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ABSTRACT

This paper considers the Cramer-Rao bound (CRB) for esti-
mating the synchronization parameters from a linearly mod-
ulated waveform with unknown data symbols. The key idea
is to reduce the computational complexity associated with the
CRB by exploiting the specific structure of the observed sig-
nal, see e.g., [1, 2] and references therein. The current contri-
bution builds on this previous work, but in this case, no dis-
tributional assumptions are made about the data symbols. A
generalized closed-form expression of the CRB is presented,
the resulting computational complexity is discussed, and nu-
merical results are provided.

1. INTRODUCTION

The Cramer-Rao bound (CRB) provides a fundamental lower
bound on the achievable mean square estimation error (MSEE),
and as such serves as a useful benchmark for practical estima-
tors [3]. The present paper specifically focuses on estimating
synchronization parameters from a linearly modulated wave-
form. The presence of random data symbols makes the com-
putation of the CRB very hard. In [4], the high signal-to-noise
ratio (SNR) limit of the CRB has been evaluated analytically.
However, in the presence of coding, synchronization algo-
rithms must operate at low SNR, so that this high-SNR limit
of the CRB might no longer be a relevant benchmark. Several
numerical procedures, enabling the efficient evaluation ofthe
CRB at an arbitrary SNR, have been proposed over the last
decade: [1, 2] and references therein. In order to unify and
generalize these contributions, we consider in the next sec-
tion an arbitrarily distributed data symbol vector. Section 3
subsequently addresses the relation between various estima-
tion modes and the associated distribution of the data symbol
vector to be used when evaluating the CRB. In Section 4, a
generalized closed-form expression of the CRB is presented,
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and the resulting computational complexity is discussed. Sec-
tion 5 provides numerical results evaluated for some partic-
ular cases, pertaining to the estimation of the carrier phase
from a noisy linearly modulated signal with encoded data and
known pilots. The main conclusions are listed in Section 6.

2. PROBLEM FORMULATION

We consider the transmission of a linearly modulated signal,
obtained by applying a burst ofN data symbols to a square-
root Nyquist transmit filter, over a bandlimited additive white
Gaussian noise (AWGN) channel. The complex baseband
representation of the received noisy signal is given by

r (t) =
√

Es

N
∑

k=1

akh (t − kT − τ ) ej(2πFt+θ) + w (t) (1)

wherea = (a1a2...aN ) are the transmitted symbols with
E [a∗

kal] = δk−l, h (t) is the transmit pulse andw (t) is complex-
valued zero-mean AWGN with independent real and imagi-
nary parts each having a power spectral density equal toN0/2.
The quantityEs in (1) denotes the average symbol energy,
andT is the symbol period. Finally, the parametersF , θ and
τ stand for the frequency offset, the phase shift and the time
delay of the received signal vis-a-vis the local reference car-
rier.

Assuming that the channel has an ideal lowpass transfer
function with bandwidthB, the signalr (t) is sampled at a

rate 1
Ts

= 2B, and scaled by a factor
√

Ts

Es
. This yields the

observation vectorr, with

r = aS (u) + w (2)

wherew is a complex-valued white Gaussian noise vector
with zero mean andE [w∗

i wj ] = N0δi−j . It follows from (1)
that the matrixS (u) satisfies the following property:S (u)SH (u) =
IN , whereIk represents ak × k identity matrix. The column
vectoru = (u1u2...un)T in (2) contains one or more un-
known synchronization parameters (F , θ, τ ) and is assumed
to be uniformly distributed over its domain.



