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Abstract—Timing mismatch in time-interleaved analog-to-
digital converters (TI-ADCs) may cause a significant performance
degradation in high-speed orthogonal frequency division multi-
plexing (OFDM) systems. To evaluate the impact of this impair-
ment in such systems, we first derive a mathematical expression
for the output of the discrete Fourier transform (DFT) unit that
is used to demodulate the received OFDM signal samples. From
the obtained expression, it follows that a TI-ADC with timing
mismatch causes a phase rotation of the desired symbols and
generates inter-carrier interference (ICI). Building on this result,
we further derive an approximate closed-form bit error rate
(BER) expression for quadrature amplitude modulation (QAM)
or pulse amplitude modulation (PAM), assuming an additive
white Gaussian noise (AWGN) channel and binary reflected
Gray code (BRGC) mapping. Numerical results are provided
to demonstrate the accuracy of the presented formula.

Index Terms—Bit error rate, OFDM, time-interleaved analog-
to-digital converter, timing mismatch, PAM, QAM.

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is

used in many wired and wireless broadband communication

systems thanks to its high spectral efficiency and tolerance

against channel dispersion [1]. The use of OFDM in multi-

Gigabit fiber-optic communication systems, in which data

rates are extremely high, has recently attracted increasing

interest (see [2] and the references therein). For example, the

transmission of 132.2 Gbit/s within an optical bandwidth of

25 GHz was studied in [3]. At these very high data rates,

OFDM systems require a high sampling rate analog-to-digital

converter (ADC) placed prior to the baseband digital signal

processing unit at the receiver. Because the sampling rates of

regular ADCs are limited by the physical constraints of the

current technology [4], a time-interleaved (TI) structure of L
identical parallel ADCs is often used as a practical alternative.

To achieve a sampling rate 1
Ts

in a TI-ADC, L sub-ADCs

each sample the analog input signal at a lower rate 1
LTs

, i.e.,

the l-th sub-ADC samples the input signal at timing instants

t
(l)
k = kLTs+ lTs, where k = 0, 1, 2, ... and l = 0, 1, ..., L−1.

Unfortunately, mismatches between the parallel sub-ADCs of

a TI-ADC, such as offset, gain and timing mismatch, can

significantly degrade the performance of a TI-ADC-based

communication system. The effects of TI-ADC’s mismatches

on the system performance were studied for single-carrier sys-

tems in [5-7], and for multi-carrier systems in [8-9]. Moreover,

closed-form bit error rate (BER) expressions were derived

for OFDM systems impaired by a TI-ADC’s offset mismatch

[10] and a TI-ADC’s gain mismatch [11]. Those closed-form

expressions allow efficient and fast evaluation of the BER

performance, in particular when compared to time-consuming

Monte-Carlo computations [8]. However, to the best of our

knowledge, a closed-form BER expression for OFDM systems

revealing the effect of a TI-ADC’s timing mismatch has not

been derived yet. In this paper, we analytically derive such

a BER expression based on a Gaussian approximation of the

inter-carrier interference caused by the timing mismatch. To

isolate the effect of the timing mismatch, an additive white

Gaussian noise (AWGN) channel is considered. Further, we

assume quadrature amplitude modulation (QAM) and bit-to-

symbol mapping based on the binary reflected Gray code

(BRGC) [12]. The accuracy of the derived BER expression

will be assessed by comparing the theoretical results with

empirical Monte-Carlo simulations.

The paper is organized as follows. Section II describes the

considered system model, and details the derivation of discrete

Fourier transform (DFT) output expression to quantify the

phase rotation and the inter-carrier interference (ICI) caused

by the timing mismatch. From the DFT output formula, we

are able to derive the BER expression for a rectangular QAM

constellation in Section III. The BER expressions for square

QAM and pulse amplitude modulation (PAM) constellations

are presented as special cases. In Section IV, we illustrate the

phase rotation and the ICI on scatter diagram and validate

the accuracy of the derived BER expression. Conclusions are

provided in Section V.

