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Umbrella Example

R, | P(R,)

The Viterbi algorithm finds the most likely sequence of states for a given
sequence of evidence variables.

Now we explain the algorithm in detail on the “umbrella” example given above
and taken from
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The solution of the Viterbi algorithm for the “umbrella” example as was

Umbrella example: Viterbi solution

<

<

Rain Rain, Rain Rain, Rain 4
true true t true true true
false false X false false | false
true true false true true
8182 S153 0361 .0334 v
1818 E.O491 E.H?ﬂ X.OIB £ .0024
.1 m., kg3 m., m.s

shown in the slides on temporal probability models, Part 1.

In the following slides, a detailed explanation follows.
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et D e [ oo f ................. [ oo f o
states
X,
f © O 0o o o

We use here the following notation for the “umbrella” example from [R&N, ch 14]:

X,=t : itrains on day t (R,=true); X,=f : norain on day t (R,=false);

E=t : umbrellaonday ¢ (U=true);  E,=f : noumbrella ondayt (U=false);
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et D e [ oo f ................. [ oo f o
states
X,
f © O 0o o o

We use here the following notation for the “umbrella” example from [R&N, ch 14]:

X,=t : itrains on day t (R,=true); X,=f : norain on day t (R,=false);

E=t : umbrellaonday ¢ (U=true);  E,=f : noumbrella ondayt (U=false);

Task: given the evidence sequence e={e,...,eq}, find the most likely x={x,...,x4}
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et D e [ oo f ................. [ oo f o
states
X,
f © O 0o o o

Main observation: there is a recursive relationship between the most likely
path to each state x,,; and most likely paths to each previous state x;,
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
states
X,
f © O 0o o o

Main observation: there is a recursive relationship between the most likely
path to each state x,,; and most likely paths to each previous state x;,

max P(-xla---axtaXt+l | el:t+l)

=aP(e | x,) max P(x,,...,x,,,x, le.,)
X

1oeees X1

t+1 l t+1

X, )max|(P(X
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f | 03 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
states
X,
f © O O @ 0

Define message as

@ for X, =t

m;., = max P(xla'“axt—laXt |e1:t) =
@ for X, = f

X1 5eees Xt—1

A. Pizurica, Artificial Intelligence, Fall 2024 Temporal Probabilistic Models — Part 2: Viterbi algorithm



Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f | 03 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
states
X,
f © O O @ 0

With this notation, for our example the recursion becomes:

my.,.., =aP(e,, |Xt+l)maX(P(Xt+l | X, = t)Mllzt’ P(X, | X, = f)Mlzt)
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et é --------------------- et ................ et+1 ...........................................................
1 1
t jow_l:t M12t+1
states ?/,%)
X, L
_ O,/ O
, ; )
f M 4 Ml:t+1

So, for time instant #+1, we need to compute

Mllzt+l :P(et+l |Xt+1 =l‘)max{{)(Xt+1 :t|Xt :t)Mllzt; ]\)(XHI :t|Xt :f)Mlzztl}

Y \ §
for the path from X,=¢t  for the path from X,=f
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
! 0.7 ¢ 0.9
f 0.3 f 0.2
evidence
Et é --------------------- et ................ et+1 ...........................................................
1 1
My, M.
4 o 0
states ..
X, -
f oz_____:___‘goz
Ml't Ml:t+1

and, equivalently, the second component
M = Pl | Xy = SYmaxiP(X g = f | X, =M, P(Xy = | X, = )M,

Y L4
for the path from X,=¢t  for the path from X,=f
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 09
f 0.3 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
Mllzl =7
states
X,
f O O O @ 0
M7, =2

Initialization (note: this is actually filtering)

my, =[My, M7]"=P(X, e ;) =P(X,|e)=aP(e | X))P(X))
=0€<P(el | X1 =1), P(e | X, =f)><P(X1 =1), P(X; =f)>
= (0.9, 0.2)(0.5, 0.5) = (0.45, 0.1) = (0.8182, 0.182)
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et -> - [ [ oo f ................. [ oo f o
M/, =8182
states
X,
f 9 O © O @
M2 1818
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
| 03 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
M|, =8182 M.,
ny LTS . 5 .
states ?’/,
)(t //,
f o’ O o e 0
M2 1818