From the observation vectorr, we want to recover the
value ofu. A popular criterion to derive an estimateû of u is
the a posteriori probability maximization [3]. Whenu is uni-
formly distributed over its domain, estimates satisfying this
criterion may be computed via the simpler maximum likeli-
hood criterion, i.e.,

û = arg max
ũ

ln p (r |ũ ) (3)

A common approach to evaluate the quality of an esti-
mator of u consists in comparing its resulting MSEE with
the CRB. The latter imposes a fundamental lower bound on
the MSEE ofany estimator, and results from the inequality
Ru − J

−1 ≥ 0 [3]. Here,Ru is the error correlation matrix
related to the estimation ofu, the notationA ≥ 0 indicates
thatA is a positive semi-definite matrix, andJ−1 denotes the
inverse of the Fisher Information Matrix (FIM)J. Taking into
account thatu has a uniform a priori distribution, the (i,j)-th
element ofJ is given by

Ji,j = E [ℓi (u; r) ℓj (u; r)] (4)

whereE[.] denotes averaging with respect top (r,u), and

ℓi (u; r) =
∂ ln p (r |u )

∂ui

(5)

is a short-hand notation for the derivative ofln p (r |u ) with
respect to thei-th parameterui. It easily follows fromRu −
J
−1 ≥ 0 that

E
[

(ui − ûi)
2
]

≥ CRBi (6)

whereCRBi is thei-th diagonal element of the inverse of the
FIM J. The right-hand side of (6) is referred to as the CRB.

3. ESTIMATION MODES AND THE CRB

The quantityp (r |u ), in (3) and (4)-(5), can be rewritten as

p (r |u ) =
∑

ã

p (r |a = ã,u) Pr [a = ã] (7)

wherePr [a = ã] denotes the probability that the transmitted
data symbol vector equals̃a. In principle, estimators should
take into account as much statistical information abouta as
possible. Unfortunately, the complexity associated with us-
ing the correct data symbol a priori probability may often turn
out to be too large. For example, the evaluation of (7) in the
presence of a non-trivial channel code gives rise to a compu-
tational burden that is exponential in the sizeN of the data
burst. A solution to simplify the estimator implementation
consists in dropping/approximating some parts of the avail-
able statistical information. It should be noted that the MSEE
resulting from estimation algorithms that rely on such an ap-
proximation ofPr [a = ã] is lower bounded by the CRB that
is computed according to (4) but with the same approximate
hypothesis aboutPr [a = ã].

4. DERIVING THE CRB

A brute force numerical evaluation of the FIM involves re-
placing in (4) the statistical averageE [.] by an arithmetical
average over a large number of realizations of(r,u), that are
computer-generated according to the joint distribution ofr

andu. The numerical evaluation of the FIM further requires
the computation of the derivativesℓi (u; r), i = 1, 2 that cor-
respond to the realizations of(r,u). Making use of (7), these
derivatives can be put into the following form

ℓi (u; r) =
∑

ã

∂ ln p (r |a = ã,u )

∂ui

Pr [a = ã |r,u ] (8)

As p (r |a,u ) is Gaussian, the logarithmln p (r |a,u) is read-
ily available in closed-form:

ln p (r |a,u) = −
Es

N0
|r− aS (u)|

2 (9)

Differentiating with respect toui yields

∂ ln p (r |a,u)

∂ui

(10)

= −
2Es

N0
ℜ

{

(r − aS (u))
H

(

a
∂S (u)

∂ui

)}

The joint symbol a posteriori probabilities (APP)Pr [a |r,u ]
in (8) can be computed fromp (r |a,u ) andPr [a], according
to

Pr [a |r,u ] =
Pr [a] p (r |a,u)

∑

ã
p (r |a = ã,u ) Pr [a = ã]

(11)

Although this procedure yields the exact derivativesℓi (u; r),
i = 1, 2, the summations in (8) and (11) gives rise to a com-
putational complexity that is exponential in the burst sizeN .
The computational complexity associated with the evaluation
of these derivatives can be drastically reduced by taking into
account the specific structure of the useful signal in (2). Be-
causeS (u)SH (u) = IN does not depend onu, we obtain

∂ ln p (r |a,u)

∂ui

=
2Es

N0
ℜ

{

r

(

∂S (u)

∂ui

)H

a
H

}

(12)

Substituting (12) into (8), then yields

ℓi (u; r) =
2Es

N0
ℜ

{

r

(

∂S (u)

∂ui

)H

µ
H (r,u)

}

(13)

whereµ (r,u) is a short-hand notation for the a posteriori
average of the symbol vectora, with N components

µ (k; r,u) = Ea [ak |r,u ] (14)

=
∑

ω∈Ω

Pr [ak = ω |r,u ]ω (15)



whereΩ denotes the set of constellation points and the aver-
agingEa [. |r,u ] is with respect toPr [a |r,u ].

