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Abstract

Several recent wavelet denoising methods use priors that are mixtures of two
truncated Laplacian-shaped distributions, where a Bernoulli random variable
controls switching between the central part of the distribution (describing the
“insignificant” data) and its tails (describing the so-called “signal of interest”).
The existing works combine this prior with heuristic shrinkage rules, and in this
paper we derive the minimum mean squared error (MMSE) estimator. The de-
rived expressions generalize previous related MMSE estimators under Laplacian
priors and point out a new relationship between the asymptotic behavior of these
estimators and the soft-thresholding. The new results also enable a comparison
and demonstrate potentials of Bernoulli-Laplacian priors with respect to more
common Bernoulli-Gaussian (normal-mixture) priors.

1 Introduction

A Bayesian estimator assumes a prior distribution for the quantity being estimated.
For sparse signal representations, like the wavelet domain, effective priors include mix-
tures of two distributions where one distribution models the statistics of “significant”
coefficients and the other distribution models the statistics of “non-significant” coeffi-
cients [1-7], with a Bernoulli random variable mixing the two distributions. Examples
are the mixture of two normals [1], the mixture of a normal and point mass at zero [2-5]
and the mixture of a Laplacian and point mass at zero [6,7]. We address related, but
somewhat different priors that are mixtures of two truncated (Laplacian) densities and
that appear in several recent multiresolution denoising papers and books, like [8-11].
In this approach, the distribution of significant coefficients is defined by tails of a (gen-
eralized) Laplacian and the distribution of nonsignificant coefficients by the remaining
central part of the distribution (scaled to integrate one). We call this prior Bernoulli-
Laplacian (B-L). The existing works used B-L prior within a heuristic shrinkage rule
only, which prevented its fair comparison to other, more common priors in Bayesian
denoising.

This paper derives the minimum mean squared error (MMSE) solution under the
B-L prior, and it also generalizes some of the previous results on MMSE estimation
under Laplacian priors and Laplacian mixture priors from [6,7]. The paper has two
main objectives. First, it searches a justification for rather heuristical shrinkage rules
adopted in [8-11] and also gives the expressions which enable direct upgrading (re-
stating) these methods within the MMSE criterion. Secondly, this paper also shows
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that the B-L model leads to a wavelet shrinkage rule which behaves as a sort of soft
thresholding for large coefficients. From a practical point of view in image denoising,
we show experimentally that the B-L mixture prior yields a better mean squared error
performance than more common normal mixtures [1] and mixtures of a Laplacian and
point mass at zero [7].

2 Problem outline

Consider a classical problem of estimating the unknown digital signal §; (i = 1...n)
from the measurement noise ¢;, where the observations are

Yi = ﬂz + €&, 1= ]-7 ey T (1)

and the noise samgles ¢; are independent identically distributed normal random vari-
ables ¢; ~ N(0,0%). We assume the unknown noise-free signal is sparse and well
modelled by a Laplacian distribution, which is a typical problem in wavelet domain
image denoising [12]. If the input noise is additive white Gaussian, then (1) holds in
each wavelet subband provided that the wavelet transform [13,14] is orthogonal.

Let ¢(¢; 0%) denote the zero-mean normal density of variance o?. The MMSE solu-
tion of (1), which minimizes the squared risk function, is the conditional mean [15]

_ S5 BIWIBf(B)dE 7 By — B;0%) f(B)d
2 fwIB fBds J2 6y — B;0°) f(8)dB

where f(/3) is the probability density function of 5 (to be called hereafter density
and also prior for ) and f(y|3) is the conditional density of y given . Denote
the hypothesis “signal component appears in the observed coefficient with significant
energy” by H; and the opposite hypothesis by Hy. This unifies different mixture priors
from [1-11] as f(8) = P(Ho)f(8|Ho) + P(H:)f(8|H1) and the corresponding MMSE
estimate of (3 is

E(Bly)

(2)

E(Bly) = E(Bly, Ho)P(Holy) + E(Bly, Hi)P(H:y). (3)

The Bayes’ rule yields P(Hi|ly) = un/(1 + un) where p = P(Hy)/P(Hy) is the prior
ratio (i.e., prior odds) and n = f(y|H1)/ f(y|Ho) is the likelihood ratio, also called Bayes
factor. The mixture prior of [8-11| states

Hy:|B|<T and H,:|B|>T (4)

where T is a threshold that defines the signal of interest. The corresponding mixture
densities f(B|Hy) and f(B|H;) are truncated Laplacians (rescaled in order to integral

one). This prior appeared previously with a heuristic estimator § = P(H;|y)y and its
spatially adaptive extensions. In [9, p.154], this rule that we call ProbShrink, has been
described as posterior expected hard thresholding.

