By, — |ax]?, with ay,
and Gy given in (32) and in (33), respectively.

Under the Gauss-Markov assumption for {h;} and the above joint Gaussianity, we can

define the “state” and *“observation” equations by
hqul = phk + Vg (44)
r, = ophg +wyg (45)

where {v} and {wy} are independent Gaussian processes with independent components such
that v, ~ Ng(0,1 — p?) and wy, ~ Ng(0,20% + B — |ax|?). For the Wiener phase noise
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model, we obtain explicitly p = e~9A4/2, The time-reversal process (hg_1,...,h1, ho) is also
Gauss-Markov [30] with state and observation equations given by hy_, = phy + v;, and by
T, = aihy + wy, respectively, where {v;.} and {wj} have the same statistics of {v;} and
{wr}.

Under this model, we have p(hy|{r; : j # k}) = gc(mu, Xk, hy), where the conditional
mean and variance can be computed iteratively using the Kalman smoother [30], [31]. The
derivation of the Kalman filter via the SPA is given in [1]. The forward and backward
recursions (10) and (11) are evaluated explicitly by a repeated application of Facts 2 and 3 in
Appendix A (details are omitted for the sake of brevity). Let m,—1, Xxx—1 be the conditional
mean and variance of hy given {r; : j = 0,...,k — 1} (prediction) and my; and 3 be
the conditional mean and variance of h; given {r; : j =0, ..., k} (filtering). Similarly, Let
Ik|k+1, =kjk—1 b€ the conditional mean and variance of hy, given {r; : j=k+1,..., K -1}
(backward prediction) and ., and =y, be the conditional mean and variance of £, given

{rj:j=k,..., K —1} (backward filtering). The resulting recursions are given by

Yiklk—100
| 2(Bpjp—1 — 1) + 202 + i
20’2 —+ ﬁk — |Ozk|2

Mgl = Mklg—1 1 (Tk — Oékmk|k71)

) o
Miy1)k =  PMkk
Skoe = pSgp+1—p (46)

for k =0,..., K — 1, with initial conditions Xy _; = 1 and mg_; = 0, and by
Eklk+10%,

|| ?(Zkjps1 — 1) + 202 + 5y

20’2 + ﬁk — |Ozk|2

HElk =  Hklk+1 T (re — Ckfiiren)

T P (Bhpss — 1) + 202 + G
Frk—1lk = PHklk
Shoap = PErp+1—p (47)
for k = K —1,...,0, with initial conditions Zx_;x =1 and px_1x = 0.
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Finally, for each k& we obtain

kbt 1 Skfk—1
mg = Mplk—1 +

Dkk—1 + Zlk+1 Dkk—1 + Zlk+1

Hk|k+1

Yplk_1o
Y, = klk—1 i|k+1 . (48)
Ykik—1 T Zkfk+1

It remains to find an expression for the message P,(cx), that is, the probability of the code
symbol ¢, given the observation 7, and the phasor estimate h; ~ Ng(mg,Xi). We let
h, = Rye’®* and, by using Facts 4 and 5 in Appendix A, after some manipulations, we

obtain

1 ) )
P,(cy) o /exp (_Tt?‘m — Ckeje'“\Q) gc (mk, EmRk@Je'“) Ry dRy,doy,

el [0 |rre*|? z|my|? NE
X € 22 e ?1 44 +4 Re{rcemtt | dz.
/0 ’ (\/ ot Sk VEgo? tricmi}

(49)

The above integral can be easily computed by using Gauss-Laguerre quadrature rules.

