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Abstract—The bit-error rate (BER) of binary phase-shift keying
in Rayleigh fading, using the Alamouti transmission scheme and
receiver selection diversity in the presence of channel-estimation
error, is studied. Closed-form expressions for the BER of log-like-
lihood ratio selection, signal-to-noise ratio (SNR) selection, switch-
and-stay combining selection, and maximum ratio combining are
derived in terms of the SNR and the cross-correlation coefficient
of the channel gain and its corrupted estimate. Two new selec-
tion schemes, space–time sum-of-squares combining selection di-
versity and space–time sum-of-magnitudes selection diversity, are
proposed and proven to provide almost the same performance as
SNR selection, but with much simpler implementations. The effects
of channel-estimation errors on each selection scheme are exam-
ined.

Index Terms—Alamouti multiple-input multiple-output
(MIMO) systems, error analysis, estimation error, fading
channels, pilot-symbol-assisted modulation (PSAM), selection
diversity.

I. INTRODUCTION

MULTIPLE-INPUT multiple-output (MIMO) systems
have attracted great interest, since they can improve the

channel capacity and reliability of wireless communication [1].
However, adopting a MIMO system increases the system com-
plexity and the cost of implementation. A promising approach
for reducing implementation complexity, while retaining a rea-
sonably good performance, is to employ some form of antenna
selection.

In general, MIMO antenna selection combining (SC) includes
receiver (Rx) antenna selection, transmitter (Tx) antenna selec-
tion, and joint Tx/Rx selection. Both Tx/Rx selection and Tx
selection require that channel estimation be fed back from the
Rx to the Tx. In order to avoid the need for a feedback channel,
and to keep the system simple, some systems will implement
Rx selection diversity only. In MIMO Rx selection diversity,
out of Rx antennas are selected, while the Tx uses all avail-
able antennas. Some past work has examined MIMO Rx selec-
tion diversity. In [2]–[4], the Rx selection criteria are based on
achieving the maximum received signal-to-noise ratio (SNR).
An approximation of pairwise error probability is given in [2].
An upper bound on pairwise error probability is presented in
[3]. In [4], an upper bound on bit-error rate (BER) is derived.
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In thispaper,weexamine theeffectof channel-estimationerror
on the BER performance of a MIMO system using binary phase-
shift keying (BPSK) modulation and Rx selection diversity in
a slow flat Rayleigh fading channel. The Alamouti space–time
block code (STBC) [5] is used at the Tx. The “best” of Rx
antennas is chosen according to some selection criterion. Since
all SC schemes require some knowledge of the complex channel
gains forall thediversitybranches,and thecomplexchannelgains
have to be estimated at the Rx, channel-estimation errors affect
the performance of all practical SC schemes. Quantitative results
for the effects of noisy channel estimation are derived.

Five different selection schemes are considered for Rx antenna
selection. The first scheme is log-likelihood ratio (LLR) selec-
tion, which was proposed in [6] for a one Tx antenna and Rx
antennas system. In LLR selection, full knowledgeofall the com-
plex diversity branch gains is needed, and the branch providing
the largest magnitude of LLR is chosen. This selection scheme
was extended in [7] to include a two Tx antennas and Rx
antennas system using the Alamouti scheme. The BER for this
schemeisgivenbyanexpressioninvolvingasingle integral.How-
ever,perfectchannelestimation isassumedin[7].Here,wederive
a closed-form BER expression for this LLR selection scheme,
accounting for the presence of channel-estimation errors.

Traditional SC is the second scheme considered in this paper.
The selection of the best antenna is based on the largest SNR
among the diversity branches at the detector input. Unlike
LLR selection, which requires full knowledge of the complex
channel gains for all the diversity branches, SNR selection only
requires ordering fading amplitudes on the diversity branches.
In [8], SNR selection is applied to Tx selection. Two Tx an-
tennas which provide the largest and the second largest SNR
are used for transmitting an STBC. The performance of the
system is assessed in terms of an outage capacity analysis, but
exact BER results are not given. In [4] and [7], the BER of SNR
selection at the Rx side is evaluated. In this paper, this result is
extended to include the effects of channel-estimation errors.