In this paper, we show that the ProbShrink rule can be interpreted as an approxi-
mative MMSE and we also derive the exact MMSE estimator under the corresponding
prior. The noise standard deviation will be, as is conventional, estimated from the
median of the absolute values of the coefficients at the highest level [7,16]. We shall
not consider the specification of the the threshold 7" and the prior probability P(H)
because these issues have already been addressed elsewhere. In particular, the thresh-
old T" was in [8-11] chosen as T' = ¢ motivated by the oracle reasoning by Donoho and
collaborators. The prior probabilities of the two hypotheses, have been analyzed in
different forms: fixed per subband [1,11] or spatially varying, based on hidden Markov



modelling (HMM) [17], Markov Random Field (MRF) modelling [8-10, 18] or local
spatial /spectral activity indicators [11]. We shall present here denoising results for the
case where P(H;) is fixed per subband, but notice that the derived expressions can
be in the same way combined with more complex, spatially adaptive prior probabili-
ties. For example, the expressions we derive here can be “plugged” into the spatially
adaptive MRF-based approaches of [8,10] and spatially adaptive denoiser based on the
same prior from [11] to restate these methods within the MMSE criterion.

3 The least squares estimator under B-L prior

As discussed above, our estimator is determined by the conditional means E(8|y, Hy)
and E(B|y, H;) and the Bayes factor n under the B-L prior. First, we normalize the
noise standard deviation to o = 1.

Proposition 1 Assume the wavelet coefficients in a given subband follow model
(1) with 0 = 1, ie., y; = B; + €, i = 1,....,n, where ¢ are i.i.d. N(0,1). Also,
assume that the noise-free coefficients ; are i.i.d. Laplacian random variables f(3) =
(A/2) exp(—A|F|) and define the hypotheses Hy and Hy asin (4): Hy : || < T and H; :
|B] > T. Let ¢(y) and ®(y) denote the probability density function and the cumulative
d)istribglgions of the standard normal distribution N(0,1) and define ¥(a;t) = ®(a +
t) — o(1).

The conditional mean of 3 given y under H; (the signal of interest is present) is

B Ar_(y; T — e*(Tz/QH‘T)(eTy —e ) /\21 (5)
r(y; N T)

ri( A T) = eV PR(y = A = T) + WV LB(—y — A - T)
r_ (s N T) = eV 2Py — X = T) — WV 2P(—y — X = T).
The conditional mean of 3 given y under Hy (the signal of interest is not present) is
A (N T) A e TN (T — oY) /3 /or (6)
p+(y; A T)

Py M T) = eV VYN =y T) + VBN 4y T)
P N T) = eV PUN =y, T) — WV PO+ ;7).
The conditional densities of noisy coefficients are f(y|Hy) = AoV 27 (y)p+ (y; A; T) and

A;
fylHy) = AiV27mo(y)ry (y; \; T), with Ag = (A\/2)e* /(e*T — 1) and A; = (\/2)eT,
and the likelihood ratio is

_ JylHy) _ AT _ ri(y; A T)
T iy ~ ( 1)p+(y;A,T)' ")

E(Bly, Hi) =y

where

E(Bly, Ho) =y

where

Proof: See Appendix.

A subband-adaptive formulation for P(H;) from [11] is P(H;) =1 — fTT f(B)ds =
exp(—AT). In this case, for 7" = 0 our estimator reduces to E(fSly) = E(Bly, H1) =
y — A\r_(y; A\, 0)/r(y; A, 0), which is the MMSE estimate under the Laplacian prior
from [6]

For arbitrary o (see the bottom of Appendix) we have
2Ar_(y/o; o\ T) — ge= T?/240XD) (oTu/o _ o=Ty/o) /| /9
EBly, Hy) =y — W/ ) — ( )/

T+ (y/O" U)‘v T)

and the conditional mean is F(B|y) =y — o? r_(y/o;0X,0)/r(y/o;0),0).

. (8)



4 Results and Discussion

The following analysis of the derived estimator yields two interesting results: (1) we es-
tablish a new relationship between the MMSE estimators under (Bernoulli-)Laplacian
priors and the classical soft-thresholding and (2) we explicitly expose the approxima-
tions that relate the intuitive probabilistic shrinkers of [8-11] to the MMSE estimator
under the same prior.

The conditional means E(8|y, H1) and E(f|y, Hy) are illustrated in Fig. 1. For
large |y|, E(B|y, Hy) approaches +T" (when y > 0) or =7 (when y < 0). We observe
that the values of FE(f|y, Hy) for large |y| do not depend on the value of T" and that
E(B|y, Hy) tends to the soft-thresholding estimates. It has been shown before that
the maximum a posteriori (MAP) estimator under the Laplacian prior is equivalent to
soft-thresholding with the threshold o2\ [12,19]. The following proposition describes
a similar result for the MMSFE estimator of large magnitude coefficients.