I1V. NUMERICAL RESULTS

In this Section, the performance of the proposed schemes is assessed by computer simula-
tions in terms of bit error rate (BER) versus E;, /Ny, Ej being the received signal energy per
information bit and NV, the one-sided noise power spectral density. Unless otherwise stated,
the considered code is a (3,6)-regular LDPC code with codewords of length 4000 [32],
a maximum of 200 iterations of the SPA on the overall graph is allowed, and the BPSK
modulation is adopted. Pilot symbols are inserted in the transmitted codeword in order to make
the iterative decoding algorithms bootstrap. This corresponds to a decrease in the effective
transmission rate, resulting in an increase in the required signal-to-noise ratio which has
been introduced artificially in the curve labeled “known phase” for the sake of comparison.
Hence, the gap between the “known phase” curve and the others is uniquely due to the need
for phase estimation/compensation, and not to the rate decrease due to the insertion of pilot

symbols.
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In Fig. 3, the algorithms described in Sections I11-A and I11-B (discretization of channel
parameters and Fourier parameterization) have been considered, assuming a pilot symbol
in every block of 20 transmitted symbols. The ESA phase noise model and a more severe
Wiener model (2) with oo = 6 degrees, have been considered. This latter case has been
used to stress the robustness of the described schemes to a strong phase noise and to select
the best algorithm, from a performance-complexity trade-off point of view, to be used for
high-order modulations. In the case of the ESA model, all the receivers were designed by
assuming a Wiener phase noise model with o, = 0.3 degrees.

In the case of the Wiener model, different values L of discretization levels and different
values of the number NV of considered Fourier coefficients have been considered. No improve-
ment has been observed for values of L > 16 and this is in agreement with a result in [6].
Similarly, values of N > 17 are not considered since they do not produce any performance
improvement. Therefore, the value of N = 17 (i.e., =8 < ¢ < 8 in all the equations of
Section 111-B) can be considered as optimal for oo = 6 degrees. Hence, the gap of about
0.2 dB with respect to the curve labeled “known phase” is only due to the loss in channel
capacity for a time-varying channel phase.

In the binary case considered in the previous figure, the proposed algorithms have a
practically optimal performance and a similar complexity. However, for a modulation format
characterized by a more dense constellation, if for the discretization-based algorithm the
optimal number of discretization levels, and thus the complexity, must be increased, it can
be expected that the number N of considered Fourier coefficients in the proposed algorithm
remains practically the same. This aspect is shown in Fig. 4 where a QPSK modulation is
considered. The phase noise has oo = 6 degrees and even in this case we have a pilot
symbol in every block of 20 transmitted symbols. For the discretization-based algorithm
L = 8M = 32 quantization levels are considered whereas for the algorithm based on Fourier

parameterization, the number of Fourier coefficients is still N = 17.
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In Fig. 5, the performance of the algorithms based on Tikhonov and Gaussian parameter-
izations is shown in the same conditions of Fig. 3. We observe that, despite the very low
complexity, these algorithms have practically the same performance of more computationally
demanding algorithms based on discretization and Fourier parameterization. This fact can be
also observed from Fig. 6 where all the considered algorithms are compared for a Wiener
phase model with oo = 6 degrees. In this figure, the performance of two other algorithms
described in the literature is also shown for the sake of comparison. The first one is the
“ultra fast” algorithm with overlapped windows described in [23], with the value of N
optimized by computer simulation. The second one is based on the EM algorithm [17]-[21].
In order to adapt the algorithm to a time-varying channel phase, different phase estimates
are computed for each code symbol, taking into account the contribution of the adjacent
symbols belonging to a window whose dimension is optimized by computer simulation.
For this reason the algorithm is denoted by EM with sliding window (EM-SW). We found
that the optimal window has width of 60 symbols for the considered phase noise. In both
cases, the performance loss is due to the fact that these two algorithms are designed for a
different phase model, i.e., a block-constant phase. Based on the above experiments and on
extensive numerical evidence (not shown for the sake of space limitation) we conclude that
all the proposed algorithms exhibit a practically optimal performance (i.e., they perform as
well as the discretization approach). Among them, those based on Tikhonov and Gaussian
parameterizations, because of their low complexity (roughly equivalent to that of the EM-SW
algorithm), represent the best candidates for this detection scenario. For this reason, these
two algorithms will be considered in the remaining results.

