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Abstract—The optimal diversity-combining technique is inves-
tigated for a multipath Rayleigh fading channel with imperfect
channel state information at the receiver. Applying minimum
mean-square error channel estimation, the channel state can
be decomposed into the channel estimator spanned by channel
observation, and the estimation error orthogonal to channel
observation. The optimal combining weight is obtained from the
first principle of maximum a posteriori detection, taking into
consideration the imperfect channel estimation. The bit-error
performance using the optimal diversity combining is derived and
compared with that of the suboptimal application of maximal ratio
combining. Numerical results are presented for specific channel
models and estimation methods to illustrate the combined effect of
channel estimation and detection on bit-error rate performance.

Index Terms—Diversity combining, imperfect channel estima-
tion, Rayleigh fading.

1. INTRODUCTION

IVERSITY-combining techniques have often been used to

combat the deleterious effect of channel fading [1], [2]. If
the channel state is known perfectly at the receiver, maximum
ratio combining (MRC) can be applied to minimize system bit-
error rate (BER) [2]. However, in practice, since the channel es-
timation at receiver is often imperfect, the estimation error will
degrade the BER performance. While such a problem has long
been studied [3], [4], the current development of high-data-rate,
multiple-input multiple-output mobile communication systems
has renewed the interest in understanding the impact of im-
perfect channel estimation on diversity techniques [5]-[7]. In
[4] and [5], the BER performance of MRC of independent and
identically distributed (i.i.d.) diversity branches with Rayleigh
fading is studied. In [6], the distribution of signal-to-noise ratio
(SNR) is given for similar scenario. In [7], the BER performance
of MRC with independent but not identically distributed (i.n.d.)
branches is studied.

In this paper, we apply the techniques developed in [8]
and study the impact of imperfect channel estimation on a
general correlated Rayleigh fading channel. We assume that
an imperfect channel observation is available at the receiver
through a pilot scheme, which is jointly Gaussian distributed
with the channel state. With the imperfect channel observation,
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Fig. 1. Diversity combiner with imperfect channel state information.

minimum mean-square error (MMSE) channel estimation is
performed where the channel state is decomposed into the
MMSE channel estimator spanned by channel observation,
and the estimation error orthogonal to channel observation.
The optimal detection rule is derived based on maximum a
posteriori (MAP) detection, given the channel observation
and the decision variable. The detection error performance is
analyzed, and we show that the channel-estimation error should
be treated as an additional source of noise, which might not be
white. Therefore, MMSE combining with reliable channel esti-
mation should be used, instead of MRC with imperfect channel
observation. Furthermore, since the combiner output SNR is
quadratic, the error performance can be calculated analytically
as a function of the eigenvalues of certain covariance matrices.
As examples of the theory put forth, BER performance of fre-
quency- and space-diversity systems with pilot-symbol-aided
channel estimation [9] are analyzed and simulated to verify the
combined effect of channel estimation and diversity combining.

II. SYSTEM MODEL AND OPTIMAL DETECTION RULE
A. System Model

The system model is shown in Fig. 1. s is the transmitted
signal and is, in general, complex-valued. In this paper, we
use binary phase-shift keying (BPSK) modulation, where
s € {VEs,—/Es} is drawn from an i.i.d. source with equal
symbol probability. The fading channel is modeled with a
correlated Rayleigh fading model, where the channel state
g = [91,92,---,gn] is a proper complex Gaussian random
vector [10] with zero mean and covariance matrix

Cgg = Elgg™]. (D
Here, g denotes the Hermitian of g, which is the complex-con-
jugate transpose for complex vectors, and reduces to transpose
operator for real vectors. We denote the channel state as
g ~ CN(0,Cgg). The channel noise n = [n1,na,...,ny]?
is also zero-mean proper complex white Gaussian with
covariance matrix

An = E[nnf] = NI 2)

0090-6778/$20.00 © 2005 IEEE



1656

and is denoted as n ~ CN(0, NoI). At the receiver, a random

vector d, = [dy,ds, ..., dy]H is received, where
d, =gs+n. €)]
Using a combiner with weight vector w = [wy, wa, . .., wy] T,
we create a combined decision random variable r, where
r=wld, = w(gs +n). 4)