Since both LLR selection and SNR selection schemes require
channel knowledge, we propose a new selection scheme, which
we will refer to as space–time sum-of-squares (STSoS) selec-
tion. The STSoS selection scheme does not require knowledge
of the channel gains to make the Rx antenna selection. Further-
more, branch selection is done before the space–time decoding,
so that channel estimation for the space–time decoding is only
performed for the branch selected, achieving a significant com-
plexity reduction. Compared with the two former schemes, this
new scheme is much simpler to implement. Significantly, it is
shown in the following that it provides essentially the same per-
formance as the SNR selection scheme.
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The proposed STSoS SC scheme requires squaring the ampli-
tudes of the received bit signals. In order to further simplify the
hardware implementation, we propose another scheme, which
only needs the amplitudes of the received bit signals. Similar to
STSoS selection, this scheme, called space–time sum-of-mag-
nitudes (STSoM) selection, does not require channel estima-
tion. The simulation results in the following section show that
STSoM selection has only slightly poorer BER performance
than STSoS and SNR selection.

In order to implement all the former SC schemes, the Rx needs
to monitor all the diversity branches to select the “best” branch.
Furthermore, the Rx may switch frequently in order to use the
best branches. It is desirable in some practical implementations
to minimize switching in order to reduce switching transients.
Therefore, SC is often implemented in the form of switched
diversity [9], [10] in practical systems, in which rather than
continuously picking the best branch, the Rx selects a particular
branch until its SNR drops below a predetermined threshold.
When this happens, the Rx switches to another branch. [11]
and [12] investigate a switched diversity system with one Tx
antenna and Rx antennas. A performance analysis for this
system without space–time coding was given in Rayleigh fading
in [11], and in Nakagami fading in [12]. In [13], switched di-
versity is applied at the Tx side and the cumulative distribution
function (cdf), the probability density function (pdf), and the
moment-generating function (MFG) of the received signal power
are derived, again without space–time coding. In this paper, we
analyze a transmission system with an Alamouti code at the Tx
and switched diversity at the Rx. The average BER accounting
for the effects of channel-estimation error is derived, and the
optimal switching threshold that minimizes the BER for this
switched diversity scheme is determined.

The remainder of this paper is organized as follows. In Sec-
tion II, we present the system model. In Section III, we consider a
wireless systemwith twoTxantennasusing theAlamouti scheme
and Rx antennas, and derive the BER for the four SC schemes
with channel-estimation error considered. The analysis of a max-
imum ratio combining (MRC) Rx [14] is also recalled, and the
performances of these four selection schemes are compared with
theoptimalMRCscheme.InSectionIV,numericalresultsarepre-
sentedandtherelativeperformancesof thefourselectionschemes
are discussed. Conclusions are drawn in Section V.

II. SYSTEM MODEL

In general, we consider a system where an Alamouti scheme
[5] is applied with two Tx antennas and Rx antennas. Refer-
ence [5, Fig. 3] shows the STBC system for the special case of
two Rx antennas for illustration. We assume a BPSK modula-
tion, so that the transmitted signal is either or . Signals
and , corresponding to two information bits, are sent simulta-
neously during two consecutive bit intervals. The corresponding

received signals in these two intervals on the th branch can be
expressed as [5]

(1a)

(1b)

where , , is the complex gain between
the th Tx antenna and the th Rx antenna, and , ,

represents additive channel noise. The variances of
the real (or imaginary) components of and are denoted
by and , respectively. The average SNR of the received
signal is defined here as . The maximum-likelihood
(ML) decoding of and is based on the combiner outputs
[5]

(2a)

(2b)

where is the estimate of with variance , in the real
and imaginary parts. The signal estimate is ,

, where is defined in [15, p. xlv].
The complex channel gains are estimated at the Rx prior

to fading compensation. We assume identical statistics for the
independent diversity branches, and that the correlation between

and its estimate is the same on each branch. Extending
the results in [16] to include the case when the variances of the
channel gain and its estimate are unequal, we define

(3)

where and are uncorrelated with . The parameters
and are given by

(4a)

(4b)

Under the Rayleigh fading assumption, [17], and we
can simplify (3) to

(5)

where and . The variance of
the real (or imaginary) component of is
[18], where is the squared amplitude of the cross-correlation
coefficient of the channel fading and its estimate

(6)

When pilot-symbol-assisted modulation (PSAM) is em-
ployed to estimate the fading channel gain, the cross-correla-
tion coefficient of the channel fading and its estimate can be
expressed as shown in (7) at the bottom of the page, where
is the size of the interpolator, and are the interpolator co-
efficients, is the Doppler shift, is the symbol interval,

(7)
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is the frame size, and is the zeroth-order Bessel function
of the first kind. The detailed derivation of is in Appendix A.