Proposition 2 For large |y|, E(8ly, H1) and E(5|y) approach the MAP estimate of

0, ie.,
Jim B(Bly, Hy) = lim E(Bly) = sgn(y)(lyl - a*)) (9)

Proof: This follows from (8) if we note that lim, .. ®(y—A—T") = lim,_,_ ®(—y—
A—=T)=1, and lim, . ®(y — A —T) =lim, ..o ®(—y — A —T) = —1, which yields
limy oo (y; M T) /14 (y; s T) = £l and limy, . ooo(e™—e ) /ry (y; \; T) = 0. Notice
that this asymptotic behavior has a practical importance because it is achieved already
at moderately high coefficient values (see Fig. 1).

The derived MMSE solution and the illustration of the conditional means in Fig. 1

allow also a new interpretation of the so-called ProbShrink rule from [11): § = P(Hil|y)y
and the related shrinkers of [8-10]. Obviously, the ProbShrink estimator can be inter-
preted as an approximation of the MMSE estimate, which follows from the simplifi-
cations: P(Holy)E(B|Ho,y) = 0 and E(B|Hy,y) = y. Fig. 1) shows that E(8|Hy,y
is close to zero for relatively small y. For large y, the product P(Hy|y)E(G|Ho,y
again tends to zero because E(f|Hy,y) is confined to finite values 7, while (7) yields
limyy| oo P(Holy) = limyy—oo 1/(1 + pn) = 0 for any non-zero prior ratio p. Fig. 1
also illustrates that the simplification, E(3|Hy,y) = y is reasonable for relatively small
y, while for larger magnitudes (Jy| > %)) a more accurate linear approximation is
E(8|H,y) = sgu(y)(ly| — o?X).

The proposed prior has two parameters: threshold 7" and the scale parameter A of
the underlying Laplacian model. As explained in Section 2 we use T' = ¢ and the scale
parameter is estimated in each subband [10]: A = [0.5(c} — 0?)]7/2, where o2 is the
variance of the noisy coefficients.

Table 1 lists experimental peak-signal-to-noise ratio (PSNR) results for several
shrinkers under two mixture priors: the analyzed Bernoulli-Laplacian (B-L) prior and
the two-normals mixture of [1], that we denote here as Bernoulli-Gaussian (B-G):
f(B) = P(Hy)p(0B;01) + P(Ho)o(5; 02). A standard wavelet denoising procedure was
applied: the noisy images were decomposed using a five-level orthogonal wavelet trans-
form with the Daubechies’ wavelet symmlet with eight vanishing moments [13]. In
each wavelet subband the noise-free wavelet coefficients were estimated using the cor-
responding shrinkers for each of the analyzed methods. The inverse wavelet transform
was applied to reconstruct the denoised image. The parameters of both priors were cal-
culated adaptively for each subband. For the B-L prior we used the subband-adaptive
formulation [11] P(H;) =1—(A/2) [7_ exp(—A|8])dS = exp(—Ao). For the B-G prior,
we used the default estimation of the hyperparameters from [1]. Several conclusions can
be drawn from the results in Table 1. Compared to the MMSE estimator, ProbShrink
under the same prior yields a minor performance loss (usually less than 0.1dB). For the
MAP estimator this performance loss is up to 0.3dB. The results also demonstrate that
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Figure 1: An illustration of E(8|y, Hy) and E(B|y, H) at the finest resolution scale
for different T'. For large y the conditional mean under Hy: E(8|y, Hy) tends to the
soft-thresholding function with the threshold o2)\.

the Bernoulli-Laplacian prior yields a significant improvement with respect to the two-
normals mixture, which is often higher than 1dB. The difference in the performance of
our method when using the estimated o versus a priori known o is negligible (on the
tested images 0.01 to 0.1dB).

Table 2 compares the performance of the analyzed prior with the mixture of a Lapla-
cian and point mass at zero (here denoted as B-L-PM prior) from [7]. The posterior
mean and the posterior median estimators under this prior were shown to outperform
a range of other estimators on one dimensional (1-D) signals and are currently used as
benchmarks for 1-D signal denoising. We used FBayesThresh software available online
from authors of [7] and ran simulations on four standard test signals: Blocks (blk),
Bumps (bmp), Doppler (dop) HeaviSine (hea). The squared errors for each estimator
were averaged over 100 replications of 512-point signals. Like in [7], for “low noise”
the ratio of the standard deviations of noise and signal is 1/7; for “high noise” this
ratio is 1/3. The posterior mean outperforms the posterior median which agrees with
the conclusions of [7]. In all cases except Blocks with low noise level, the proposed
estimator achieves the smallest error. The gain of the new estimator is bigger for the
higher noise level. Notice that the B-L-PM prior can be seen as a special case of our
prior, for T'= 0.