If the channel state g is known at the receiver, MRC can be
applied to maximize the combiner output SNR, thus minimizing
BER. However, the channel state is usually not known perfectly,
and only an imperfect channel observation is available at the
receiver through the pilot scheme. The imperfect channel ob-
servation h = [hy, ha, ..., hy]¥ is also assumed to be proper
complex Gaussian and zero mean with covariance matrix

Chn = E[hh?] (5)
and is denoted as h ~ CN(0, Chy,). Furthermore, we assume
that the channel observation h and the channel state g are jointly
proper and have the cross-correlation

Cen = Elgh"]. (©6)

In this paper, while we do not assume the perfect knowl-
edge of the channel state, we do assume that perfect channel
statistics are available at the receiver. Such an assumption is
made since the channel statistics vary much more slowly than
the channel state itself, and thus can be obtained at the ini-
tialization stage using a long training sequence, and continu-
ously improved during the whole communication period. The
channel statistics depend on the channel-state model and pilot
scheme, which is kept generic here. Numerical results with spe-
cific models will be given as examples at the end of this paper.

B. Optimal Detection Rule

Given the channel observation h, the MMSE estimation of
the channel state g is [11]
m = Elg|h] = CguCyy'h )

where m ~ CN(0, Cyypm) is zero-mean Gaussian distributed

with covariance matrix
_ —1~H
Cmm = CgnCy, Cgh.

®)

The channel state is the combination of the linear estimator m
and the estimation error e

)

where h (hence, m) and e ~ CN(0, Cy,) are orthogonal, and

g=m-+e

—1H
Cee = Cgg — CgnhChy, Cop, = Cgg — Crnm. (10)

Since the channel state g is not available at the receiver, the
MAP detection is performed conditioning on the channel obser-
vation h and combiner output 7

Y

§ = argmaxp(s|r, h).
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Given s and h, 7 has a complex Gaussian distribution with mean
and variance

E[r|s,h] = w¥ms

VAR[r|s,h] = w7 (Cee Es + NoI)w.

12)
(13)

We write the conditional probability density function (pdf) as

h 1 |1"—E[7"|s,h]|2
p(rls:b) = AR m) P\ T VAR B )
(14)
Assuming that the transmitted symbol has equal probability and
the channel observation is independent of the transmitted sym-
bols, the decision rule is simply the minimum-distance decision
rule, where

§ = argmax p(s|r,h)
S

" (15)

= argmin [r — wf¥ms|?.
S

With BPSK modulation, the decision rule reduces to a threshold
test

| — wmsg|? §0 lr — wHms;|?
§:Sl
.§:So
R(r[wm]) =0 (16)
s$=s1

where R(-) denotes the real part of a complex number. The com-
bining weight vector w is determined such that the average BER
can be minimized, which we derive in the next section.

III. OPTIMAL COMBINING AND CORRESPONDING
ERROR PERFORMANCE

The system error performance is measured by the average
BER P, over additive noise n, channel state g, channel obser-
vation h, and transmitted symbol s

Pezgws)/ | [ Prtelm. 1 s) .. 1) i g .

7)
Define the average error probability conditioned on the trans-
mitted symbol and channel observation as

Pi(elns) = [ [ Prtein g s)ploghs) dndg 19

and assuming that the channel observation h is independent of
the transmitted symbol s, the average bit error can be expressed
as

P. = ZPr(s)/Pr(e|h,s) p(h) dh. (19)

A. Optimal Combining With Perfect Channel Knowledge

When channel state information is perfect (m = h = g),
(19) becomes

Pl =Y Pu(s) / Pr(clg.s) plg) dg  (20)
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where Pr(e|g,s) is the average error due to the additive
Gaussian noise n, given the perfect channel knowledge. When
the MAP detection rule is applied, it can be shown that the
conditional error probability Pr(e|g, s1) is

Pr(elg, s1) = Pr(R(rZ w7 m])<0 | g, 1)
_ 2lwhg|?
=Q ( W) : @D

We also get Pr(e|g, so) = Pr(e|g,s1) due to the symmetry
in BPSK. The conditional error probability is minimized when
w = g. After averaging over s;, we get

2|g|*Es
No

This is just MRC, which is optimal when the channel state g is
known perfectly at the receiver, and the noise n is white.