III. BIT-ERROR RATE ANALYSIS

By symmetry, the BER is the same for and , so the fol-
lowing analysis will consider only. The results for ,
can be obtained by appropriately renaming the variables.

Using (1), (2a), and (5), the combiner output can be
written as

(8)

Since or , each with probability 1/2, we can calcu-
late the BER as

, where the last two equations follow from symmetry.
For the case , from (8), we can write the decision
variable for as

(9)

Conditioning on and , it can be shown that
, , and

are independent, zero-mean Gaussian random
variables with variance , ,
and , respectively. Therefore, , condi-
tioned on and , is a Gaussian random vari-
able as well. It has mean and variance

.
To simplify the following BER calculation, we normalize the

expression in (9) by dividing both sides of the equation with
. Then (9) can be written as

(10)

Let ; conditioned on , the new
decision variable has mean and variance

. Using (6) and , this variance is
simplified to . Define the effective SNR

(11)

Then the variance is .
Since and are independent, zero-mean complex

Gaussian random variables, has a chi-square distribution
with four degrees of freedom, and its pdf is given by [14]

(12)

A. LLR SC

The LLR Rx selection system model is described in [7].
With the Alamouti scheme and imperfect channel estimation,
the LLR for data , given , and is

(13)
From (8), conditioning on , we can show that is a
complex Gaussian random variable with mean

and real/imaginary part variance
. Then continuing (13),

we have

(14)

Since , , , and are the same across all the Rx
branches, the LLR Rx SC is equivalent to selecting the branch
providing the largest amplitude of . Note, with perfect
channel estimation, i.e., when and ,

, which matches the result in [7, eq. (37)],
where is the noise power spectral density.

The final expression for the BER is derived in Appendix B.
It is shown in (15) at the bottom of the next page, where
and - are given in (39b) and (40b), respectively.

A simpler suboptimum SC rule was also proposed by Kim
and Kim in [6]. Instead of the amplitude of , is
used for this envelope-LLR SC. Simulation results for the BER
of this envelope-LLR selection scheme will be given together
with results for the other SC schemes in Section IV.

(15)
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Fig. 1. STSoS Rx selection system model.

B. SNR SC

The Rx SC scheme model is same as the model in [4] and [7].
In SNR SC, the Rx antenna with the largest SNR will be chosen
for space–time decoding. From (8), the SNR, given the th Rx
antenna selected, is .
Therefore, the antenna providing the largest SNR is the one pro-
viding the largest . Let .
Then, the expression of the BER can be rewritten as [7]

(16a)

where the pdf of is [19]

(16b)

and is given in (12).
Expanding in (16) using the binomial the-

orem gives

(17)

Integrating (17) term-by-term, the final expression for the BER
is derived as

(18a)

(18b)

C. New SC Method 1: STSoS Selection

Both LLR-based and SNR-based SC schemes require knowl-
edge of all the Rx branch fading gains in order to decide which
branch to choose. This increases the Rx complexity. Here, we
propose a new selection-diversity scheme that selects the branch
providing the largest sum of the squared amplitudes of the two
received bit signals, i.e., (see Fig. 1). This scheme

is similar to square-law combining, although square-law com-
bining is used for noncoherent modulation and we deal with
coherent modulation here. To the best of the authors’ knowl-
edge, this SC diversity scheme as used in space–time coding
here with coherent modulation is novel. We will call it STSoS
selection. The advantage of this selection scheme is that it does
not require channel estimation to perform the selection. Hence,
the Rx implementation is simpler than other selection schemes.
Moreover, this new scheme provides comparable performance
to SNR-based selection, as is shown in Section IV.