M11:2 =P(ey | X, =1) maX{P(Xz =t| X, :t)Mllzb P(X, =t|X, :f)M12:1 }
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
| 03 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
M|, =8182 M.,
ny LTS . 5 .
states ?’/,
)(t //,
f o’ O o e 0
M2 1818

1 _ B B B ! B B 2
M., —{)(92 |i(2 —Q max{{’(Xz —$|X1 —f)@, {)(Xz —le1 _f)le:l }
0.9 0.7 0.8182 0.3 0.1818
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
! 0.7 t 0.9
f 0.3 f 0.2

evidence
Et D> e [ oo f ................. [ o f e

¢ o—>0 o e 0
states ’
X -
f o] O O O O
ME, =1818
1 _ _ ol _ _ 2
M., = Ple |i(2 =1) max{{’(Xz —$|X1 =My, P(X, —le1 =/IM, }
0.9 0.7 0.8182 0.3 0.1818

=0.5155
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t | 07 t 0.9
f 0.3 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
M|, =8182 Ml =5155
ny \ . 5 .
states
X, <

i al----f-30 o o o

M3, =1818 M,

M12:2:P(32|X2:f) max{P(Xzzf\Xlzt)Mllzl, P(X2:f|X1:f)M12:1}
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | PE)
! 0.7 ¢ 0.9
f 0.3 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
M|, =8182 Ml =5155
- \ o 5 .
states
X, <
R AN
S G-----4--30 o o o

M3, =1818 M,

M12:2 :{)(ez | X, :f)) max{P(Xz = f1X; :t)Mll:b P(X, = f]X, :f)M12:1 }
Y \ Y J\ ) L Y )H_}
0.2 0.3 0.8182 0.7 0.1818
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 ¢ 0.9
f 0.3 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
¢ o . 5
states
X,
@) O 0)

f

ME =1818 M{,=.0491

Mi,=P(e,| X, = f) max{ P(X, = f | X, =t)M},y, P(X, = f | X, = [)M},
1:2 \ 2 3 ) { L - ) : \ Y ) }
0.2 0.3 0.8182 0.7 0.1818

=0.0491
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f | 03 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
¢ . 5
states
X,
O @)

f

ME =1818 M{,=.0491

I _ _ _ _ 1 _ _ 2 |
M5 —}3(33 |)$3 —t)}max{lf:(X3 —fY|X2 —QMlzza {J(X3 —thz f))MI:Z f
0.1 0.7 0.5155 0.3 0.0491

=0.0361

A. Pizurica, Artificial Intelligence, Fall 2024 Temporal Probabilistic Models — Part 2: Viterbi algorithm



Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 ¢ 0.9
f 0.3 f 0.2
evidence
Et D> e [ oo f ................. [ o f e
M|, =8182 M|,=5155 M ,=0361
4 . 5
states
X,
S @ 0

M2 =1818 M, =0491 M[,

M5 = P(ey X5=1) max{ P(X, =/1%, =M\, P(X, =/ 1%, = f)M? |
O 8 O 3 0.5155 0. 7 0.0491

=0.1237
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Viterbi Algorithm

Example with 2 states X, ={, f} Xy { P X | AE)
t | 07 t | 09
f | o3 f | 02
evidence
Et > - [ oo [ oo f ................. [ o f e
M|, =8182 M|,=5155 Ml,=0361 M.,
ot @)
states
X,
o)
7

M2 1818 M7, =0491 Miy=1237

M} —P(e |X =t) max P(X —t|X —t)M ,P(X —t|X —f)M
1:4 4144 ) { 4 3 A(1_; 4 3 13J
09 O7 0.0361 03 0.1237