If we define the performance parameter as the combiner
output SNR with perfect channel knowledge

min Pr(e|g) = Q (22)

Ve = |8|* Ny ' E, (23)
then
P = / Q(\/27) p(g) dg (24)

B. Optimal Combining With Imperfect Channel Knowledge

When the channel state is not perfectly known, but the
channel statistics (i.e., Cgg, Chn, Cgn) are known, MMSE es-
timation can be applied to the channel observation to obtain the
channel estimate m = Cgp C}:hlh. Then, the channel state can
be decomposed as g = m + e, where e ~ CN (0, Cee) is the
estimation error independent of m. Applying MAP detection
as before, the conditional error probability can be expressed as

Pr(e|h, 51) = Pr(R(r [w"m])<OJh, 1)

s (\/(W 2|lwHm|?E,

. @2
H(Coo By + NOI)W)) 25
Again, Pr(e|h,sg) = P

Pr(elh, s;) is

r(e|h, s1), and the w that minimizes

W = (CocEs + NoI)™'m (26)

After averaging over s;

min Pr(e[h) = \/ZmH CeoFs + NoI)='mE,). (27)

It can be seen that when performing MAP detection condi-
tioned on the channel observation h, only the MMSE estimator
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m portion of the channel state g is known to the receiver, and
the estimation error e is independent of h, thus, not observable.
Therefore, we need to treat es as additive noise on top of n.
The total noise, taking into account the imperfect observation,
is es + n with zero mean and covariance

Y = CooEs + Nyl (28)

Since es is often not white, MMSE combining should be applied
with m as the observable channel state, and es + n as the total
noise to get the appropriate weighting coefficients w.

As before, we can define the combiner output SNR with op-
timal combining as

Yo = M (Coe E, + NoI) 'mE, = mX'mE, (29)
then
P, = / Q(v/27,) p(m) dm. (30)

C. Evaluation of Optimal Combining Performance

Once the conditional detection error probability Pr(e|h, s) is
determined, the error performance P, is evaluated by averaging
the conditional error over all possible channel observations, as
in (30). The approach used traditionally [4], [5] is to use (29) to
derive the distribution of SNR p(~,) and then calculate

- [ @z vl v an
However, as shown in [8], when the combiner output SNR ~,, is
in quadratic form, P, can be alternatively calculated by using

1 [m/? x?
=— — dé.
Q) T /0 P < 2sin? 9)

Using this analytical expression of ()(x) as in [12], for optimal
combining with imperfect channel knowledge, P, of (30) can be
written as shown in (33) at the bottom of the page, where we use
the fact that m is zero-mean proper complex Gaussian. Denote

(32)

A =CpmE 1 E, (34)

and let {\;}Y, denote the set of eigenvalues of A, then, after
integration with respect to m, we get

A —1
I do
6" ﬂ
~1
+1> ]dﬁ

7 + 1) ] dg. (35)

mZY"1mFE,

1

7r/2
P, :/ 1/ exp{
77/2
/0 / 7rNdet (Cram) exp[

sin? 6

} 7 det (Conm) P -

m” Ll m] df dm

»1E,
< — 9' + C;l}n> m] dm db (33)
Sin
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The last step follows from the partial-fraction expansion
method, where K is the number of distinct eigenvalues, Ny
is the eigenvalue’s multiplicity, and iz, is the kth residue
associated with the nth power in the partial-fraction expansion.
The term (1, , can be calculated using the residue theorem, and
the bit-error probability (BEP) can be further simplified using
the following closed-form integral [8]:

1 ~7r/2 /\ —n
— —+1) db
T /0 <Sin2 0 )

n—1
=2 (" T ’“) 1= GO GO (36)
k=0

where

1 ¥
G(N) =5 (1 -\ /\i) . (37)

In the case where all the eigenvalues are equal to A, partial ex-
pansion is not necessary, and directly from (35), we have

1 [/ ) -~
P,== 1 do
T /0 <sin20 * )

N-1

=§:<N]H%)u—mMﬁquV (38)

k=0

In the case where the eigenvalues are distinct

N —1
1 /2 An
= E — 1
e n=1 Mnﬂ'/o <sin29 - ) “

N
=) pnG(An), (39)
n=1
i\
MZHO—E>~ (40)

i#n

Other cases of eigenvalues with multiplicity can be calculated
accordingly [8].

