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Hmmm, she has 
umbrella today again… 

is it raining outside?

Umbrella example
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The Viterbi algorithm finds the most likely sequence of states for a given 
sequence of evidence variables. 

Now we explain the algorithm in detail on the “umbrella” example given above 
and taken from [R&N, ch 14].

Umbrella Example
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The solution of the Viterbi algorithm for the “umbrella” example as was 
shown in the slides on temporal probability models, Part 1. 

In the following slides, a detailed explanation follows.

Umbrella example: Viterbi solution
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Example with 2 states  Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

We use here the following notation for the “umbrella” example from [R&N, ch 14]:
Xt=t :  it rains on day t (Rt=true);           Xt=f :  no rain on day t (Rt=false); 

},{ ftX t =

Et=t :  umbrella on day t (Ut=true);       Et=f :  no umbrella on day t (Ut=false); 

t

f

tEt
evidence

Xt

t f t t

states

Viterbi Algorithm
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Example with 2 states  Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Xt=t :  it rains on day t (Rt=true);           Xt=f :  no rain on day t (Rt=false); 

Et=t :  umbrella on day t (Ut=true);       Et=f :  no umbrella on day t (Ut=false); 

Task: given the evidence sequence e={e1,…,e6}, find the most likely x={x1,…,x6}

},{ ftX t =

t

f

tEt
evidence

Xt

t f t t

states

We use here the following notation for the “umbrella” example from [R&N, ch 14]:

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Main observation: there is a recursive relationship between the most likely 
path to each state xt+1 and most likely paths to each previous state xt

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Main observation: there is a recursive relationship between the most likely 
path to each state xt+1 and most likely paths to each previous state xt

)|,,...,(max 1:111,...,1
++ ttt

txx
Xxx eP

=αP(et+1 | Xt+1)maxxt
P(Xt+1 | xt ) maxx1,...,xt−1

P(x1,..., xt−1, xt | e1:t )( )

Viterbi Algorithm
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Example with 2 states  },{ ftX t =

Define message as

t

f

tEt
evidence

Xt

t f t t

states

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

for

fX t =forú
ú
û

ù

ê
ê
ë

é
== -

- 2
:1

1
:1

:111,...,:1 )|,x,...,(max
11 t

t
ttt

txxt
M

M
Xx ePm

tX t =

Viterbi Algorithm
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Example with 2 states  },{ ftX t =

With this notation, for our example the recursion becomes:

t

f

tEt
evidence

Xt

t f t t

states

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

( )2:11
1
:11111:1 )|(,)|(max)|( ttttttttt MfXXMtXXXe ==a= +++++ PPPm

Viterbi Algorithm
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1
:1 tM

2
:1 tM

{ }2
:11

1
:1111

1
1:1 )|(,)|(max)|( ttttttttt MfXtXPMtXtXPtXePM ====== +++++

etEt
evidence

1
1:1 +tM

2
1:1 +tM

for the path from Xt=t for the path from Xt=f

et+1

t

f
Xt

states

Example with 2 states  },{ ftX t =

?

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

So, for time instant t+1, we need to compute

Viterbi Algorithm
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1
:1 tM

2
:1 tM

{ }2:11
1
:1111

2
1:1 )|(,)|(max)|( ttttttttt MfXfXPMtXfXPfXePM ====== +++++

etEt
evidence

1
1:1 +tM

2
1:1 +tM

for the path from Xt=t for the path from Xt=f

et+1

t

f
Xt

states

Example with 2 states  },{ ftX t =

?

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

and, equivalently, the second component

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

)()|()|()|(][ 111111:11
2
1:1

1
1:11:1 XXeeXXMM PPPePm a==== T

)(),()|(),|( 111111 fXPtXPfXePtXeP ====a=

182.0,8182.01.0,45.05.0,5.02.0,9.0 =a=a=

1
1:1M

2
1:1M

Initialization (note: this is actually filtering)

=?