5 Conclusion

We developed the MMSE estimator for the so-called Bernoulli- Laplacian mixture prior,
which has been used in several earlier denoising methods, but combined with other,
more intuitive wavelet shrinkers. Here derived results enable an interpretation and
also a direct extension of these earlier methods within a well-established mean-squared
error criterion. Our results also generalize some of the previous results on MMSE
estimation with Laplacian priors, which can be seen as limiting cases in our approach.
We also demonstrated a significant potential of Bernoulli-Laplacian priors as compared
to the more common mixtures of two normals and mixtures of Laplacian and point
mass at zero. It should be interesting to investigate, in a future work, polynomial
approximations of the developed estimator.



6 Appendix: Proof of the proposition 1

Under the assumed Bernoulli-Laplacian prior, we have with Ag = (\/2)e’M /(eM — 1)
and A; = (1\/2)e*. We write

Ky, (y; A, 1) Ky (y; M, T)

f(Bly, Hy) = Aymp, (y; \,T) and  f(Bly, Hy) = Aimu,(y; A, T) (11)
where
-T 0
mn (A T) = / My — BB + /T eMo(y — B)d
e o
K (i A T) = / BeMd(y — B)df + /T By — B)dp
- 0 T
g (i A T) = / Moy — B)df + / eMo(y — B)d
-T 0
0 T
Ky (s A T) = / 3oty 0)d5 + /0 Be(y — B)dp. (12)

On a nonnegative interval [a, b], one can verify [6]

b
I(y;a;b,\) = / e Moy — B)dB = V2r(y)e VDb —y + A) — B(a — y + N)](13)

b
H(gsa:b, ) = [ 3oy = 015 = Vamo(y)el 2 [
1

e R (g ) (@B -y N) = la—y+ V)] (19)

V21
Using these identities, we find
mn (y: A T) = 1(y; T, 00, A) + 1(=y; T, 00, A) = V21 (y)rs (y; 1 T) (15)
and
Ky, (y; \\T) = 11(y; T, 00, \) — [I(—y; T, 00, \) =
V276 (y) [\/1276— (%HT) (6Ty B e—”) +yre( A T) = M- (y; A T)] (16)
where

re(y A T) = eV PRy = N = T) 4 WV D(—y — A= T)
ro(y; A T) = eV 20(y — A = T) — WV 2p(—y — X - T). (17)

Substituting (15) and (16) into (10) yields E(8|y, H1) from (5).



Table 1: Experimental PSNR[dB] results of several Bayesian wavelet shrinkers and
two different mixture priors: Bernoulli-Laplacian (B-L) prior and Bernoulli-Gaussian
(B-G) prior from [1], which is a mixture of two-normals. Wavelet type: Daubechies’
least asymetrical wavelet with eight vanishing moments.

Standard deviation of noise Standard deviation of noise
Prior Estimator 10 | 15 ‘ 20 | 25 H 10 | 15 ‘ 20 | 25
BOAT LENA

noisy image 28.15 24.62 22.10 20.17 28.13 24.60 22.12 20.16
B-L MAP 32.00 29.92 28.42 27.37 33.43 31.47 30.18 29.23
B-L ProbShrink [11] 32.13 30.05 28.63 27.63 33.69 | 31.70 | 30.39 | 29.41
B-L MMSE 32.23 | 30.14 | 28.70 | 27.70 33.62 31.65 | 30.39 | 29.41
B-G [1] MMSE 31.01 29.04 27.66 26.68 32.84 | 30.97 29.66 28.74

Now we introduce ¥(a;T) = ®(a + T') — ®(a), to express

M, (y; A T) = 1(y; 0, T, A) + I(=y; 0, T, A) = V27 (y) ps (y; A, T) (18)
and
1 —(Zr -
Vano(y) [~ (= (e = ™) 4 ups (s N T) = A (AT (19)
where
P\ T) = eV PO\ =y T) 4 WV PO+ 45 T)
p-(Y A T) = WV PU(N =y, T) — WV 2N 4 ;7). (20)

Substituting (18) and (19) into (10) yields E(S|y, Hy) from (6). Finally, the conditional
densities of noisy wavelet coeflicients are f(y|Hy) = Aomuy,(y; A\, T) and f(y|Hy) =
Avmg, (y; A, T), with Ag = (1/2)er /(e — 1) and A; = (A/2)eM, which yields
n = f(y|Hy)/f(y|Hy) from (7). This completes the proof of Proposition 1. [ For
arbitrary o, we replace the integrals I(y;a,b,A\) and I1(y;a,b,\) from (13),(14) by

Z(y;a,b,\,0) and ZZ(y; a,b, A, o), resp., where Z(y; a, b, \,0) = fab e_)‘ﬁﬁe_

and ZZ(y; a,b, \,0) = fab 56”\6#56_@2;@ df and use the change of variable ' = g
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