Similarly, it can be shown [12] that the error performance P,
of (24) under perfect channel knowledge is in the same form as
(35), except the parameters {\; } Y, should be replaced by the
eigenvalues {\.} Y, of

N = Cgg Ny ' E,. )]

IV. SUBOPTIMAL COMBINING AND CORRESPONDING
ERROR PERFORMANCE

Due to implementation simplicity or other constraints, some-
times suboptimal combining is used instead of the optimal
weights. For example, one common case of suboptimal com-
bining is to treat h as the true channel state and use it for MRC
combining. In this case, the combining weight is set to w = h,
and the real part of the decision variable 7 = w# (gs + n) is
used for a threshold test

(42)
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It is interesting to compare the the suboptimal-combining error
performance with the optimal case.

Following the previous development, it can be shown that the
suboptimal BER is

P. =Y Pr(s) / Pr(é|h, s) p(h) dh (43)

where
Pr(élh,s) = Pr(7 > 0|h,s = —/ Es)

- 2(R[hH m])2E,
=@ <\/ B (Coo B, + Nonh) W

In this case, the combiner output SNR can be defined as

__ (RBIm])’E, _ (RLTm])’E, 45
" T hH(CeeEy + No)h  hHXh (“45)

For such combining, the error performance is difficult to eval-
uate, since the effective combiner output SNR ~y, is not itself a
quadratic form, but rather a quotient of quadratic forms. How-
ever, using the Cauchy—Schwartz inequality, we can find a lower
bound on error performance

(Rh¥m])2E, _ [hfm|?E,
<
hfxh  — hAvh

Th =

1 2
< ‘(\/E) m’ E,=m"Y " 'mE, —~,. (46)

Therefore, the suboptimal BEP is lower bounded by the optimal
performance.

V. EXAMPLES AND NUMERICAL RESULTS

In the previous sections, we have considered the detec-
tion error probability with imperfect channel estimation and
perfect channel statistics. However, the correlation between
channel state and channel observation is determined by the
pilot scheme, and is, in general, complicated. In this section, a
simple example of pilot-symbol-aided channel estimation [9] is
given to illustrate the concept of analyzing BER while taking
into consideration the channel-estimation uncertainty.

A. Pilot-Symbol-Aided Channel Estimation

The pilot-symbol-aided channel estimation refers to the gen-
eral scheme where predetermined special symbols are trans-
mitted over the same channel as the data symbols, and the re-
ceived signals are used for channel estimation. For example, in
frequency-diversity systems, such as multicarrier code-division
multiple access (MC-CDMA), it could be sending pilot sym-
bols over different frequency subcarriers; or in a space-diversity
system, it could simply be transmitting pilot symbols over mul-
tiple antennas.

Using pilot-symbol-aided channel estimation, we assume that
the pilot symbol has energy

E, = kE;. (47)
The corresponding received signal is
d,=+Eg+n (48)
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where n is the additive noise at the receiver. The channel obser-
vation can be expressed as

d
h=—2~ +
B, =8 T
It can be seen that, under the pilot—symbol scheme, the covari-
ance matrices Cge and Chn can be diagonalized by the same
unitary matrix U as

(49)

Cag =UNggU™ (50)
N,
Chn =UAU" =U (Agg + <E—> 1) U (51
p
We define
g=U"g (52)
h=U%n (53)
then one can show that
Agg = E[gg"] = diag(o2 ;2 co2) (54)
Apn = E[hhf] = dlag(oﬁ cr,—12 ..,U%N)7
N,
where 0,2 = a L+ -0 (55)
EP
Agh = E[th] = diag(pgl};l 9 p§2E27 e 7p§NfLN)7
where py ;. = Elg:h{'] = o}, (56)
Cgn =UAgnUH (57)
Coe=UMeeU" = U(Agg —AgnAn AU (58)
Furthermore, we define
m=U"m = AgpA,lh (59)
then
Amm = Emm”] = AgnAjp AL (60)