=?

Viterbi Algorithm

13
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M

{ }2
1:112

1
1:11222

1
2:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

?

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

{ }2
1:112

1
1:11222

1
2:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

0.9 0.7 0.8182 0.3 0.1818

?

1
2:1M

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
1:1M =.5155

0.9 0.7 0.8182 0.3 0.1818

5155.0=

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

{ }2
1:112

1
1:11222

1
2:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

{ }2
1:112

1
1:11222

2
2:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ======

?
2
2:1M

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

{ }2
1:112

1
1:11222

2
2:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ======

?
2
2:1M

0.2 0.3 0.8182 0.7 0.1818

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

{ }2
1:112

1
1:11222

2
2:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ======

0.2 0.3 0.8182 0.7 0.1818

0491.0=

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

Viterbi Algorithm
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2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

?

{ }2
2:123

1
2:12333

1
3:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

0.1 0.7 0.5155 0.3 0.0491

0361.0=

1
3:1M

Viterbi Algorithm
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2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

?

1237.0=

2
3:1M

0.8 0.3 0.5155 0.7 0.0491

{ }2
2:123

1
2:12323

2
3:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ====== 3

Viterbi Algorithm
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2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

?

{ }2
3:134

1
3:13444

1
4:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

0.9 0.7 0.0361 0.3 0.1237

0334.0=

1
4:1M

Viterbi Algorithm
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1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

?

0.2 0.3 0.0361 0.7 0.1237

0173.0=

2
4:1M

{ }2
3:134

1
3:13434

2
4:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ====== 4

Viterbi Algorithm
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1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

2
3:1M =.0173

?

1
5:1M

{ }2
4:145

1
4:14555

1
5:1 )|(,)|(max)|( MfXtXPMtXtXPtXePM ======

0.9 0.7 0.0334 0.3 0.0173

0210.0=

Viterbi Algorithm
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1
5:1M

1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

2
3:1M =.0173

=.0210

?
2
5:1M

{ }2
4:145

1
4:14545

2
5:1 )|(,)|(max)|( MfXfXPMtXfXPfXePM ======

0.2 0.3 0.0334 0.7 0.0173

0024.0=

5

Viterbi Algorithm
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2
5:1M

1
5:1M

1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

2
3:1M =.0173

=.0210

=.0024

Viterbi Algorithm
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2
5:1M

1
5:1M

1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

2
3:1M =.0173

=.0210

=.0024

Viterbi Algorithm
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2
5:1M

1
5:1M

1
4:1M

2
3:1M

2
2:1M

t

f

tEt
evidence

Xt

t f t t

Example with 2 states  },{ ftX t =

states

1
1:1M

2
1:1M

=.8182

=.1818

1
2:1M =.5155

=.0491

Xt-1 P(Xt)

t 0.7
f 0.3

Xt P(Et)

t 0.9
f 0.2

1
3:1M =.0361

=.1237

=.0334

2
3:1M =.0173

=.0210

=.0024

The most likely sequence is },,,,{ ttftt=x

i.e., in our concrete example: {Rain, Rain, NoRain, Rain, Rain}

Viterbi Algorithm
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A slightly more complex example
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• This example explained finding the most likely sequence using the Viterbi algorithm

• Note that this is a variant of the “max-product” product algorithm with back-tracking (see the 
slides on inference in graphical models). The algorithm maximizes over the incoming messages 
to each node.

• Remember that “sum-product” algorithm gives marginal probabilities in the graph nodes, 
while “max-product”  gives the maximum joint probability of the network configuration (or in 
the case of temporal models, the maximum probability of a sequence of states).

• In practice, computing products of small numbers may become instable, so often the problem 
is reformulated as finding the maximum of the logarithm of the joint probability

– This results in replacing the products by summations,  and yields the “max-sum” algorithm.
– Back-tracking gives the same sequence with the “max-product” and “max-sum” variants.

Some notes on the Viterbi algorithm 
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