The system model is shown in Fig. 1. Observe that

(19a)

and, observe further that and , or
and , so that

(19b)

Thus, selecting the branch having the maximum value of
is equivalent to selecting the branch with the

maximum value of

(20)

where and are independent, complex noise samples, each
of variance in each of the real and imaginary components.
Note that when the SNR becomes large, STSoS selection is
equivalent to selecting the branch with the maximum value of

, because the noise terms in (20) become small.
On the other hand, in SNR SC, selecting the antenna providing
the largest is equivalent to se-
lecting the antenna providing the largest , because
the is the same over all the Rx branches. Since the channel
gain estimate depends on the SNR, with a large SNR value, one
has , . As a result, the SNR selection is
equivalent to selecting the branch with the maximum value of

as well when the SNR becomes large, and STSoS
selection becomes equivalent to SNR-based selection in slow
fading. Observe further that the noise affecting the branch se-
lection is effectively reduced by 3 dB in the STSoS combiner.
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Fig. 2. SSC Rx selection system model.

Also note that when the SNR becomes small, both STSoS se-
lection and SNR selection become dominated by noise terms,
e.g., , for STSoS selection and estimation error for
SNR selection. Both these terms are Gaussian distributed, such
that the BER performances of both selection methods approach
0.5. As a result, the BER difference between the two methods is
indistinguishable.

The simulation results in the following section show that
STSoS selection has essentially the same performance as
SNR-based selection.

D. New SC Method 2: STSoM Selection

The proposed STSoS SC scheme, which selects the branch
providing the largest sum of , requires squaring
the amplitudes of the received bit signals before making the se-
lection. In order to further simplify the hardware implementa-
tion, we propose another scheme which selects the branch with
the largest sum, . Similar to STSoS selection, this
scheme, called STSoM selection, does not require channel esti-
mation. It is simpler than STSoS selection because the Rx only
needs to obtain the amplitudes of the two received signals
and , and then take the sum. The simulation results in the
following section show that it has only slightly poorer BER per-
formance than STSoS and SNR selection.

E. Switch-and-Stay Selection

Switch-and-stay SC (SSC) [11] functions in the following
manner: assuming antenna 1 is being used, one switches to an-
tenna 2 only if the instantaneous signal power in antenna 1 falls
below a certain threshold, , regardless of the value of the
instantaneous signal power in antenna 2. The switching from
antenna 2 to antenna 1 is performed in the same manner. The
system model is shown in Fig. 2. The major advantage of this
strategy is that only one envelope signal need be examined at
any instant. Therefore, it is much simpler to implement than
traditional SC, because it is not necessary to keep track of the
signals from both antennas simultaneously. However, the per-
formance of SSC is poorer than the performance of SC. Using
the Alamouti scheme at the Tx antenna side, and assuming the
fadings on the Rx antenna branches are independent and iden-
tically Rayleigh distributed, the number of branches at the Rx

side does not affect the average BER performance [13]. Conse-
quently, only the case of two Rx antennas is examined here.

In Rx SSC, with channel-estimation error, the BER is related
to the instantaneous effective SNR of the selected th branch
in (8), where . Condi-
tioning on the pdf of , the BER is . The final BER
expression is derived in Appendix C. It is

(21)

where and are given in (45b).
Note that the BER depends on the value of the switching

threshold . The optimal value, , is a solution of the equa-
tion . Differentiating (21) with respect
to , we get

(22)
where denotes the inverse Gaussian -function, and
is the effective SNR (11).

F. MRC Diversity

In MRC, all the combiner outputs are weighted and summed
to form the decision variable as illustrated in [5, Fig. 1]. From
(10), the combiner output is

(23)
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Fig. 3. BER versus SNR for the 2 TX and 2 Rx system using an Alamouti
STBC.

Conditioned on , this decision
variable is a Gaussian random variable with mean and variance

. The pdf of is chi-square distributed with degrees of
freedom [14]

(24)

Following [14], the BER for MRC with Alamouti coding is ob-
tained as

(25a)

(25b)

IV. NUMERICAL RESULTS AND DISCUSSION

The BER results in this paper are functions of , which is,
in turn, a function of and . Figs. 3 and 4 show plots of the
average BER versus SNR per bit for the different selection-
diversity schemes in a flat Rayleigh fading channel with per-
fect channel estimation and cross-correlation 0.75, respectively.
The envelope-LLR selection, STSoS selection, and STSoM se-
lection schemes are evaluated by computer simulation. As ex-
pected, these results show that in all cases, the BER increases
with increasing fading estimation error (decreasing value of ).