II. SYSTEM DESCRIPTION

Fig. 1 illustrates the block diagram of the considered OFDM

system. To simplify the notations, we consider the transmis-

sion of a single OFDM symbol only. The discrete baseband

OFDM signal is given by:

sk =
1√
N

N−1∑
a=0

Xae
j2π ak

N , k = 0, 1, ..., N − 1, (1)

where N denotes the number of sub-carriers in the OFDM

system. Further, in (1), Xa �= 0, if a ∈ Id and Xa = 0,

if a /∈ Id, where Id = {N/2 − Nd/2, ..., N/2 + Nd/2 − 1}
with Nd < N the number of data-modulated sub-carriers1.

1In practice, in many OFDM systems, not all N sub-carriers are used for
data transmission. For instance, a few sub-carriers near the edges (i.e., the
guard band) are not modulated to achieve a sufficient transition band at the
bandwidth boundaries [13].
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Fig. 1. Block diagram of an OFDM system with a TI-ADC at the receiver.

Moreover, the data symbols Xa �= 0 are taken from a unit-

energy rectangular MI × MQ-QAM constellation, in which

(log2MI + log2MQ) bits are mapped on the constellation

points. Before transmission over an AWGN channel with noise

power spectral density N0, the OFDM signal passes through

a digital-to-analog converter (DAC) and a transmit filter.
At the receiver, assuming perfect matched filtering, the

resulting waveform is sampled at Nyquist rate 1
Ts

by a TI-

ADC consisting of L parallel sub-ADCs. The l-th sub-ADC

samples the input signal at time instants kLTs + lTs + dtlTs,

where k = 0, 1, ..., N−1, l = 0, 1, ..., L−1 and dtl denotes the

relative timing mismatch value of the l-th sub-ADC. The TI-

ADC is assumed to have a sufficiently high resolution such that

the quantization noise can be neglected [14]. In practice, the

timing mismatch values dtlTs of the sub-ADCs in a TI-ADC

vary slowly [9], and therefore we model them as constants

over the duration of an OFDM symbol. Using the model from

[7], the output of the TI-ADC with timing mismatch can be

expressed by:

rk =
L−1∑
l=0

+∞∑
q=−∞

(√
Essk(dtl) + wk

) · δk−qL−l,

k = 0, 1, ..., N − 1,

(2)

where rk denotes the k-th received sample, Es is the trans-

mitted symbol energy, δk denotes the Kronecker delta, wk are

independently and identically distributed (i.i.d.) AWGN noise

samples with zero mean and variance σ2
w = N0

2 per dimension,

and sk(dtl) is defined as:

sk(dtl) =
1√
N

N−1∑
a=0

Xae
j2π

a(k−dtl)
N . (3)

The samples rk (2) are applied to a size-N discrete Fourier

transform (DFT) unit. The DFT output is given by:

Rn = 1√
N

N−1∑
k=0

rke
−j2π kn

N

=
√
EsDT0,nXn +Φn, n = 0, 1, ..., N − 1,

(4)

where Xn are the transmitted symbols. Further, the

interference-plus-noise term Φn in (4) decomposes as:

Φn = Φ1,n +Wn, (5)

where Wn are i.i.d. Gaussian random variables with zero mean

and variance σ2
w = N0

2 per dimension, and Φ1,n is the ICI term

caused by the timing mismatch, given by:

Φ1,n =
√

Es

L−1∑
i=1

N−1∑
a=0

DTi,aXaf (a− pi)e
−jπ(a−pi), (6)

with

DTx,z =
1

L

L−1∑
l=0

e−j2π xl
L e−j2π

zdtl
N , (7)

f (z) =

{
sin(πz)

πz , if N/L is non− integer
δ (z) , if N/L is integer

(8)

and p = mod
(
n− iNL , N

)
denoting the remainder after

division of n− iNL by N . Note that in the case of integer ratios
N
L , Φ1,n =

∑L−1
i=1 DTi,pXp. The quantities Rn from (4) are

used to perform bit sequence detection by mapping them to the

nearest constellation point and applying the inverse mapping

rule.

Let us now take a closer look at the factor DT0,n in (4).

Using a Taylor series expansion for the exponential function

and making a first order approximation, DT0,n can be written

as:

DT0,n = 1
L

L−1∑
l=0

e−j2π
ndtl
N

≈ e
−j2π n

N · 1
L

L−1∑

l=0

dtl
.