The sensitivity to distributions of the pilot symbols is considered in Fig. 7. In the case of
the Wiener model with oo = 6 degrees, two different distributions are considered, namely
1 pilot simbol in each block of 20 consecutive bits and 20 pilots in each block of 400

consecutive bits (hence the effective transmission rate is the same). We may observe that the
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algorithm based on Tikhonov parameterization is almost insensitive thanks to the algorithm
modification described in Section I11-C. A similar modification is not possible in the case
of the algorithm based on Gaussian parameterization, since it can be shown that the choice
of a dominant term corresponds to a hard-decision based uniquely on the decoder outcome
Py(ci). We verified that this modification of the algorithm described in Section 111-D does
not provide any performance improvement. Note that, in general, the distribution of the pilots
has to be optimized for the specific detection algorithm employed.

Finally, we consider the application of our new algorithms to the DVB-S2 system. We
consider two standardized LDPC codes with codewords of length 64800 [29]. The first one
has rate 2/3 and is mapped onto a 8-PSK modulation. The second one has rate 4/5 and is
mapped onto a 32-APSK modulation. A maximum number of 50 iterations is considered and
36 pilot symbols every 1476 symbols are included, as prescribed by the existing standard [29].
The above mentioned phase noise ESA model is considered. The performance is shown in
Fig. 8. For the algorithm based on Tikhonov parameterization, the loss due to phase noise
is less than 0.1 dB in both cases. Notice that a further improvement in performance may be
obtained if the maximum number of iterations is not limited to 50. The Kalman smoother
(Gaussian parameterization) does not perform as well mainly because of the bursty allocation

of pilot symbols.

V. CONCLUSIONS

In this paper, the problem of joint detection and decoding of coded signals transmitted
over an AWGN channel affected by strong phase noise has been considered. We obtained
a number of new algorithms based on the direct application of the sum-product algorithm
over the factor-graph representing a suitable factorization of the posterior joint probability
mass function of the information bits given the received signal. To overcome the problem

of computing and propagating messages in the graph corresponding to probability density

March 25, 2004 DRAFT



G. COLAVOLPE, A. BARBIERI AND G. CAIRE: ITERATIVE DECODING IN THE PRESENCE... 19

functions (associated to continuous random variables), we used the method of canonical
distributions.

Different parameterizations have been considered. Among all considered schemes, the
novel algorithm based on Tikhonov parameterization exhibits practically optimal performance
and very low complexity, and represents an attractive solution for systems where powerful
LDPC-coded modulations are transmitted in the presence of phase noise, such as in next-

generation satellite Digital Video Broadcasting.

APPENDIX
A. Some facts about Gaussian distributions

The following facts can be easily proved by direct calculation.
Fact 1. Let p(x) and ¢(z) be two probability distribution functions. The divergence D(p||q)

(also known as cross-entropy, or Kullbach-Leibler distance [33]) is defined by

D(pllg) = / p(2) 1og%dx.

Let f(x) be a probability distribution function of a real random variable with mean 1, and
variance aj%. The solution to the divergence minimization problem mingcg D(f||g), where G
is the set of all real Gaussian pdfs, is given by g(s, aj%,x), i.e., it is the Gaussian pdf with
the same mean and variance.

Let f(x) be the probability distribution function of a complex random variable with mean
py and variance o7. The solution to the divergence minimization problem minyeg D(f|lg),
where G’ is the set of all complex circularly-symmetric Gaussian pdfs, is given by gc (u s, U}%, x),
i.e., it is the complex circularly-symmetric Gaussian pdf with the same mean and variance.
0

Fact 2.

(50)

2 A+ Ay, T
NS PR SHINED SRt SRS SN

2 z )
gc(Ar, X1, @) ge(Az, B2, ) o gc ( 2 1 1242 )
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The proportionality constant is trivially given by

K= /9@(141, Y1, x)gc(Az, X, x)dx .