=0.0334
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
! 0.7 ¢ 0.9
f 0.3 f 0.2
evidence
Et 9 .........
-t
states J

MY =1818 M, =0491 M{;=1237 M},

|
M7y = Pley | X 4= f) max{ P(X, = f | Xy = )M, P(X, = [ | X5 = f)M7y |
O\.{Z &3 0.0361 O.; 0.1237

=0.0173
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Viterbi Algorithm

Example with 2 states X, ={¢, f} X | PX) X, | P(E)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
E, =>
-t
states J
AX; ~

M2 =1818 M{,=0491 MP;=1237 M[;=0173

I _ _ _ 1 _ _ 2 |
M5 —{D(es |5(5 —f)) max{f\’(XS —ZY|X4 —QM1:4a {J(Xs —th4 f))M1:4 J
0.9 0.7 0.0334 0.3 0.0173

=0.0210
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Viterbi Algorithm

Example with 2 states X, ={, f} Xy { P X | AE)
t 0.7 t 0.9
2 0.3 f 0.2
evidence
Et > - t ................ t ................... f ................. [ o t .........
M11 .8182 M12 5155 M13 .0361 M14 .0334 M15 .0210
ot
states J
1
f

M2 =1818 M{,=0491 MP3=1237 M{3=0173 Mjs

M5 = P(es X 5= 1) max{ P(X = /1%, = )My, P(X; =/ 1%, = f)M7 |
O 2 O 3 0.0334 0. 7 0.0173

=0.0024
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Viterbi Algorithm

Example with 2 states X, ={, f} Xy { P X | AE)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
M, =8182 M|,=5155 M| ;=0361 M],=0334 M| =0210
ot JAE e e —
states J Ny J =

< 7
LN

M2 =1818 M{,=0491 M{3=1237 M[3=0173 M}s=0024
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Viterbi Algorithm

Example with 2 states X, ={, f} Xy { P X | AE)
t 0.7 t 0.9
f 0.3 f 0.2
evidence
Et > - [ oo [ oo f ................. [ o f e
M, =8182 M!,=5155 M| ,=0361 M],=0334 M/ =0210
ot JAE e e ——
states J Ny J =

< 7
LN

M2 =1818 M{,=0491 M{3=1237 M[3=0173 M}s=0024
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Viterbi Algorithm

Example with 2 states X, ={, f} Xy { P X | AE)
t 0.7 t 0.9
7 | 03 f 0.2
evidence
Et > - t ................ t ................... f ................. [ o t .........
M11 .8182 M12 5155 M13 .0361 M14 .0334 M15 .0210
ot
states J
AX; ~

M2 =1818 M{,=0491 M73=1237 M[3=0173 M}s=0024

The most likely sequence is X = {t,t, f,t,t}

i.e., in our concrete example: {Rain, Rain, NoRain, Rain, Rain}
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A slightly more complex example

Rainy Sunny Windy

Walk in park 0.06 0.7 0.25
Oi5 = Shopping 0.05 0.15 0.4
Clean flat 0.25 0.05 0.05

Visit girlfriend 0.65 0.1

el Z Z Z Z Zf
path segment based

on cumulative
observation and
transition likelihoods.
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Some notes on the Viterbi algorithm

® This example explained finding the most likely sequence using the Viterbi algorithm

® Note that this is a variant of the “max-product” product algorithm with back-tracking (see the

slides on inference in graphical models). The algorithm maximizes over the incoming messages
to each node.

® Remember that “sum-product” algorithm gives marginal probabilities in the graph nodes,
while “max-product” gives the maximum joint probability of the network configuration (or in
the case of temporal models, the maximum probability of a sequence of states).

® |n practice, computing products of small numbers may become instable, so often the problem
is reformulated as finding the maximum of the logarithm of the joint probability

— This results in replacing the products by summations, and yields the “max-sum” algorithm.
— Back-tracking gives the same sequence with the “max-product” and “max-sum” variants.
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