(9)

From (4) and (9), it follows that the timing mismatch causes a

phase rotation of the desired symbols. The magnitude of this

rotation angle linearly depends on the sub-carrier index and

the average of the timing mismatch values, i.e., 1
L

∑L−1
l=0 dtl.

III. BER ANALYSIS

In order to determine the effect of TI-ADC’s timing

mismatch on the BER performance, we first consider the

interference-plus-noise term Φn (5). Assuming that the trans-

mitted data symbols Xn can be modelled as statistically in-

dependent random data symbols that are uniformly distributed

over a unit-energy constellation, it immediately follows that:

1) Φ1,n and Wn are statistically independent with zero

mean.

2) Because dtl is constant, DTx,z (7) is deterministic. As a

result, Φ1,n (6) is the weighted sum of independent ran-

dom variables. Hence, taking into account the weighted

central limit theorem [15], Φ1,n can be considered as a

Gaussian distributed variable for the case of non-integer

ratios N
L , if N or L is sufficiently large, and for the

case of integer ratios N
L , if L is sufficiently large. The

variance σ2
Φβ

1,n

of Φ1,n in the β-dimension is given by:

σ2
Φβ

1,n

=

{ �{Ψ} , if β = I
�{Ψ} , if β = Q

, (10)
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Fig. 2. An illustration of the decision regions and boundaries required to derive the BER expression for Mβ = 8, u = 3, vβ = 3.

where β ∈ {I,Q} refers to the in-phase (I) and quadra-

ture (Q) dimensions of the symbol, �{z} and �{z}
denote the real and imaginary part of z, respectively.

Further, Ψi1,i2,a in (10) is defined as:

Ψ = Es

L−1∑
i1=1

L−1∑
i2=1

N−1∑
a=0

DTi1,a(DTi2,a)
∗
(ξ + j (1− ξ))

×f (a− pi1) f (a− pi2) e
−jπ(pi2

−pi1),
(11)

where ξ is the average energy per symbol in the I

dimension of the constellation2, and (z)
∗

denotes the

complex conjugate of the complex-valued variable z.

3) Wn is Gaussian distributed with variance σ2
w = N0

2 per

dimension.

In conclusion, for non-integer ratios N
L , if N or L is large,

and for integer ratios N
L , if L is large, the interference-plus-

noise term Φn (5) can be approximated as a complex-valued

Gaussian random variable with independent real and imaginary

components, having zero mean and variance σ2
β,n in the β-

dimension given by:

σ2
β,n = σ2

Φβ
1,n

+ σ2
w. (12)

Let us now denote the rectangular QAM constellation

symbols Xn as χvI + jχvQ , with

χvβ = (2vβ + 1−Mβ) dβ , (13)

where vβ ∈ {0, 1, ...,Mβ − 1} and dβ denotes the half

minimum Euclidean distance in the β-dimension. Further, for

the BRGC mapping rule, we denote the mβ bit sequence that

corresponds to χvβ as b̂
(vβ)

=
(
b̂
(vβ)
1 , b̂

(vβ)
2 , ..., b̂

(vβ)
mβ

)
:

χvβ ↔ b̂(vβ) = (vβ)2 ⊕
(⌊vβ

2

⌋)
2
, (14)

where (z)2 denotes the natural binary code of integer z and


z� denotes the largest integer smaller than z. To derive the

BER expression, we follow the procedure outlined in [11]. It

follows that the BER with the effect of the timing mismatch

2Since the constellation was considered to have unit-energy, the average
energy per symbol in the Q dimension of the constellation is then 1− ξ.

on a rectangular QAM constellation can be computed as:

BER = 1
2NdMIMQ(mI+mQ) ·∑

β,n,u,vI ,vQ

(
Fu,vβ∑
y=1

λu,vβ ,yerfc
(
Γβ
n,u,vI ,vQ,y

)

+
2u−1∑

y=Fu,vβ
+1

μu,vβ ,yerfc
(
−Γβ

n,u,vI ,vQ,y

))
,

(15)

where β ∈ {I,Q}, mβ = log2Mβ , n ∈ Nd, u ∈ {1, 2, ...,mβ}
and vβ ∈ {0, 1, ...,Mβ − 1}. In (15), Fu,vβ indicates the

number of decision region boundaries left of the considered

constellation point. For binary reflected Gray code (BRGC)

mapping [12], we have

Fu,vβ =
⌊
(2vβ + 1) · 2−(mβ−u+2) + 2−1

⌋
. (16)