B. Optimal Combining

In the case with imperfect channel knowledge, the combiner
output SNR +, can be written as

Yo :mH(AeeE + NoI)"'m E,
EE,
—Z o2 - (61
71(0—g1+ ) N(E+E)+ o2,
Then, it can be shown that
P, _/Q 27,) p(m) dm = /Q 2v,) p(h) dh. (62)

For the two channel models of frequency and space diversity
that we will consider, the eigenvalues of the channel-state co-
variance matrix Cgg are distinct. Therefore, we can calculate
P, as in (39) and (40) with the eigenvalues of (34) as

_ 1Pg. . *E,
Ap = . 3 5
OGn Uh E, - |p§nfbn Es + NOUE,,,
2
= g”E Ep N (63)
NO Es + Ep + O_TO
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It is interesting to compare this result with combining using
perfect channel knowledge, where

ve = |81* Ny ' Es

Pl= /QWE) p(g)

Applying a similar technique, we get the eigenvalues of (41) as

(64)
dg= / Q(\/27g) p(g) dg. (65)

o2

A\ = Es
Comparing with A/, we notice that A,, can be factored in two
parts. The first term o E, /Ny is the same as )}, indicating
the SNR gain of the decorrelated subchannel. The second term
E,/(Es+ E,+ No/o2 ) shows the loss due to channel estima-
tion. Notice that at low SNR, this loss could be significant, due
to the poor quality of channel estimation. Furthermore, when
E, /Ny is large, we get

(66)

2 E k
A & Tgn=s K 67
Ny k+1 ©7

which shows that for high transmission SNR, the case with im-
perfect channel knowledge still has 10log(k/k + 1) dB power
loss, compared with the case with perfect channel knowledge.

C. Suboptimal Combining
For suboptimal combining with pilot-symbol-aided channel
estimation, it can be shown that
(RM¥m])°E, b7 AgnAp b E,

h#¥h  h# (AeoE, + NoI)h
2

Yh =
N

27

i=1 ("

N N ’
No(Es + Ep) Zlm|7li|2 + N¢g 21 %;_m|7li|2
2
LT. (68)
(o3 + )
Although the above expression of vy, is complicated, it is inter-
esting to compare it with the expression of -y, in (61).

It can be seen that when the eigenvalues of Cg are identical,
the suboptimal combining SNR is the same as 7,. This implies
that if the multipath channel can be diagonalized into parallel
subchannels with i.i.d. (as in rich scattering environment), then
there is no difference between optimal and suboptimal com-
bining. Furthermore, as the transmission SNR (£ /Ny) rises,
also approaches the optimal combining SNR +,,. This should not
be surprising, since at high SNR, the channel observation is very
close to the channel state and the MMSE channel estimation,
thus making the optimal and suboptimal combining weights

where 7; =
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similar to each other. Although the optimal and suboptimal com-
bining performances are similar under high SNR or identical
eigenvalue conditions, the performances are indeed different
for practical situations. Compared with combining with perfect
channel knowledge, there are also performance losses due to
pilot-symbol power.

D. Channel Models and Simulation Results

Aside from detection and estimation methods, the system
BER is fundamentally determined by the underlying channels,
where correlation between channel state can be over time,
frequency, or space, or their combinations. In this paper, we
consider two examples of correlated Rayleigh fading channels,
where the correlation is either between subcarriers at different
frequencies or between antennas at different space locations.

The first example we consider is to combine over frequency
diversity, such as in MC-CDMA systems. The correlation for
the channel state is modeled as [13]

0.2

C = g .
se(m:m) = T 27 fara(m — n)

(69)