We emphasize that no approximation is involved in ob-
taining (15); the right hand side simply expresses the a pos-
teriori average of thek-th data symbolak in terms of the
marginal APP ofak, rather than thejoint APP of all compo-
nents ofa. Computing the marginal APPs from the the joint
APP still requires a complexity that increases exponentially
with N . However, in most practical scenarios, the required
marginal symbol APPs can be directly computed in an effi-
cient way, by applying the sum-product algorithm to a factor
graph representing a suitable factorization of the joint sym-
bol APP [5]. The application of the sum-product algorithm
on a graph that corresponds to a tree is straightforward and
yields the exact marginals. When the graph contains cycles,
the sum-product algorithm becomes an iterative procedure
that, after convergence, yields only an approximation of the
marginals. However, when the cycles in the graph are large,
the resulting marginals turn out to be quite accurate. Comput-
ing the derivativesℓi (u; r), i = 1, 2 according to (12), for a
given realization of(r,u), yields a complexity that is linear
(and not exponential) in the number of data symbolsN .

5. NUMERICAL EXAMPLE

As a case study, we consider a turbo-coded 4-PSK transmis-
sion scheme. The rate 1/2 turbo encoder encompasses parallel
concatenation of two identical binary 16-state rate-1/2 recur-
sive systematic convolutional encoders with generator poly-
nomials(21)8 and(37)8 in octal notation, via a pseudo ran-
dom interleaver with block lengthNd information bits, and an
appropriate puncturing pattern so that the block at the turbo
encoder output comprises 2Nd coded bits. This binary turbo
code is followed by conventional Gray-mapped 4-PSK mod-
ulation, giving rise to a block ofNd random data symbols.
Finally, a preamble ofNp known pilot symbols with value 1
is added at the beginning of each block; the transmitted sym-
bol vector has the following a priori distribution

Pr [a = ã] =

{

2−Nd , ã ∈ S0

0 , ã ∈ S\S0
(16)

whereS denotes the set of all possible vectors of(Nd + Np)
4-PSK symbols, andS0 ⊂ S denotes the subset of these
vectors that result from applying a sequence ofNd bits to
the above turbo encoder and mapper. Synchronization pa-
rameter estimation algorithms that take (16) into account are
said to operate in apilot-aided code-aided (PA CA) mode.
Three other approximate operation modes are commonly con-
sidered in the framework of parameter estimation: thedata-
aided (DA), the pilot-aided non-code-aided (PA NCA) and
thenon-pilot-aided non-code-aided (NPA NCA) modes. The
DA approach consists in computing the estimateû as if only

the pilot symbols had been transmitted, i.e., by assuming that

Pr [a = ã] =

Np
∏

k=1

I [ãk = 1]

Nd+Np
∏

k=Np+1

I [ãk = 0] , ∀ã ∈ S

(17)
whereI [.] is the indicator function, i.e.,I [P ] = 1 whenP is
true andI [P ] = 0 otherwise, whereP is a proposition. The
PA NCA and the NPA NCA estimators also exploit the ran-
dom data symbols in the estimation process, but neglect the
structure that the channel code enforces upon them. The PA
NCA estimators make use of the knowledge about the pilot
symbols, and assume that theNd random data symbols are
statistically independent and equiprobable; this yields

Pr [a = ã] = 2−2Nd

Np
∏

k=1

I [ãk = 1] , ∀ã ∈ S (18)

The NPA NCA estimators also ignore the fact that the receiver
knows the value of the pilots, and assume that all(Nd + Np)
data symbols are statistically independent and equiprobable,
i.e.,

Pr [a = ã] = 2−2(Nd+Np), ∀ã ∈ S (19)

We assume that perfect clock and carrier frequency infor-
mation is available at the receiver, so that the phase shiftθ
is the only synchronization parameter left to estimate. We
compute the corresponding CRB from (4) for the PA CA,
the DA, the PA NCA and the NPA NCA estimation modes:

E

[

(

θ − θ̂
)2

]

≥ β = 1
J1,1

. In (2) and subsequent equations:

u = θ andS (u) = ejθ. The DA assumption enables the
derivation of a closed-form expression of the CRB, i.e.,

E

[

(

θ − θ̂
)2

]

≥ βDA =
1

2Np

N0

Es

(20)

In the PA CA, the PA NCA and the NPA NCA scenario, the
evaluation of the CRB is considerably more difficult than in
the DA scenario, because of the summation overã in (7). In
all three scenarios, we obtain at high SNR [4]:

E

[

(

θ − θ̂
)2

]

≥ β∞ =
1

2 (Nd + Np)

N0

Es

,
Es

N0
→ ∞ (21)

Comparing (20) with (21), it follows this high-SNR limit equals
the DA CRB that would be obtained if all(Nd + Np) data
symbols were known to the receiver. To compute the PA CA,
the PA NCA and the NPA NCA CRB at an arbitrary SNR, we
resort to a numerical evaluation. ForNd=1000 andNp=100,
Fig. 1 plots the resulting ratioβ/β∞(the left ordinate) along
with the bit error rate (BER) corresponding to the coherent
detection of the transmitted information bits (right ordinate)
as a function ofEs/N0. The low-SNR NPA NCA assymptot-
ical CRB (ACRB) [6] (right ordinate, relative toβ∞) and the
BER corresponding to the coherent detection of uncoded bits
(right ordinate) are also displayed .



It is clear from Fig. 1 that the DA CRB is larger than the
PA CA, the PA NCA or the NPA NCA CRB, for all practi-
cal values of the SNR (say, BER< 10−2). This is consitent
with the fact that the DA estimation mode only allows to take
benefit from the received signal energy associated with the
pilots. From (20), we may notice that lowering the DA CRB
implies to increase the number of pilots, which leads to losses
in terms of power and spectral efficiency.

Comparing the PA CA, the PA NCA and the NPA NCA
modes, we see that the corresponding CRBs are equal at suffi-
ciently high SNRs (and given by the high-SNR limitβ∞ from
(21)). At lower SNRs, however, there is a gap between the PA
CA CRB on one hand, and the PA NCA and the NPA NCA
CRBs on the other hand. WhenEs/N0 decreases, a point
(Es/N0)thr is reached where the CRBs for the PA CA, the
PA NCA and the NPA NCA mode start to diverge from their
high-SNR limit. For the PA CA mode,(Es/N0)thr corre-
sponds to a coded BER of about10−3. For the PA NCA and
the NPA NCA mode,(Es/N0)thr corresponds to an uncoded
BER of about10−3, and consequently exceeds(Es/N0)thr

for PA CA operation by an amount equal to the coding gain.
WhenEs/N0 further decreases, the PA CA and the PA NCA
CRBs eventually converge to the DA CRB, whereas the NPA
NCA CRB converges to the NPA NCA ACRB. The latter as-
symptot has been analytically computed in [6].

6. CONCLUSIONS AND REMARKS

The paper has discussed the computation of the CRB related
to synchronization parameter estimation from a linearly mod-
ulated bandpass signal. The most general case of an arbi-
trarily distributed data symbol vector has been considered. It
has been emphasized that the different estimation modes that
are commonly considered correspond to distinct hypotheses
about the a priori distribution of the transmitted data sym-
bols. It has also been demonstrated how the computational
complexity related to the CRB can be significantly reduced by
exploiting the structure of the received signal vector. Thema-
jor conclusion that can be drawn from the reported numerical
results is that the CRB that takes into account the whole avail-
able a priori information about the data symbols is very well
approximated by its high-SNR limit, at the normal operat-
ing SNR of the communication system. This high-SNR limit
is easily evaluated analytically. Given the estimation mode,
the MSEE performance of the maximum-likelihood estima-
tor assymptotically tends to the associated CRB. The results
therefore also indicate that synchronizers that do not exploit
the code properties might fail to provide accurate estimates
when using powerful codes with large coding gains (and low
operating SNR).
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