Further, in (15), erfc (.) is the complementary error function

(erfc-function): erfc (x) = 2√
π

∞∫
x

e−z2

dz, and the argument

Γβ
n,u,vI ,vQ,y of the erfc-function is defined as:

Γβ
n,u,vI ,vQ,y =

((
DT0,n

(
χvI + jχvQ

))β −Δβ
u,y

)√
Es

2σ2
β,n

,

(17)

where (z)
β

is defined as:

(z)
β
=

{ �{z} , if β = I
�{z} , if β = Q

, (18)

and Δu,y is the y-th boundary (from left to right) on the

decision region Ωu,vβ
3 [16] (see an example in Fig. 2):

Δβ
u,y =

(
(2y − 1) · 2mβ−u+1 −Mβ

)
dβ . (19)

Finally, the pre-factors λu,vβ ,y and μu,vβ ,y in (15) take the

values +1 or −1 according to:

λu,vβ ,y = (−1)
2u−2−mβ ·((χvβ
−Δu,y)/dβ−1)� (20)

and

μu,vβ ,y = (−1)
2u−2−mβ ·(−(χvβ
−Δu,y)/dβ−1)� (21)

3Ωu,vβ indicates the union of intervals of 1√
Es

(Rn)
β from (4), for which

the received bit is decided to equal the transmitted bit.



The corresponding BER expression for an Ms−ary square

QAM constellation is obtained by setting MI = MQ =
√
Ms

and dI = dQ. Similarly, the BER expression for an Mp−ary

PAM constellation is derived by setting MI = Mp, MQ = 1;

the sum over the Q dimension disappears. The expression

(15) allows us to efficiently evaluate the BER performance

of OFDM systems impaired by a TI-ADC’s timing mismatch,

avoiding the need for an extensive Monte-Carlo simulation,

which is very time consuming.

IV. NUMERICAL RESULTS

In this section, we first observe the scatter diagram of the

signal contribution to the DFT output samples to illustrate

the influence of the phase rotation and the ICI caused by

a timing mismatch. Then, we validate the accuracy of the

derived BER expression by comparing the theoretical results

with Monte-Carlo simulations for different constellations and

mismatch levels. Finally, we investigate the influence of the

DFT size N and the number L of sub-ADCs on the correctness

of the proposed BER expression. We assume all sub-carriers

are modulated, i.e., Nd = N , and the sampling time Ts

and the transmitted symbol energy Es are normalized, i.e.,

Ts = Es = 1. We generate L = 320 independent relative

timing mismatch values4 dt
(100%)
l according to a uniform

distribution over the interval [−1, 1] [9] and keep these fixed

over the simulations. These L values can be interpreted as

100% of the timing mismatch level of a particular TI-ADC

realization. Further, when L = x < 320, only the first x
values of the 320 fixed relative timing mismatch values will

be employed. Moreover, the level of timing mismatch will be

varied by scaling the dt
(100%)
l timing mismatch values, i.e., for

a z% mismatch level, we use as the timing mismatch values:

dt
(z%)
l = z

100dt
(100%)
l .

Fig. 3 shows the combined effects of rotation and ICI in Rn

(blue markers) from (4) in the absence of noise, i.e., Wn = 0.

Further, Fig. 3 also illustrates the rotation effect separately, i.e.,

DT0,nXn (yellow markers). As expected, we observe in Fig.

3 that the magnitude of the rotation angle increases and the

ICI becomes more severe when the mismatch level increases.

Further, Fig. 3 also reveals that the ICI dominates over the

rotation effect.

In Fig. 4, the BER curves are shown for different mismatch

levels, modulation types and orders. For comparison, the

BER curves for the same systems without mismatch are also

provided. Further, we assume N = 2048 and L = 320. We

make the following observations:

1) Mismatch versus no mismatch: Fig. 4 obviously shows

that the timing mismatch causes a system performance

degradation, which is more severe as either the mismatch

level or the modulation order increases.