T4 18 the channel delay spread and is set to 25 ns. fy is the
frequency separation between two adjacent subcarriers. We
allocate a total bandwidth of 20 MHz and divide the bandwidth
into either 8 or 16 subcarriers. Thus, f; = 1.25 MHz for
N = 16 and f; = 2.5 MHz for N = 8. From Fig. 2(a),
we can see that when perfect channel knowledge is available,
using more subcarriers increases BER performance because of
the increased frequency diversity. However, when the channel
knowledge is not perfect, the system designer can choose to
improve BER performance by either improving the channel
observation quality (e.g., increasing the ratio of pilot power
to symbol power (E,/E) in this case) or increasing system
diversity (e.g., increasing the number of subcarriers from 8 to
16). When SNR is low or the subcarriers are highly correlated,
the diversity gain is not as effective as improved channel
observation. Therefore, even with more combining branches,
the BER performance could be worse than system with fewer
combining branches but better channel observation. In this
situation, to improve system BER, it would be more cost
effective and less complex to implement systems with better
channel observation and fewer combining branches. As shown
by Fig. 2(b), compared with the case with perfect channel
knowledge, imperfect channel knowledge degrades system
performance, even with optimal combining, and BER is further
reduced when suboptimal combining is used. In this case, the
loss due to suboptimal combining is significant, and can be
attributed to inaccurate estimation of channel state.

The second example we consider is to combine over space di-
versity. In this example, we allocate a fixed length of 0.05 m and
assign this space to either two (N = 2) or three (N = 3) an-
tennas. The antennas are assumed to be placed in line and spaced
equally. The normalized covariance matrix for the channel state
is modeled as [14]

(70)

—nld-f.,
Cgg(m,n) = ogJo <2rw)

c
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Fig. 2. Example of frequency-diversity model (74 = 25 ns). (a) Comparing
the analytical error performance of optimal combining with perfect channel
knowledge and imperfect channel knowledge, using different estimation power
for N = 8 and N = 16. (b) Analytical error performance and Monte Carlo
simulation results for the perfect channel knowledge, optimal combining with

imperfect channel knowledge and the suboptimal combining performance with
N=16and E, = E,.

where d is the distance between two adjacent antennas, f. = 2.4
GHz is the carrier frequency, and C is the light speed. Jo(+) is
the zeroth-order Bessel function of the first kind. In the case
of N = 2,d = 5 cm, and the two antennas are uncorrelated.
In the case of N = 3, d = 2.5 cm, and the three antennas
are correlated. From Fig. 3(a), we can see a similar tradeoff
between combining diversity and channel observation quality.
More antennas provide more space diversity, which improves
system BER performance. However, such improvement can be
achieved by better channel observation, which could be more
cost-effective to implement. In Fig. 3(b), the analytical error
performance of optimal combining with perfect and imperfect
channel knowledge are compared with Monte Carlo simula-
tion and are shown to be in good agreement. It is somewhat
surprising that simulation also shows that the suboptimal com-
bining in this example has only slightly worse performance than
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Fig. 3. Example of spatial diversity model (f. = 2.4 GHz). (a) Comparing

the analytical error performance of optimal combining with perfect channel
knowledge and imperfect channel knowledge using different estimation power
for N = 2 and N = 3. (b) Analytical error performance and the Monte Carlo
simulation results for the perfect channel knowledge, optimal combining with
imperfect channel knowledge, and the suboptimal combining performance with
N=3and E, = E,.

optimal combining. However, by applying the corresponding
parameters into (70), we get the eigenvalues 051 = 0.0635,
agz = 1.0550, ags = 1.8816. It can be seen that the eigen-
value (7;1_ is either “off” (ag1 = 0) or “on.” For the eigenvalues
that are “on,” their values are quite close (og2 ~ 053 ). Applying
these eigenvalues in (61) and (68), we can see that the combiner
output SNR +, and vy, are very close. Hence, the suboptimal per-

formance is very close to that of the optimal combining. In this
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case, the channel can be approximated by two parallel subchan-
nels with i.i.d. distributions of channel states. However, in gen-
eral, the optimal combining has better performance and should
be applied.

VI. CONCLUSION

In this paper, we investigate the effect of imperfect channel
estimation on diversity combining. For Rayleigh fading
channel, when the channel observation at the receiver is im-
perfect, MMSE channel estimation should be performed. The
channel state is the sum of the channel estimator and estimation
error, where the estimation error mixed with transmitted signal
contributes an additional source of noise. Since this noise
is usually not white, MMSE combining should be used for
optimal diversity combining, with the adjusted channel state
and noise model. The optimal combining error performance
is calculated and compared with MRC with perfect channel
knowledge and suboptimal combining with imperfect channel
knowledge cases. Numerical results with specific models show
good agreement with Monte Carlo simulations.
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