The same relationship holds for real Gaussian pdfs. O
Fact 3.

/9@(141, Y1, 2)gc(Asz, Xo, y)dr o gc (A1A27 Yo + ‘A2|2217 y) . (51)

The same relationship holds for real Gaussian pdfs. O

Fact 4. Let X ~ N¢(A,Y) be expressed in magnitude and phase as X = Re’?. Hence,

the joint distribution of R and 6 is given by

2 A 2 A 0 _
F(R,6) = ~<Rexp (_%) oxp (21%\ o ¢>)

(52)

where we have defined A = |A|e??. O

Fact 5. Let a,b € R,. We have,

% /7T exp (acos(f — a) + beos(0 — 3)) db = I, (\/a2 + 0%+ 2abcos(a — ﬁ)) &3)

where Iy(z) is the modified Bessel function of the first kind and order zero. O

B. Modified Tikhonov parameterization

Consider the function

1 2m L @y)? 1 ™ oy —
—jz 2 —j(z+y 2
f(y) — : / eRe[ze ]e 208 dr = . eRe[ze ]e 20% r
2moi Jo \2mox J-n

where z is a complex number and z and y are real numbers. By discarding irrelevant
multiplicative factors, we shall show that f(y) ~ e(@alDRel=e""] "\where ~(03, |2|) is a
real function of |z| and o%. This can be seen by using the following approximation which

holds for large values of a € R™ (in practice a > 5)

acos(z—y) 1 1
e _a(r )2
= € 2( v) :g(yvaax) (54)

277'10((1,) B A /271'/@
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a cos

In fact, for sufficiently large values of a, the Tikhonov pdf EQTT(”;)” has its support in a small

interval around y. Hence, by using a second-order Taylor expansion, we have cos(z — y) ~

1—

@. A normalization constant has been further added to obtain a pdf.

The correction term ~ in (41) and in (42) can be derived by using the approximation (54).

In fact, we let
1 21 Re| ja (z—y)>
f(y) _ 72 elze e 203 d[L‘
\2moi Jo
2 / Rl g (4 62 ) da
(b) >
~ 27T10(|Z|)/ g(gb(z))ﬂax)g(xngvy)dx
() 1
9(9(2), il +04,Y)

d 1 1 .
@ ———————exp {fRe[zejy]}
271'10(&) 1+ O-A|z‘

1+02A\z\

1 .
x exp{mRe[ze jy]} (55)

(z—y)?

where (a) follows from the observation that, for o < 1, the function e 2" has its support

in a small interval around y, (b) and (d) follow from the approximation (54) and (c) follows

from Fact 3 of Appendix A.

Hence

[1]

(2]
(3]

[4]

[5]
(6]

[7]

1
2 =
7<0A7 ‘ZD 1 +0_2A‘Z| .
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Fig. 2. Factor graph corresponding to eqn. (8).
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Fig. 3. Performance of the algorithms based on discretization of channel parameters and Fourier parameterization. BPSK
and two different phase models are considered.
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Fig. 4. Performance of the algorithms based on discretization of channel parameters and Fourier parameterization. QPSK
and the Wiener model with oA = 6 degrees are considered.
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Fig. 5. Performance of the algorithms based on Tikhonov and Gaussian parameterizations. BPSK and two different phase
models are considered.
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Fig. 6. Performance of all the proposed algorithms and comparison with other algorithms proposed in the literature. BPSK
and the Wiener phase model with oA = 6 degrees are considered.
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Fig. 7. Performance of the algorithms based on Tikhonov and Gaussian parameterizations. BPSK and two different pilot
distributions are considered.
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Fig. 8. Performance of the algorithms based on Tikhonov and Gaussian parameterizations. The ESA phase model is
considered along with 8-PSK and 32-APSK modulations.
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