2) Theory versus simulation: It is evident from Fig. 4 that

the analytical BER curves are in excellent agreement

with the simulated BER curves. We also investigated

numerous other parameter settings (results are not shown

4This L is equal to the number of sub-ADCs in the 56 Gsa/s 8-bit TI-ADC
in 65 nm CMOS technology designed by Fujitsu for 100 Gbps communication
systems [17].
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Fig. 3. Scatter diagram of the received 4-QAM symbols without noise for
N = 2048 and L = 8: (a) 5% mismatch; (b) 10% mismatch and (c) 20%
mismatch.

in this paper), and found similar results as long as N and

L are sufficiently large. This demonstrates the accuracy

of the proposed BER expressions.

Fig. 5 shows the empirical and theoretical BER results for

16 QAM, 5% mismatch, and different values of N and L. We

make the following observations:

1) Integer ratios N
L : Fig. 5(a) with N = 2048 shows that

the analytical BER curves do not match the simulated

BER curves when L is low, i.e., L = 2, 32. However,

when L increases, the deviation between theory and
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Fig. 4. BER curves with N = 2048 and L = 320: (a) 5% mismatch, square
QAM and PAM; (b) 4× 2 QAM, 5%, 10% and 50%.

simulation decreases. When L equals 128, the theoretical

results are in good agreement with the simulations. The

deviation between theoretical results and simulations

can be explained as follows. With integer ratios N
L ,

Φn =
∑L−1

i=1 DTi,pXp + Wn, i.e., the sum only con-

tains L terms. Hence, when L is small, Φn cannot be

approximated as a Gaussian random variable because

the weighted central limit theorem does not hold. Fur-

ther, Fig. 5(a) illustrates that when L increases, the

performance degradation decreases. This performance

degradation depends on the relative timing mismatch

values dtl. Hence, the degradation will be different if

we select another set of mismatch values dtl.
2) Non-integer ratios N

L , small L and large N : From Fig.

5(a) with N = 2048, it follows that the theoretical

BER curves are in good agreement with the simulated

BER curves when L = 3. This can be explained as

follows. With non-integer ratios N
L , the contribution of

the timing mismatch is spread over all sub-carriers. This

is in contrast to the case of integer ratios N
L , where the

sum over N disappears. Therefore, Φ1,n (6) consists of

a sum over a large number N of terms, implying that

it can be approximated as a Gaussian random variable
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Fig. 5. BER curves for 16 QAM and 5% mismatch: (a) N = 2048 and
L = 2, 3, 32, 128; (b) L = 3 and N = 8, 64, 512.

when N is sufficiently large. Consequently, also Φn (5)

behaves as a Gaussian random variable.

3) Non-integer ratios N
L , small L and small N : Fig. 5(b)

with L = 3 reveals that the theoretical BER curves do

not match the simulations when N = 8, 64, i.e., the

Gaussian approximation no longer holds. The deviation

between theory and simulation reduces as N increases.

For N = 512, the theoretical BER curve matches well

the simulated BER curve.

It should be noticed that 1) the high-speed OFDM systems

that are usually employed for broadband applications typically

have thousands of active sub-carriers [1] and 2) in the coming

years, the number of sub-ADCs in TI-ADC architectures will

further increase to obtain extremely high sampling rates. Under

these circumstances, the approximate BER expression derived

in this paper is a useful tool to evaluate the BER performance

in practice. Finally, we would like to point out that even when

the obtained BER is less accurate for the case of integer ratios
N
L and small L, or for the case of non-integer ratios N

L , small

L and N , the derived BER expression can still serve as a

useful upper bound on the true BER.



V. CONCLUSIONS

In this paper, we investigated the phase rotation and the

ICI caused by a TI-ADC’s timing mismatch in an OFDM

system. The results show that the ICI effect dominates over the

phase rotation effect. Further, we also derived an approximate

closed-form BER expression for PAM and QAM-OFDM sys-

tems impaired by a TI-ADC’s timing mismatch in a AWGN

channel. The theoretical BER analysis is compared with the

simulations, and the results show a very good agreement

between theory and simulation when either the DFT size N
or the number L of sub-ADCs is sufficiently large.
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