It is observed in Fig. 3 that the performances of LLR selec-
tion and MRC are the same for dual diversity. The performances
are, indeed, identical, because for MRC, the sign of the com-
biner output is determined by the maximum
of , which coincides with the LLR selection rule. It is
also observed in Fig. 3 that the performances of STSoS selection
and SNR selection are the same, at least to graphical accuracy.

Fig. 4. BER versus SNR for the 2 TX and 4 Rx system using an Alamouti
STBC.

The STSoM selection scheme performs almost as well as the
STSoS and SNR selection schemes, although it is simpler than
both to implement. As does STSoS selection, STSoM selection
choses the best branch without requiring any channel estima-
tion. The envelope-LLR selection scheme, which does require
channel estimation of all the channels, performs better than the
STSoS, STSoM, and SNR selection schemes, but not as well as
the LLR and MRC designs. The SSC selection offers the poorest
performance, in exchange for its simplicity, as expected.

Fig. 4 shows the average BER as a function of SNR per bit for
the various selection schemes used in four-fold diversity with
perfect channel estimation and , respectively. There are
a number of interesting observations. First, MRC and LLR are
not the same, and MRC outperforms LLR, as expected. Second,
the LLR selection outperforms envelope-LLR selection. Third,
the envelope-LLR selection outperforms STSoS and STSoM.
Fourth, the performances of SNR and STSoS selection are the
same, as they were for the dual-branch case. This is a significant
result. In order to implement SNR selection, the gains of all the
diversity channels must be estimated. No channel estimation is
required to implement STSoS selection. The demodulation will
require channel estimation according to (2a), but in the case of
STSoS, only two channel gains need to be estimated, while in
the case of SNR selection, channel gains must be estimated
to implement the branch selection. We have also compared SNR
and STSoS schemes for and [20]. In all cases,
the performances are graphically the same.1

Figs. 5 and 6 show the average BER as a function of for the
various selection schemes with a SNR of 5 dB per bit for dual di-
versity and four-fold diversity, respectively. Observe from both
figures that with poor channel estimation, i.e., , all the
BER curves converge to 0.5. At this point, the system is only af-
fected by random noise and offers the worst BER performance.
With the increase of , there is a decrease of error rate for all the
selection schemes. When , systems with various selection

1Extended simulation tests indicate that the STSoS scheme outperforms SNR
selection in the fourth or higher significant figure.
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Fig. 5. BER versus � for the 2 TX and 2 Rx system using an Alamouti STBC
with �
 = 5 dB.

Fig. 6. BER versus � for the 2 TX and 4 Rx system using an Alamouti STBC
with �
 = 5 dB.

schemesreachthebestperformance,wheretheBERvaluesmatch
the values in Figs. 3 and 4 at the and dB point.

Figs. 3–6 show the average BER versus SNR for specific, con-
stant values of . These results show clearly the performance dif-
ferences between the selection schemes. They are also represen-
tative of a situation where the Rx electronics has reached a limit,
and cannot provide a better estimate of the channel gain. On the
the other hand, many practical estimators will show adependence
on SNR, i.e., give better estimates as the SNR increases. In these
cases, a largerSNRvalue leads toabetterchannelestimate,which
means a higher value of . To show this effect on BER, we con-
sider PSAM as an example. We assume that a sinc interpolator
with a Hamming window is used to interpolate fading estimates,
with a frame size of 14, and normalized Doppler shift of 0.01.2

Fig. 7 shows the average BER versus SNR from 0 to 10 dB with
. Since is also a function of the symbol location, we give

2To simplify the analysis in this example, it is assumed that no branch switching
occurs during a PSAM interpolation length. In the alternative, one can buffer
the pilot symbols before the selection.

Fig. 7. PSAM BER versus SNR for the 2 TX and 2 Rx, STBC with Hamming
windowing applied to a sinc interpolator for K = 6, N = 14, and f T =

0:01 with symbol location at n = 3.

Fig. 8. PSAM BER versus SNR for the 2 TX and 4 Rx, STBC with Hamming
windowing applied to a sinc interpolator for K = 6, N = 14, and f T =

0:01 with symbol location at n = 3.

the BER of the third data symbol in a frame as an example. Com-
puted from (33), the value of for this PSAM system varies from
0.575 to 0.931 as the SNR varies from 0 to 10 dB. Similar to the
results inFigs.3and4, inFig.7,MRCandLLRselectionstillhave
the best performance, then envelope-LLR selection outperforms
SNR and STSoS selection, which, in turn, slightly outperform
STSoM selection. The simplest selection scheme, SSC selection,
has the worst BER performance. Again, the performance of the
SNRandSTSoSschemesare indistinguishable.Fig.8showssim-
ilar results for four-fold diversity. In this case, MRC outperforms
LLRselection,butSNRandSTSoSselectionagainhave thesame
performance, which is marginally better than STSoM selection.

V. CONCLUSION

Analytical BER results were derived for LLR selection,
SNR selection, SSC, and MRC with channel-estimation errors
using Alamouti transmission systems. A new selection scheme,
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STSoS selection, was proposed, with a much simpler hardware
implementation. The results show that it has the same per-
formance as SNR selection. A suboptimal selection scheme,
STSoM, was also proposed with a still simpler implementation,
but only slightly poorer performance than STSoS SC.

APPENDIX A
DERIVATION OF

A. Fading Estimation in PSAM

We assume that PSAM is used for channel estimation. The
PSAM frame format is similar to that considered in [21, Fig. 2],
where pilot symbols are inserted periodically into the data
sequence. Since there are two Tx antennas and an Alamouti
scheme is employed, we consider two consecutive pilot sym-
bols are transmitted together between data symbols. Under
the assumption that the fading gain remains constant over two
consecutive symbol intervals, clusters, each with two
symbols, are formatted into one frame of symbols, where

is an even number, with the first two pilot symbols ( )
followed by data symbols ( ). The
composite signal is transmitted over flat, Rayleigh fading
channels. At the Rx, after matched-filter detection, the pilot
symbols are extracted and interpolated to form an estimate of
the channel in the following manner.

Rewrite (1) to include the above assumptions as

(26a)

(26b)

where denotes the first received symbol at the th symbol
cluster of the th data frame in the th Rx branch, and similarly
for the fading gain and noise . Since the pilot symbols are
known to the Rx, without loss of generality, we assume that the
two pilot symbols at the first cluster ( ) of the frame have
the values and , respectively. Then for the two received
pilot symbols, (26a) becomes

(27a)

(27b)

Adding (27a) and (27b), we obtain the estimate of as

(28a)

Subtracting (27a) from (27b) generates

(28b)

The fading at the th symbol ( ) in the th
frame of the th branch is estimated from pilot symbols of
adjacent frames, with pilot symbols from
previous frames and to subsequent frames. These
estimates are given by

(29a)

(29b)

where is the interpolation coefficient for the th data symbol
in the th frame.

B. Derivation of

In an omnidirectional scattering Rayleigh fading channel, the
autocorrelation of the real part of the fading gain is [21]

(30)

Since calculation of the correlations for the data symbols is the
same at all branches, we drop the subscripts and in
(28), (29). Then, combining (28), (29) with (4a), (30), we have

(31)

C. Derivation of

From (28) and (29), the variance of can be derived as

(32)

D. Derivation of

From (6), using (31) and (32), we have

(33)

Note that is a function of the type of interpolator, the data
symbol location, the Doppler shift, the data frame length, and
the symbol interval. When a sinc interpolator [22] is used and a
Hamming window is applied, the interpolation coefficients are
given by

(34)
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APPENDIX B
DERIVATION OF (15)

Similar to the analysis in [23], the BER for LLR Rx SC is

th branch selected (35)

Since is proportional to , conditioning in
(10) on and yields

th branch selected

th branch selected

(36)

Let and , then

(37)

where is the pdf of . Since ,
is equal to , where is the pdf of . From (10),
one has that is Gaussian distributed with mean

and variance , when conditioned on
. Averaging over , the pdf of is given by

(38)

Changing the variable of integration to , and using the
result from [15, eq. (3.472)]

(38) can be simplified as

(39a)

where (39b)

Then, for the th branch

(40a)

where

(40b)

Combining (37), (38), and (40), the final expression for the
BER is obtained as (41), shown at the bottom of the page.

APPENDIX C
DERIVATION OF (21)

Following [12], the cdf of can be written as

if

if
(42)

From (12), both and have a chi-squared distribution
given by

(43)

The pdf is obtained by differentiating the cdf in (42) with respect
to

(44)

(41)
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Then, the BER is

(45a)

where

(45b)
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